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Abstract

Particle-Resolved Direct Numerical Simulation (PR-DNS) is employed to simulate momentum and energy transport in bi-disperse
gas-solid suspensions by means of a novel hybrid immersed-boundary/fictitious domain (HFD-IB) method. First, we demonstrate
the accuracy of the new HFD-IB method against several verification tests. Subsequently, we simulate momentum and energy
transfer in bi-disperse suspensions in the limit of high Stokes number, and the predicted flow and temperature fields are used,
in conjunction with the open-source parallel data processing library CPPPO [1], to assess the validity of existing closures for
momentum and heat transfer in the frame of Particle-Unresolved Euler-Lagrange (PU-EL) models. We propose a correction to the
drag force model proposed by Beetstra et al. [2] which consistently takes into account the pressure contribution to the total fluid-
particle interaction force in PU-EL models. Also, we propose a stochastic closure model for the per-particle drag coefficient based
on a modified log-normal distribution. Finally, we assess the existence of an analogy between the particle-based drag coefficient
and the conditionally-averaged Nusselt number. Indeed, our PR-DNS data indicates that a stochastic closure similar to that for the
drag can be used to close the particle-based Nusselt number in dense bidisperse suspensions.

Keywords: Particle-resolved direct numerical simulation, closure models, polydisperse, multiphase flow, heat transfer,
gas-particle suspensions

1. Introduction

Numerical simulations of large scale particle flows, which
are widely encountered in industrial applications, are normally
performed using averaged equations of motion. In these de-
scriptions the solid and fluid phases are modelled as interpen-
etrating continua [3]. These models are normally based on the
kinetic theory of granular flows [4] and contain unclosed terms
that have to be modeled somehow. In a multi-scale approach
[5, 6], these models can be derived from more detailed sim-
ulations where particles are described as a discrete phase. In
particular, in case the trajectory of each particle is tracked and
collisions are resolved, one obtains the so-called Computational
Fluid Dynamics-Discrete Elements Method (CFD-DEM) that,
in case fluid cells are larger than particle diameters, can also be
referred to as the Particle-Unresolved Euler-Lagrange approach
(PU-EL) [7, 8, 9, 10, 11, 12, 13]. However, even PU-EL equa-
tions have several unclosed terms, like the interphase transport
coefficients, that account for, for example, fluid-particle heat
and momentum transfer. Following the multi-scale paradigm
in our present contribution, we seek to obtain certain closures
from fully resolved simulations, i.e., where the detailed flow
and temperature (or concentration) fields are resolved on a sub-
particle level. This latter approach can be denoted as Particle-
Resolved Euler-Lagrange (PR-EL), or Particle-Resolved Direct
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Numerical Simulation (PR-DNS) if turbulence models are used
or not, respectively. PR-DNS has already been extensively used
to derive closures for the drag coefficient in mono- and bi-
disperse suspensions [14, 2, 15], or for the Nusselt/Sherwood
number in mono-disperse suspensions [16, 17, 18, 19, 20].
However, almost the totality of this previous work focused on
closures for Euler-Euler-based simulations in a coarse scale.
Naturally, the question arises of the same closures can be used
for PU-EL simulations, and we will demonstrate that indeed
this is not the case.

1.1. Upscaling and closure development strategies
A major difference between closures for Euler-Euler and PU-

EL models is that the latter require a particle-based description
of the interphase transfer processes, while the former (i.e., EE
models) require average exchange coefficients. Thus, particle-
based models are affected by per-particle fluctuations that arise
simply due to the random arrangement of individual particles,
and occur even in low-Reynolds number flows. When develop-
ing closures for continuum formulations, these quantities, are
obtained from averages within each realization, so that the fluc-
tuations in the particle population are lost and the final standard
deviation is calculated based on the ensemble of realizations.
On the contrary, closures for PU-EL models are based on the
whole studied population and thus, they may require stochas-
tic models to take into account the single particle variability
[14, 21].

The process of upscaling of fluid quantities that we adopted
is known as (spatial) filtering or coarse-graining [22]. The lo-
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Nomenclature

Abbreviations
CFD computational fluid dynamics
DEM discrete element method
DNS direct numerical simulation
EL Euler-Lagrange
HFD-IB hybrid fictitious-domain/immersed-boundary
PR particle-resolved
PU particle-unresolved

Greek characters
α log-normal standard deviation [−]
β log-normal lower bound [−]
η particle diameter [−]
γ correction function
κ tortuosity [−]
Λ interphase saturation coefficient [−]
λo characteristic fluid-particle system length [−]
ν fluid kinematic viscosity [m2/s]
Ω computational domain
ω relaxation factor [−]
φ volume fraction [−]
Φm marker field
Φs sampled field
ρ phase density [kg/m3]
σ scaled standard deviation [−]
Θ saturation margin[−]
θ fluid temperature [−]
% filter size [−]

Latin characters
f total interphase force [−]
u velocity field [−]
Ci ensemble conditional averaging Kernel [−]
M coefficient matrix [−]
U discrete binning set [−]
P modified log-normal distribution
A surface [m2]
Ap specific exchange surface [1/m]
cp fluid thermal capacity [J/kgK]
d particle diameter [m]
dcs distance between cell c and particle surface [m]
F interphase drag coefficient [−]
FB Beetstra interphase drag coefficient [−]
Fcorr corrected interphase drag coefficient [−]
h CFD cells per particle diameter [−]
I indicator function [−]
K Kernel function
k heat conductivity [W/mK]
Np number of particles [−]
Nu Nusselt number [−]
Nubi bi-disperse Nusselt number [−]

p pressure [−]
Pe Peclet number [−]
PeL longitudinal Peclet number [−]
Pr Prandtl number [−]
Q interface heat transfer rate [−]
r radial coordinate [m]
Re Reynolds number [−]
s HFD-IB interpolation distance [m]
T temperature [K]
t temporal coordinate [−]
Us superficial velocity [m/s]
v particle velocity [m/s]
V CFD cell volume [m3]
x, y, z cartesian coordinates [−]

Subscripts/superscripts
(cons) consistent
} evaluated from the HFD-IB algorithm
Φm, j evaluated using discrete marker field at j
Deen,Gunn, S unn refers to one of these correlations
F relative to the drag force
G global quantity
mix relative to the homogeneous mixture
Nu relative to the Nusselt number
∗ dimensional quantity
0 reference value
32 mean Sauter quantity
∇p contribution from pressure gradient
Φm evaluated using marker field
b bulk quantity
c property related to CFD cell c
d contribution from drag
f property related to fluid phase
g quantity related to the whole domain (global)
I imposed value
i property related to particle number i
k property related to particles specie k
M property related to particles with the largest radii
m property related to particles with the smallest radii
n quantity at time step n
p property related to particle phase
P1, P2 property interpolated at point P1 or P2
s property evaluated at particle surface
sat value at saturation

Averaging/filtering operators
〈(∗)〉 ensemble average
〈(∗)〉Φ ensemble average conditional on Φ

(∗) volume average
(̂∗) flux average
(̃∗) Favre average

2



cal domain where this operation is performed (in PR-DNS) can
be identified with a fluid cell used in PU-EL. In general, clo-
sure models derived using this approach have a functional de-
pendence on the filter size, i.e., the support of the filtering ker-
nel or, in other words, the size of the coarse-grained cell [8].
Moreover, while the velocity field is statistically homogeneous
in homogeneous particle configurations, the temperature field is
generally inhomogeneous [19, 20]. This is in contrast with the
assumption of separation of scales required for the development
of continuum formulations, e.g., Euler-Euler models, and poses
a challenge also in the development of particle-based models
such as PU-EL-based models. In the present work we refer to
this issue as saturation, since this term does reflect the physical
process that is behind.

1.2. Immersed-boundary formulations

Studies based on PR-DNS are often performed using
immersed-boundary [23] or fictitious domain [24] methods to
account for the presence of solid particles, which are often mod-
eled as spheres. A third approach is the ”Physalis” method sug-
gested by [25]. This method consists in making use of Lamb’s
analytical solution for Stokes flow (i.e., using a zero Reynolds
number approximation) around a sphere to obtain a high order
description of the flow field in the region close to the particle
surface. The Physalis method has been successfully applied
to moderate Reynolds number suspension flows, and has the
key advantages that (i) fluid-particle interaction forces are eas-
ily calculated, and that (ii) the numerical error associated with
the boundary treatment decreases exponentially. Physalis has
been so far applied to flows involvig spherical particles only,
and it is questionable if the employed zero Reynolds num-
ber approximation has an advantage over other boundary ap-
proximations for high Reynolds number flows. Generally, in
immersed-boundary methods the particle surface is discretized
using a set of nodes, spread uniformly on the surface of each
immersed boundary, where appropriate forcing terms are com-
puted to impose a Dirichlet (or Neumann) boundary condition.
Subsequently, these forcing terms are extrapolated to the sur-
rounding fluid grid, typically by means of a regularized delta
function. While these methods are, in general, rather accurate,
they may pose a problem of consistency with the underlining
transport equations and introduce an additional discretization
(i.e., the surface discretization) in the model. On the contrary,
in fictitious domain methods, a rigidity constraint is imposed
in the fluid region corresponding to the immersed solid body.
This constraint is represented as an additional term in the gov-
erning equations, so that there are no issues with consistency or
convergence. The mathematical formulation normally follows
a Lagrangian multiplier based approach [26, 27]. Generally, all
these kind of direct-forcing methods are focused on imposing
the boundary conditions at the immersed surface and/or impos-
ing a rigidity constraint in the fluid region occupied by the im-
mersed body. In the present work, we merge a fictitious domain
and an immersed-boundary method to obtain an hybrid method
that is consistent, convergent and accurate even on relatively
coarse grids. The new method can be used to solve both mo-

mentum and scalar (thus energy or mass) transport equations on
unstructured grids.

1.3. Effect of size-polydispersity

Polydispersity (i.e., differences in particle size and/or den-
sity) is omnipresent in industrial applications and can have var-
ious effects. For example, it was shown that the presence of a
small amount of fine particles can greatly enhance fluidization
[28]. The study of polydisperse suspensions is complicated fur-
ther by the different inertia of different particle species, which
leads to different average velocities between species, and may
ultimately lead to segregation. Thus, fixed bed models can be
insufficient to correctly picture the momentum exchange pro-
cesses in fluidized particle beds [29]. In addition, an extensive
study of heat transfer in poly-disperse suspensions requires a
large computational effort due to the large set of involved pa-
rameters (particle diameters and volume fractions of the single
species), and the large number of possible configurations that
need to be studied to probe enough statistics.

In the past years, polydispersity has been studied in the frame
of fluid-particle momentum transfer [2, 15]. However, the prob-
lem of estimating heat/mass transfer coefficients in polydis-
perse suspensions has been approached only very recently in
the scientific community. Specifically, the rather limited study
of Tavassoli et al. [30] (considering Reynolds numbers between
30 and 100) is the only attempt towards numerical investigation
of heat/mass transfer in a random array of size-disperse spheres
we are aware of. Even this recent work failed to establish a
conclusive model for the distribution of the per-particle Nus-
selt, simply because not enough statistics could be collected.

1.4. Considerations on numerical simulation of gas-particle
suspensions

Gas-particle suspensions are generally characterized by high
values of the Stokes number due to the large solid to gas density
ratio. This results in the characteristic time of the flow field be-
ing much smaller than the characteristic time for the evolution
of the particle configuration. In other words, the fluid phase is
evolving much faster (eventually reaching a steady state) than
the solid phase, allowing the time dependent gas-particle sys-
tem to be represented as a collection of particle configurations
together with steady (or fully developed, if the flow field does
not reach a steady state) flow fields. Similar conclusions can be
also drawn for the energy transport by noticing that the Prandtl
number is close to unity for gases and thus, the temperature
field evolves on length and time scales similar to those of the
velocity field. In our work we enforce time scale separation to
decouple the evolution of the fluid and the particle phase, and
therefore we keep the particle cloud fixed while evolving the
fluid phase. We do not simulate moving particles. This ap-
proach has already been adopted (for the flow field) in the work
of Holloway et al. [29]. Furthermore, in fluidized suspensions
the effect of particle velocity fluctuations on the drag force is
considerably smaller than the effect of the mean fluid-particle
slip velocity [31] in the case of low Reynolds number flows. In
our work, we speculate that this holds also for moderate (up to
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400) Reynolds numbers. With this in mind, we consider static
particle distributions (i.e., particles are not allowed to change
their position in time) and neglect the effects of relative veloci-
ties between different particles.

1.5. Goals and outline

In the present work, we first aim on developing a novel
method to account for the presence of immersed bodies in dense
particle beds. Second, we apply this method to study transfer of
a scalar quantity (i.e., heat and mass) from a random bi-disperse
bed of particles. Third, we make use of the open-source li-
brary CPPPO [1] to investigate the relationship between (i) clo-
sures (for drag coefficient and Nusselt number) developed for
continuum models and (ii) particle-based closures that are ob-
tained from coarse-grained fields and individual particle quan-
tities (like interphase heat and drag force). Finally, we aim to
explore the effect a bi-disperse particle population has on the
Nusselt number to eventually establish an analogy between the
coefficients that describe momentum and heat transfer.

Our paper is organized as follows: we give a brief back-
ground on the mathematical description and introduce the rel-
evant dimensionless group in Section 2. In Section 3, we de-
scribe the phenomenon of saturation to motivate which range
of Reynolds and particle concentration should be probed to de-
rive closure laws. This section also contains an analytical model
to predict the length and time scales at which saturation occurs.
In Section 4 we describe the new hybrid immersed boundary-
fictitious domain method, together with some numerical details.
We present a set of verification cases for both momentum and
heat transfer in Appendix A. In Section 5, we present the results
from PR-DNS. In Section 6 we bring our findings into perspec-
tive with previous findings in order to highlight the significance
of our results.

2. Mathematical formulation

In this work, we formulate the framework that governs flow
through the intersticises of a bi-disperse particle cloud com-
posed of spherical rigid stationary particles suspended in an in-
compressible Newtonian fluid. We assume that the fluid density
does not depend on the temperature field (i.e., we consider the
limit of low temperature differences). Effects of buoyancy and
radiation are disregarded as well as viscous heating, so that the
momentum equations are decoupled from the energy equation
and thus, they can be solved separately. We consider a compu-
tational domain Ω subdivided in a purely fluid domain Ω f , and
a fictitious particle domain Ωp =

∑
i

Ωi
p, where the summation

is carried out over all the particles. In our approach, particles
are considered as regions where the governing equations are
equipped with additional forcing terms to impose a Dirichlet
boundary condition at the immersed surfaces.

2.1. Governing equations

In the present work, we use the library CFDEMCoupling®

[32] to solve the following dimensionless transport equations:

∇ · u = 0 (1a)

∂u
∂t

+ ∇ · (uu) = −∇p + Re−1∇2u + f} (1b)

∂θ

∂t
+ ∇ · (uθ) = Pe−1∇2θ + Q} (1c)

In the system of equations 1, u is the dimensionless velocity
field, p is the dimensionless pressure field, and θ is the dimen-
sionless temperature field. We also introduced the forcing term
f} used to bend the streamlines to make the flow field consis-
tent with the presence of immersed bodies. The source term
Q} represents the contribution from immersed particles in the
energy equation. These two terms are detailed in section 4.

In addition, we introduced the dimensionless group com-
posed by Re, the global Reynolds number, and Pe, the global
Peclet number. They are defined as:

Re =
Usdm

ν
, Pe =

ρ f cpUsdm

λ f
(2)

Where Us is the superficial velocity U(1 − φp), and U is the
fluid average velocity, as well as φp is the total particle volume
fraction in the domain. ν is the fluid kinematic viscosity, ρ f

is the fluid density, cp is the fluid thermal capacity, λ f is the
fluid heat conductivity, and dm is the diameter of the smallest
particle. The choice of using dm as reference is purely arbitrary,
and was found useful to interpret the results of our study as
discussed in the next paragraphs. One could also introduce the
mean Sauter diameter defined as:

d32 =

∑ns
k=1 Nkd3

k∑ns
k=1 Nkd2

k

=

 ns∑
k=1

φp,k

φpdk

−1

(3)

Where ns is the number of species present in the system, Nk

is the number of particles of species k and dk is the diameter of
particles of species k, and φp,k is the volume fraction of species
k.

We assume that the quantities in definition 2 do not depend
on the temperature or pressure fields, so that the values of Re
and Pe can be considered to be constant in space and time. Fur-
thermore, Pe is related to Re by the Prandtl number:

Pr =
ρ f cpν

λ f
→ Pe = RePr (4)

We will limit our present study to the case of Pr = 1 so that
we can write Re = Pe. In this way, the fluid properties (relevant
for both momentum and heat exchange) can be fully expressed
using just one dimensionless number (Re).

The choice of d32 as reference length is consistent with the
recent findings in poly-disperse systems [15] and it is a common
practice in the field of sprays, in order to quantify an effective
drop diameter. However, we made the Navier-Stokes equation
dimensionless in such a way that the dimensionless group does
not depend on d32. In this way, the values of Re and Pe are not
changing with the small to large volume fraction (φm/φM) or
diameter (dm/dM) ratio. In addition, since the particle diameter
is made dimensionless with dm, i.e., ηi = di/dm, the dimension-
less group based on dm can be straightforwardly converted into
dimensionless parameters based on d32 if desired.
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2.2. Filtering operators for coarse graining
The evaluation of particle based transfer coefficients can be

performed in different ways for momentum transfer [2, 33, 34]
and heat transfer [16, 17, 18, 20]. While previous works aimed
to develop such closures for Euler-Euler models, in the present
work, we aim to establish correlations for PU-EL models. The
main challenge is to provide a description of the velocity and
temperature of the fluid phase in regions surrounding each in-
dividual particle. This is typically done by averaging the fluid
variables around each particle using some kind of Kernel func-
tion to apply a statistical weight [3]. We will formally indicate
this volume filtering operation as:

(∗) =

∫∫∫
Ω

K(x − x′) (∗) d3x′ (5)

Where we denoted the spatial filter Kernel K(x − x′) as a
function in the space coordinate x. Filtered fluid variables are,
then, obtained by applying the Favre averaging operator:

(̃∗) =
φ f (∗)

φ f
(6)

The choice of a suitable functional form of K plays a major
role, and should be mainly driven by the nature of the closure
model. In PU-EL simulations, the particle diameter is generally
much smaller than the size of the fluid cell and thus, only cell-
based values (i.e., averaged over the cell volume) are available
to be used as variables in a closure model. This requires the
filtering Kernel to have a finite support (e.g., the dimensions of
the PU-EL fluid cell), and being able to represent the coarse-
graining occurring due to the finite volume formulation of the
Eulerian phase in PU-EL simulations. These properties are sat-
isfied by the Top-Hat Kernel:

K
(
x − x′

)
=

∏
j

H
(
%
2 − |x j − x′j|

)
%

(7)

Where H is the Heaviside step function and % is the dimen-
sionless filter size, defined as %∗/dp, referring to an equilateral
box-shaped filter. In the following, we will refer to the filtered
subdomains as coarse grained cells and we will use the nota-
tion (̃∗)i or (∗)i to indicate that filtered quantities are evaluated
at xi, i.e., at the center of particle i. Using the functional form
defined in 7 is equivalent to limit the application of the derived
model to (i) structured Cartesian Eulerian grids, and (ii) parti-
cles positioned at the exact center of the fluid cell. While the
first condition is generally met in well-resolved EL simulations,
the second (ii) is generally not, unless particle based values are
calculated via linear interpolation from values located in the
surrounding cells. Such an interpolation operation is generally
cheap (especially for structured grids) when compared to the
solution of large linear systems or the integration of Newton
equations for a large number of particles [22]. Hence, linear in-
terpolation is typically considered computationally affordable,
and indeed used in almost the totality of all recent works that
rely on PU-EL simulations [8].

Next, we introduce the so-called bulk or flux-averaged tem-
perature defined as:

θ̂ =

∫∫
A θu · dA∫∫
A u · dA

(8)

Where A is a normal vector characterizing a cross sectional
area element (i.e., and area element normal to the average flow
field). Notice that, unlike other filtering operators, the flux av-
eraging operator removes the dependency with respect to two
spatial components (i.e., that in the plane of the element A).
It is clear that closure models that are based on flux-averaged
quantities are rather useless, since flux-averaged quantities are
generally not available in PU-EL or Two Fluids Models. De-
spite the fact that this problems has been already addressed in
literature [20], all available closure models (except that from
[20]) are based on flux averaged quantities, and hence not ap-
plicable for PU-EL model.

2.3. Extraction of conditional averages

In the present study particle based quantities are evaluated
using the filtering library CPPPO [1]. A conditional average
is then performed for each studied parameter removing those
sampled values that deviated more than ±2σ (σ being the stan-
dard deviation) from the average. In addition, only averages
containing more than 100 individual samples were considered
in the study. Following this strategy, particle based quantities
(i.e., the samples) are grouped into bins [1]. Within each bin we
also constructed the distribution of the sampled values. Thus,
we obtain a set of conditionally averaged values and, for each
of them, the corresponding distribution of sampled values. This
allows us to represent the particle population using a closure
for (i) the conditionally-averaged quantities, and (ii) the distri-
bution of per-particle quantities.

Thus, for a generic sampled quantity Φs and a marker field
Φm we define a closed set UΦm of equally spaced values of Φm

such that:

UΦm =
{
Φm, j ∈ Φm, j ∈ N+ | Φm, j+1 − Φm, j = 2∆Φm

}
(9)

here ∆Φm is the spacing interval. For each particle i, we de-
fine the ensemble conditional average kernel function as:

Ci
Φm, j

= H(Φi
m − Φm, j + ∆Φm)H(Φi

m − Φm, j − ∆Φm) (10)

Which is 1 if the particle marker field value Φi
m falls in the

discretization interval of Φm, j and 0 otherwise. Then, we define
the ensemble average of Φs conditioned on Φm, j as:

〈Φs〉Φm, j =

Np∑
i=0

Φi
sC

i
Φm, j

Np∑
i=0

Ci
Φm, j

(11)

Furthermore, we define the conditionally-scaled standard de-
viation σΦs

Φm, j
as:
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σΦs
Φm, j

=
1

〈Φs〉Φm, j

√√√ Np∑
i=0

(Φi
s − 〈Φs〉Φm, j )

2
Ci

Φm, j

Np
(12)

Which is the standard deviation relative to the mean of the
values in bin j characterized by marker m scaled with the re-
spective ensemble average value. In the following, we will omit
the index j in the notation and we will simply use the notation
〈∗〉Φm to indicate conditionally averaged values.

3. Saturation phenomena in dense particle beds

In the present work we consider a particle population that is
statistically homogeneously distributed in space. Consequently,
we expect the velocity field to be statistically homogeneous so
that the use of periodic boundary conditions is justified. In
contrast, the temperature field will have a statistical biasing
due to the advection term ∇ · (uθ) in the thermal energy trans-
port equation that makes the resulting field statistically inho-
mogeneous. This inhomogeneity may lead to the conclusion
that periodic boundary conditions do not correctly represent
the physics of this process. Nevertheless, periodic boundaries
have been previously adopted to study heat and mass transfer
in monodisperse liquid-particle suspensions [17] exploiting the
fact that, before the fluid approaches the particle temperature
everywhere in the domain, there exists a temporal window of
constant average Nusselt number (Nu). Unfortunately, the ap-
proach of Derksen [17] cannot be applied in the present study
since this temporal window is too short to probe statistically
significant results. This is simply because of the fact that we
consider gas-particle systems for which Pr ≈ 1. Clearly, the
fluid will quickly reach a condition that we refer as saturation,
and which is closely examined in the rest of this section.

3.1. Definition of the saturation variable

In our present contribution we define the fluid phase to be
saturated with respect to particle i, or in a global sense, respec-
tively, if:

Θi =
θi

s − θ̃
i

θi
s
≤ Θsat; Θ =

θs − θ̂

θs
≤ Θsat (13)

Where θi
s is the surface temperature of particle i and θ̃i is the

Favre averaged temperature around particle i. We indicate with
Θ the saturation margin, and with Θsat the threshold after which
we consider the fluid to be saturated, i.e., close to the thermal
equilibrium with the population.

There exist two main reasons why conditions 13 should not
occur in the simulated domain.

i Deviations of local values of θ from θ̃i may induce large
fluctuations in the resulting Nusselt number due to the
small value of (θi

s − θ̃
i). This causes noise in the result-

ing statistics for the Nusselt number.

ii If saturation occurs after a short distance (e.g., after 2dp),
there may be no need for a closure model for the Nusselt
number. In fact, it would just be sufficient to set the fluid
temperature (assuming that all the particles have the same
surface temperature θs) to θs. Furthermore, the use of a
closure in saturated conditions, may lead to numerical in-
stabilities (due to the strong coupling) and thus, to strong
oscillations of the temperature field.

In this work, we set the saturation margin Θsat to 0.05 since
we found that local values of θ could experience significant de-
viations from θ̃i.

It should be noted that, unlike Θi, Θ is a function of just
one spatial coordinate since it depends only on the flux aver-
aged temperature and the (constant) particle surface tempera-
ture. However, in case the particle distribution is homogeneous,
the particle surface temperature is constant and identical for ev-
ery particle, and the filter size % is sufficiently large, then also
Θi is a function of the stream-wise coordinate only. In what
follows we take the z-coordinate as the stream-wise coordinate,
i.e., the mean flow direction.

Furthermore, we consider an infinite collection of fluid-
particle systems, each of them being a realization of the same
macroscopic state (i.e., characterized by identical values for φp,
Pe, θs and the particle diameter distribution ). We assign to
each value of the stream-wise coordinate z all the systems with
a particle located at zi = z. This is equivalent to say that, for
each value of the coordinate z, it is possible to find a particle
configuration such that θ̃(t, z) = θ̃(t, zi) with zi = z (since the
temperature field is homogeneous in x and y, we dropped the
dependence on these coordinates). Thus, under these consider-
ations, Θi can be expressed as a continuous smooth function of
the stream-wise coordinate.

In the following, we will make no distinction between Θi and
Θ since the model we propose can be applied to both the defi-
nitions of the saturation margin. Thus, we will refer to the fil-
tered temperature as the coarse-grained temperature, where the
coarse graining operator is not explicitly specified, but it is as-
sumed to have commutation properties similar to the Favre av-
eraging operator. Also, we introduce the most relevant Nusselt
number closures from literature to subsequently build a simple
model that allows us to investigate saturation along the flow di-
rection.

3.2. Available closures for the Nusselt number

For heat transfer in monodisperse particle beds several clo-
sures for Nu exist. The most widely used closure is the one
proposed by Gunn in 1978 [35]:

NuGunn =
(
7 − 10φ f + 5φ2

f

) (
1 + 0.7Re0.2Pr1/3

)
+(

1.33 − 2.4φ f + 1.2φ2
f

)
Re0.7Pr1/3

(14)

An alternative closure was suggested by Deen et al. [16],
which used DNS data to refit the closure of Gunn:

NuDeen =
(
7 − 10φ f + 5φ2

f

) (
1 + 0.17Re0.2Pr1/3

)
+(

1.33 − 2.31φ f + 1.16φ2
f

)
Re0.7Pr1/3

(15)
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Another closure obtained from DNS data is the one proposed
by Sun et al. [20] :

NuS un =
(
−0.46 + 1.77φ f + 0.69φ2

f

)
/φ3

f +(
1.37 − 2.4φ f + 1.2φ2

f

)
Re0.7Pr1/3

(16)

Notice that we used φ f to indicate (1 − φp) in the above ex-
pressions. The last closure is a correction to equation 15 for
low φ f and will not be used in this work. All these closures
where obtained based on a flux averaged temperature and thus,
in order to be consistent with coarse-grained models, they must
be corrected. Therefore, Sun et al. [20] proposed a correction
function that is used to rescale the Nusselt number to obtain
Nu(cons) which is consistent with the PU-EL appraoch:

Nu(cons) = Nu f lux[1 − 1.6φp(1 − φp)−

3φp(1 − φp)4 exp(−Re0.4φp)]−1 (17)

Here we used Nu f lux to indicate the Nusselt number obtained
using any of the proposed closures.

3.3. Saturation equation in the case of pure advection

It is possible to derive an analytic expression for the satu-
ration length zsat representing the minimum distance at which
condition 13 is satisfied. Let us consider a one dimensional time
independent model where the local interface heat transfer rate
Q balances the convective transport of thermal transport in the
bed:

Q = Usρ f cp
dT (z∗)

dz∗
= hAp(Ts − T (z∗)) (18)

h =
Nu k f

dp
(19)

Here T (z∗) is a coarse-grained fluid temperature, Ts is the
particle surface temperature assumed to be constant, and Ap =

6φp/dp is the specific exchange surface. Then, equation 18 de-
scribes the steady advection of the fluid temperature field in the
particle bed. We can substitute equation 19 into equation 18
and integrate to obtain:

ln
(

Ts − Tsat

Ts − T0

)
= −

6Nuφp

Pe
zsat (20)

Noticing that the argument of the logarithm is precisely the
saturation margin Θ with θ = (T − T0)/(Ts − T0), the dimen-
sionless saturation length zsat (made dimensionless using the
particle diameter, i.e.zsatdp = z∗sat ) can be expressed as:

zsat = −
ln(Θsat)

Λ
; Λ =

6φpNu
Pe

(21)

The above expression gives a measure of the distance (in
terms of particle diameters) after which the fluid is nearly in
thermal equilibrium with the particle phase. We note in pass-
ing that equation 18 has been used in other studies to evalu-
ate the mean Nusselt number in mono-disperse particle beds
[16, 18, 36]. Specifically, equation 21 can be rearranged such

that the value of the Nusselt number is computed from a certain
saturation level that occurs at a distance zsat:

Nusat = −
ln(Θsat)Pe

6φpzsat
(22)

Equation 21 predicts lim
Re→0

zsat = 0 which would mean that,
for very low Reynolds numbers, no closure for the Nusselt
number is needed at any scale since the temperature field will
quickly saturate. However, this is purely a consequence from
the assumption of a steady state: an analysis considering the
transients for the fluid temperature yields the following result
(respecting the boundary and initial condition Θ(0, z) = 1 and
Θ(t, 0) = 1):

Θ(t, z) = e−ΛzH (t − z) + e−Λt (1 −H (t − z)) (23)

Where H is the Heaviside step function. Comparison of
equation 20 and 23 reveals that:

tsat = zsat = −
ln(Θsat)

Λ
(24)

Thus, Λ is both the dimensionless time and space relaxation
factor, which is homogeneous in the domain. The latter is a
fact of our assumption that the particle distribution is homoge-
neous in the domain. Notice that tsat is a dimensionless time
calculated as tsat = t∗satUs/dp, being t∗sat a dimensional time.

3.4. Saturation equation with longitudinal dispersion
A more sophisticated model, including an axial dispersion

term, can be obtained from direct averaging of the transport
equations:

∂Θ

∂t
+
∂Θ

∂z
−

1
PeL

∂2Θ

∂z2 = −ΛΘ (25)

Where PeL indicates the longitudinal Peclet number defined
by the ratio of longitudinal convective and dispersive transport
rates. Hence, PeL is fundamentally different from Pe, and typi-
cally PeL < 2 and a constant for large Reynolds numbers. When
a fluid is flowing through a bed of inert particles, the measured
dispersion is due to the combined effects of molecular diffusion
and random fluid motion in the intersticises of the bed. The
latter phenomenon, also known as pseudo-turbulence, is due to
the complex flow pattern induced by the topology of the fluid
domain. This results in an anisotropic diffusion tensor since the
effects of dispersion are stronger in the direction parallel to the
flow field (i.e., in the longitudinal direction) compared to the
direction normal to it (i.e., the transverse direction). Several
expressions have been suggested for PeL, but in this work we
follow Delgado [37] and express PeL using:

1
PeL

=
1
κPe

+
Pe
5

(
1 − p

)2
+

Pe2

25
p
(
1 − p

)3
(
e−

5
p(1−p)Pe − 1

)
(26)

p =
0.48

Pr0.15 +

(
1
2
−

0.48
Pr0.15

)
e−

0.75Pr
Pe (27)
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Where κ is the tortuosity (which equals
√

2 for spheres). One
key feature of PeL is that for Pe > 1 the relation PeL << Pe
always holds.

Equation 25 can be solved using the same boundary and ini-
tial conditions used for 23, plus an additional one due to the
second order term. Specifically, we choose Θ(t,∞) = 0, which
means that the two phases are in thermal equilibrium far down-
stream of the inlet. This set of boundary conditions ultimately
leads to:

Θ(t, z) = e−Λt + zez PeL
2

t∫
0

1 − e−Λ(t−τ)

2

√
πτ3

PeL

e
[

z2PeL
4τ −

( PeL
4 +Λ

)
τ
]
dτ

(28)

Unfortunately, the analysis of the transient response is com-
plicated by the convolution term. However, a useful solution
can be obtained for the steady-state situation which is much
easier to manipulate:

Θ(z) = e−z/λo (29)

λo =
1√

Pe2
L

4
+ PeLΛ − PeL

2

(30)

Where we introduced the characteristic fluid-particle system
length λo which represents the distance at which a perturbation
in the Θ field is reduced by a factor e in a fluid-particle system
with a homogeneous distribution of isothermal particles.

Following equation 29, the saturation length becomes:

zsat = −ln (Θsat) λo (31)

It is easy to show that equation 31 returns equation 21 in the
limit of infinite PeL (i.e., in the absence of longitudinal dis-
persion) for any finite value of Pe. Also, we note that λo is
always larger than the corresponding length scale 1/Λ in a sys-
tem without dispersion. Thus, longitudinal dispersion alleviates
the saturation problem to some degree. Next, it can be shown
that in the limit of Pe→ 0 equation 31 gives:

zsat = −
ln (Θsat)√

6κφpNu|Pe=0

(32)

A major difference between equations 28 and 23, is that
when dispersion is considered, the steady state solution is only
reached asymptotically. In fact, no Heaviside function appears
in equation 28 and thus, the time tsat can only be evaluated for
z > zsat instead of z = zsat. However, it is still true that, af-
ter a time tsat is elapsed, we obtain Θ(t, z) > Θsat(tsat, zsat) in
z > zsat. Thus, also in this case after a dimesionless time tsat has

passed, the state of pseudo equilibrium is reached everywhere.
In addition, numerical evaluation of equation 28 shows that:

tsat < zsat (33)

Which means that for any position z downstream from zsat

the state of pseudo-equilibrium is reached (slightly) faster than
in the dispersion-free case. We also observed that tsat increases
almost linearly with zsat. It is then appropriate to state that tsat

has approximately the same value as zsat and thus the (dimen-
sionless) heat and mass transfer space and time scales are of the
same order for this class of fluid-particle systems.

Figure 1 summarizes typical values for zsat, and illustrates
that the saturation length can be rather small, even at high val-
ues of the Reynolds number and in dense beds. Thus, we ob-
serve for φp = 0.5 that zsat is always smaller than 20 (the satura-
tion length was made dimensionless with the particle diameter)
over the full range of Reynolds numbers, i.e., in such situations
the fluid domain will saturate very quickly.

Figure 1: Map showing the value of zsat as a function of Re and φp. We used
equation 15 to evaluate the Nusselt number, consider longitudinal dispersion,
as well as assume Pr = 1.

As shown in figure 2, the above model with dispersion is able
to reasonably predict the value of Θ and thus, the coarse-grained
temperature in the particle bed. The overall agreement is satis-
factory, especially considering that the comparison of equation
25 is carried out against calculations from ensemble averaged
PR-DNS data. Also, Deen et al.’s correlation approximates our
PR-DNS reasonably well (see Section 5.4 ).

4. Numerical formulation

The software employed in the present work, i.e.,
OpenFOAM®, uses co-located variables (i.e., all vari-
ables are defined at cell centers), and relies on a finite volume
method for arbitrarily-shaped cells. The system of equations
is solved in a segregated manner, i..e, it is solved within an
iterative sequence. In the present work we use a structured
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Figure 2: Θ versus dimensionless streamwise coordinate z to compare DNS data
from Tenneti et al. [19] with predictions from the one-dimensional convection-
dispersion equation, i.e., Eqn. 31 using the closure for the Nusselt number from
Deen et al. [16].

Cartesian mesh where spherical particles are represented by
forcing terms in the matrix equations. This greatly reduces the
efforts for generating the numerical grid (which is required
for more standard body-fitted mesh approaches). Also, the
presented approach ensures that no errors arise due to the
grid cell topology, making the overall accuracy estimation
easier. Local mesh refinement at particle surfaces is performed
dividing each hexahedral cell into eight smaller hexahedral
cells, and imposing a determinant equal to one on each new
cell.

4.1. Hybrid fictitious-domain/immersed-boundary method

In a discrete computational domain using non-conformal
mesh elements the topology of the fluid-solid interface can not
be accurately represented. This lack of topological accuracy
is affecting the particle fluid exchange processes and requires
an analytic representation of the immersed boundary along-
side with the appropriate forcing inside the immersed body.
The HFD-IB (Hybrid Fictitious Domain Immersed Boundary)
solver allows to represent the immersed surface, and to account
for the presence of the immersed body. The idea is to combine
the convergence properties of a Lagrangian multiplier fictitious
domain method [26, 27, 38, 39, 40] with an immersed boundary
method [23, 41] that acts like a convergence accelerator.

The fictitious-domain/immersed-boundary method combines
some elements from both formulations in order to:

• Provide an accurate representation of the particle topol-
ogy in the discretized domain and, thus applying the corre-
sponding boundary condition at the particle surface (which
in general does not coincide with any cell node or cell cen-
ter).

• Being convergent (i.e., recover the original equations
when the grid size tends to zero).

• Ensure consistency of the imposed forcing/source terms
with the interphase exchange process.

The latter assertion means that integrating the forcing/source
term over the particle volume should give the interphase ex-
change rate. To be specific, the dimensionless force acting on a
particle due to the fluid phase and the total dimensionless heat
transferred from a particle i to the surrounding fluid should be
respectively expressed by:

fi (t) = −

∫
Ωi

s

f} (x, t) d3x (34)

Qi (t) =

∫
Ωi

s

Q} (x, t) d3x (35)

Equations 34 and 35 represent the mapping of the inter-
face coupling terms from the Eulerian fluid domain to the La-
grangian particle cloud. In order for equation 35 to hold, it
has to be ensured that no heat transfer occurs inside the im-
mersed body, i.e., the immersed body should be represented by
a region of constant fluid temperature θi while an appropriate
surface temperature θs should be imposed in order to satisfy
the Dirichlet boundary condition. Equation 34 would require
a similar condition (i.e., imposed fluid velocity inside the rigid
body). However, the required forcing would trigger a flow cir-
culation at the particle surface due to continuity (i.e., the fluid
would flow outside the particle). This would result in the hot
fluid inside the particle to be artificially transported to the par-
ticle surface creating an additional inter-phase heat flux not ac-
counted in equation 35. If the immersed body rigidity is not
imposed, the forcing term (which would be non-zero only at the
particle boundary) would trigger a flow internal to the particle
which would dissipate energy by friction, thus overestimating
the inter-phase momentum transfer. In fact, the fluid inside the
immersed body should be frictionless [42]. In order to avoid
this problem, the HFD-IB forces the particle surface only, but
keeps track of the additional forcing that would be needed in
order to stop the flow inside the immersed body. Equation 34 is
then substituted by:

fi (t) = −

∫
∂Ωi

s

f} (x, t) d3x +

∫
Ωi

s−∂Ωi
s

∆ f} (x, t) d3x (36)

Where ∆ f} (x, t) = f} (x, t)− f} (x, t − ∆t) is the change in
the forcing term required to impose a fixed value of the velocity
field inside the rigid body. Notice that δΩi

s is the discretized
particle surface (i.e., cells at the particle surface) and thus the
second term on the RHS of equation 36 represents the forcing
only in the interior of particle i. This ansatz allows us to ef-
fectively remove the transfer of momentum to the inside of the
particles, and Eqn. 36 now represents only the fluid-particle in-
teraction force between the particles and the main flow outside
of the particle domain. We note that ∆ f} does only contribute
marginally to the total forcing (it is on the order of 0.01%), es-
pecially in case the flow and temperature fields are stationary.
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Also, we note that in other methods [43] the rigidity condition
is still imposed inside the solid domain, possibly resulting in
unwanted fluxes through the boundary.

4.1.1. Boundary layer reconstruction approach
An accurate imposition of the Dirichlet boundary condition

at the particle surface is performed through a second order
boundary layer reconstruction procedure. The present approach
can be regarded as a generalized second order version of other
approaches found in literature [44, 45, 46], since the method
we propose is independent of the interpolation scheme used. In
fact, our proposed method works with all interpolation schemes
available in our software toolkit (i.e., OpenFOAM®). In our
boundary layer reconstruction approach, field values in cells
that are cut by the particle surface (denoted as ”surface cells”
below) are forced to assume certain values (i.e., uI and θI).
These values are generally different from the corresponding val-
ues located at the particle surface (us and θs). We now con-
sider an interpolation stencil round each surface cell, and use a
second order polynomial to reconstruct the fluid phase proper-
ties along the radial direction (see figure 3). The interpolation
points are spaced by the surface distance s defined as:

s =
3
√

3Vc (37)

Where Vc is the volume of the surface cells. It is clear that s
represents the diagonal of the cubic surface cell, so that the in-
terpolation points will always be located in different cells when
the numerical grid is sufficiently regular close to the particle
surface, i.e. if the cell shape is approximately cubic and if there
is no significant shape or size difference between two neighbor-
ing cells. The surface cell value to be imposed is then evaluated
from (for simplicity, we illustrate the interpolation procedure
only for θ, similarly this idea can be applied to the velocity
field):

θc,I =
θP2 − 2θP1 + θs

2s2 d2
cs +

4θP1 − θP2 − 3θs

2s
dcs + θs (38)

Where θs is the particle surface value, θP1 is the interpolated
value of θ at point P1, θP2 is the interpolated value of θ at point
P2, and dcs is the distance between the surface cell center and
the particle surface.

It is clear that, in order for the interpolated field values to
have a physical meaning, there should be no other particle
within the interpolation stencil. While this condition is almost
true for very dilute suspensions and for very fine (compared to
the particle diameter) grids, it can not be guaranteed for a gen-
eral situation. In order to overcome this problem, our proposed
method adjust its order (and thus, its interpolation stencil) based
on the value of φ in the cells close to the interpolation points. In
fact, those cells whose center is inside a particle (i.e., φ > 0.5)
should not contribute to the boundary layer reconstruction since
their value is merely used to satisfy the Dirichlet boundary con-
dition for a certain particle surface cell. Since the interpolation
itself may require a (possibly different) computational stencil,

Figure 3: Representation of immersed surfaces on a Cartesian grid (here shown
in two dimensions for the sake of simplicity). Circles represent the immersed
particle surfaces, while surface cells are colored in grey. Cell value at C is eval-
uated based on S , P1, and P2 using a second order polynomial. Conversely, C1
and C2 are evaluated using a first and zero order approximation, respectively,
due to insufficient reconstruction points in the interpolation stencil.

we discard an interpolation point if one of its three closest cells
has a value of φ higher than 0.5. An example is given in fig-
ure 3. Whenever an interpolation point is discarded, the order
of the boundary layer reconstruction is automaticly descreased.
That is, if only the furthest interpolation point is discarded the
interpolation is carried out using:

θc,I =
θP1 − θs

s
dcs + θs (39)

However, if the closest interpolation point is discarded, a zero
order approximation is used:

θc,I = φθs + (1 − φ)θc (40)

Notice that in equation 40 the new cell value is calculated
using the field φ as a penalty factor like in the standard fictitious
domain methods. Thus, a pure fictitious domain approach can
be seen as a zero order HFD-IB. In addition, it is clear that in
this method the immersed surface is discretized together with
the numerical grid (i.e. no separate Lagrangian representation
of the particle surface) and in the limit of zero grid spacing ∆x
we obtatin:

lim
∆x→0

s = 0 → θc,I = θs (41)

Thus, we impose the exact Dirichlet boundary condition and,
in the limit, the method is formally equivalent to a Lagrangian
multiplier fictitious domain.

4.1.2. Point interpolation methods
Since the HFD-IB is implemented in the OpenFOAM®

framework, there are several interpolation schemes that can be
used for the reconstruction. We tested all of them, and con-
cluded that the best accuracy is achieved using the cellPoint-
Face scheme which calculates the interpolated value as an av-
erage of closest vertex, face, and cell center values weighted
with the inverse distance.
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4.1.3. Fluid forcing and source term formulation
The forcing term for the momentum equation is formulated

following the work of Blais et al. [47]. This approach is also
similar to the one described in [27], and uses a parameter ω f ∈

[0, 1] to adjust the implicitness of the force correction.

f},n = In
s

(
f},n−1 + ω f

un
I − un

∆t

)
(42)

Where the superscripts n and n − 1 refer to the current and
previous step (referring to the steppig in the momentum correc-
tor loop) respectively. ∆t is the time step and Is is a function that
is 1 in particle surface cells and zero elsewhere. Our algorithm
uses a PISO-IB loop, same as in [47], to correct the forcing and
pressure field allowing to fulfill the continuity equation, and to
enforce now flow through the immersed boundaries.

The source term for the scalar transport is formulated in a
slightly different way since no correction loop is required. This
is because the scalar and momentum equations are decoupled
and the scalar transport equation is solved after the momentum
corrector (i.e., using the solenoidal velocity field). Thus, we
next consider the linear system arising from the discretization
of the scalar transport equation. Each linear equation can be
represented by:

Mllθl = Q}
l −

∑
m

Mmlθm (43)

Where M is the coefficient matrix of the discretized system
of equations and the two subscripts refer to the row and column
index. Terms in M are evaluated from the OpenFOAM® ma-
trix assembler following the discretization schemes defined in
section 4.2. The local interphase heat exchange rate at the step
n + 1 is calculated from:

Q},n+1
l = Ip

Mllθ
n
l,I +

∑
m

Mmlθ
n
m

 (44)

Being Ip a function that is 1 if the cell belongs to the particle
(surface or interior cells) and zero elsewhere. When equation
44 is substituted into equation 43, wherever Ip = 1, we obtain:

θn+1
l = θn

l,I (45)

Thus, the exact imposition of the interpolated value. No-
tice that, however, update of the imposed scalar field θi,I is per-
formed explicitly.

4.2. Numerical solution
The momentum and energy equations were discretized in

space using central difference schemes, and a backward scheme
was adopted for discretization in time. The pressure coupling
was carried out by means of a PISO algorithm that also cor-
rects the immersed boundary forcing [47]. All the discretiza-
tion methods we adopted where second order accurate. The

Poisson equation for the pressure field was solved using a di-
agonal incomplete-Cholesky preconditioned conjugate gradient
method. The momentum and scalar transport equations were
solved using a diagonal incomplete lower-upper preconditioned
bi-conjugate gradient. In order to preserve the natural evolu-
tion of the simulated fields, no relaxation factors were used for
equations or fields, i.e., the simulations were performed fully
transient. The transient nature of our simulations is fundamen-
tally due to the formulation of the forcing term in the Navier-
Stokes equations (equation 42), but we interrupted our simu-
lations when both the velocity and temperature fields reach a
steady state conditions, i.e. when the integral carried over all
the computational domain of f} and Q} is not changing sig-
nificantly with time. Specifically, a simulation ends if, for the
last 25% of the simulated time, (i) the average absolute value
of the fluctuations was less than 0.5% and (ii) the sum of the
fluctuations was zero, i.e. if the integrals are weakly fluctuating
but not evolving. It should be noticed that condition (ii) is al-
ways satisfied in our computational domains after a sufficiently
long time due to the heat sink that balances the interphase heat
exchange and the imposed pressure gradient that balances the
interphase momentum exchange. The algorithm was tested and
verified under several operating conditions against data found
in literature. Results from some of these tests are presented in
the Appendix.

4.3. Computational setup
We make use of a fully periodic rectangular cuboid domain

filled with a bi-dispersed particle population (Figure 4). The
particle configuration is generated using LIGGGHTS® [32] to
generate a homogeneous distribution before the fluid simulation
is started. We studied several cases for different values of the
overall particle volume fraction φ and particle diameters d1 and
d2.

The fluid flow is driven by imposing a pressure difference
between two opposite faces of the domain in the x1 direction
(which we will refer as the streamwise direction). This pressure
drop is adjusted such that the fluid superficial velocity U(1− φ)
remains constant.

We included a sink term in equation 1c in order to enforce a
predefined mean fluid temperature θbulk at the inlet (see figure
4). This is done in order to prevent saturation of the fluid phase
with the transferred scalar field. Notice that our approach is
similar to the one of Tenneti et al. [19] with the sole difference
that we do not modify the periodic boundary, but we rescale the
scalar in the first two cell layers downstream the inlet. This ap-
proach allows to study flow and scalar fields in fully developed
conditions, i.e. without the influence of inlet or outlet boundary
conditions. In this sense, our approach is significantly different
from that of Tavassoli et al. [30] who used Dirichlet and Neu-
mann boundary conditions for the inlet and outlet respectively.

It is clear that filtering the temperature field across stream-
wise periodic boundaries produces unphysical results due to the
jump in the temperature field. This means that particle-based
quantities can only be studied at a certain distance away from
the streamwise periodic boundaries (see figure 4). Thus, fil-
tering requires relatively long computational domains, which
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Figure 4: Computational domain for the dense bi-disperse bed (φ = 0.5,d2/d1 =

2). A mean flow field is imposed, which is aligned with the longest edge and
so, the temperature inhomogeneity develops in that direction. The region where
particle-based quantities can be studied for values of ρ up to 5 (thus at 2.5dm
from the streamwise boundaries) is colored in green. A heat sink is positioned
at the domain entrance (colored in blue) to prevent saturation of the fluid with
the transferred scalar.

increases the risk of fluid becoming saturated in the studied
region. Hence, in order to prevent saturation phenomena, the
Reynolds number must be sufficiently high to ensure a signifi-
cant mean temperature gradient between fluid and particles over
the full bed length.

5. Simulation of bi-dispersed suspensions

5.1. Numerical settings

We restricted our study to the parameters shown in table 1
and to a domain size of 5dm × 5dm × 10dm according to the
available computational resources. The investigated values of
the Reynolds number are relatively high when compared to pre-
vious studies [18, 16, 20] so that the heat exchange does not
lead to unwanted excessive fluid phase saturation that would
deteriorate the statistics of the Nusselt number. Unfortunately,
high Reynolds number flow simulations are demanding in terms
of mesh resolution, and hence require a fine computational
mesh. Therefore, we performed a grid sensitivity analysis on
the most critical cases to assess a suitable grid resolution and
the associated error. We concluded that this grid resolution is
h = ∆x/dm = 50 at the particle surface, while a larger gid spac-
ing of h = 25 between the particles (i.e., in regions in which
velocity gradients are less steep) is adequate. Specifically, in
the present study we adopted a base mesh with h = 25, and
then used mesh refinement at the particle surface. The refine-
ment consisted of splitting a coarse cubic cell of the base mesh
into eight equally-sized cubic subcells. The error due to the use
of mesh refinement (compared to using a uniformly fine grid
with h = 50) was found to be less than 1%. Overall, we es-
timated the maximum error connected to the evaluation of the
Nusselt number (with respect to a grid independent solution) to
be approximately 20%, similar to the error estimated in previ-
ous works [20].

Table 1: Numerical parameters used in the current study. ηM is the dimen-
sionless particle diameter ratio, φm/φM is the ratio of the small particle volume
fraction over that of the large particles, NpM is the number of large particles,
and Npm is the number of small particles.

φp ηM φm/φM Pe NpM Npm

0.20 1.2 0.5 100,250,400 37 33
0.35 1.2 0.5 100,250,400 64 55
0.50 1.2 0.5 100,250,400 92 79
0.20 1.2 1.0 100,250,400 28 48
0.35 1.2 1.0 100,250,400 48 83
0.50 1.2 1.0 100,250,400 69 119
0.20 1.2 2.0 100,250,400 18 62
0.35 1.2 2.0 100,250,400 32 111
0.50 1.2 2.0 100,250,400 46 159
0.20 1.6 0.5 100,250,400 16 33
0.35 1.6 0.5 100,250,400 27 57
0.50 1.6 0.5 100,250,400 39 82
0.20 1.6 1.0 100,250,400 12 49
0.35 1.6 1.0 100,250,400 20 82
0.50 1.6 1.0 100,250,400 29 119
0.20 1.6 2.0 100,250,400 8 66
0.35 1.6 2.0 100,250,400 14 115
0.50 1.6 2.0 100,250,400 19 156
0.20 2.0 0.5 100,250,400 8 32
0.35 2.0 0.5 100,250,400 14 56
0.50 2.0 0.5 100,250,400 20 80
0.20 2.0 1.0 100,250,400 6 48
0.35 2.0 1.0 100,250,400 10 80
0.50 2.0 1.0 100,250,400 15 120
0.20 2.0 2.0 100,250,400 4 64
0.35 2.0 2.0 100,250,400 7 112
0.50 2.0 2.0 100,250,400 10 160

5.2. Drag coefficient in bidisperse particle beds
In the present work, we imposed a constant average superfi-

cial fluid velocity in the simulated domain by means of a global
pressure gradient. As a consequence, the total force acting on
a particle fi is next defined as the sum of the fluid drag force
f d
i and a contribution from a mean pressure gradient f∇p

i that
builds up in the bed of particles. Thus, we write:

fi = f d
i + f∇p

i (46)

In simulations using a PU-EL model, the contribution from
the mean pressure gradient can be explicitely computed based
on a known (resolved, but spatially average) pressure field p̃.
We are therefore interested in the remaining force contribution,
i.e., the drag contribution in Eqn. 46, for which a closure must
be profided in PU-EL models. Thus, in what follows we filter
the pressure gradient field ∇p based on our PR-DNS data, and
define the per-particle drag force as follows:

f d
i = fi −

π

6
d3

i ∇̃pi (47)

We stress that this definition is the most natural choice, since
∇̃pi is the pressure gradient that would be available in a PU-
EL simulation where the CFD cells are of the same size as the
filter size. We note that this definition of the drag force is dif-
ferent from that typically used in Euler-Euler simulations, since
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in the latter the global mean pressure gradient (experienced by
all particles) is used to define the drag [15].

The drag force parallel to the main flow direction f d‖
i is then

made dimensionless (or scaled) with the corresponding Stokes
drag force to obtain (dimensional and dimensionless form):

Fi =
f ∗,d‖i

3πdiρ f ν(1 − φi)̃u
∗,‖
i

=
f d‖
i Re

3πηi(1 − φi )̃u
‖

i

(48)

Notice that, since we used filtered quantities (i.e., ũ‖i and φi),
the dimensionless drag force calculated using Eqn. 48 does
not respect the usual limit lim

φ,Re→0
Fi = 1 for a finite value of φ.

This happens because Fi is particle-based, and not an ensemble
average. Thus, it is possible that the f d‖

i = 0 while ũ‖i 6= 0 (e.g.,
in case a particle does not experience a net drag force due to
blockage from other particles, but the filtered velocity is non-
zero). Our simulation results suggest that this results in Fi to be
lower-bounded to 0 instead of 1.

A comparison of the ensemble-averaged drag force evaluated
from our PR-DNS data by using equations 46 and 47 with the
closure provided by Beetstra et al. [2] is presented in figure
5. Beetstra’s closure for drag force in bi-dispersed suspensions
can be written as a correction to the mono-dispersed drag force
Fm

i,B(Rei, φi), i.e.,

Fi,B =
[(

1 − φi

)
yi + φiy

2
i + 0.064(1 − φi)

3
]

Fm
i,B(Rei, φi) (49)

Fm
i,B(Rei, φi) =

10φi(
1 − φi

)2 +
(
1 − φi

)2
(
1 + 1.5φ

1
2
i

)

+
0.413Rei

24
(
1 − φi

)2


(
1 − φi

)−1
+ 3φi

(
1 − φi

)
+ 8.4Re−0.343

i

1 + 103φi Re−(1+4φi)/2
i


(50)

Rei = Re(1 − φi)|̃ui|ηi; yi =
di

d32
(51)

Notice that, in order to calculate Fi,B, we only used values
obtained by filtering within a box with dimensionless size %.
Furthermore, we note that Rei does not differ significantly if
defined using the parallel (to the main flow) filtered velocity ũ‖i ,
or the modulus |̃ui|

Panel a of figure 5 reveals, on average, a significant deviation
from the closure proposed in the work of Beetstra et al. Such
a deviation can be explained examining the approach they used
to calculate the pressure contribution to the drag force. Specifi-
cally, two facts need to be considered:

i Since the particle distribution is homogeneous, it is pos-
sible to define a global pressure gradient which corre-
sponds to the pressure gradient required to drive the fluid
flow through the interstices between particles in an in-
finitely large bed (or, in other words, through the equiva-
lent porous medium). Therefore, following our method the

(a)

(b)

Figure 5: Parity plot comparing the normalized drag force from the current
simulations with values predicted by Beetstra et al. Dashed lines represent 10%
deviation from the closure of Beetstra. In panel 5a, f d

i was calculated using
equations 46 and 47. In panel 5b the drag force 〈F′i 〉FB accounts for the pressure
gradient contribution using equation 52 same as in the work of Beetstra et al.

local filtered pressure gradient should approach the global
one in the limit % → ∞. However, as visible from panel
a of figure 5, our results are insensitive of % already for
% > 3. This was also confirmed by checking the mean dif-
ference between the global pressure gradient (calculated
as the pressure gradient required to drive the flow field
through the whole computational domain) and that expe-
rienced by individual particles (data not shown; more de-
tails are, however, provided in Appendix B). Thus, the use
of the local pressure gradient in place of the global one,
contributed significantly only for % < 3. A tentative phys-
ical explanation is that, for the moderate Reynolds num-
bers studied here, the fluctuations of the pressure due to
acceleration and deceleration of the fluid become already
significant, and are noticeable only for small filter sizes.
The approach of Beetstra et al. does not account for filter
sizes, and only the global pressure gradient was consid-
ered (however, as discussed before, it was not subtracted
explicitly). This contributes (in part) to the discrepancy
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observed in Figure 5a.

ii Deviations from the correlation of Beetstra et al. for val-
ues of % > 3 can be explained by considering that the ap-
proach used in their work to remove the pressure contribu-
tion from the total drag force can not be applied to poly-
disperse suspensions or particle-based forces. In fact, we
show in Appendix B that implicit accounting of this pres-
sure gradient term can only be performed on globally av-
eraged quantities (i.e., ensemble averages over all particles
and species). In Appendix B we also show that our data is
in good agreement with the correct theoretical predictions
for the mean pressure gradient contribution. On the con-
trary, this term is overestimated in the work of Beetstra et
al. and thus, they obtain a smaller drag force.

In Appendix B we show that, under particular assumptions,
the ensemble average drag force exerted on all particles can
be expressed as the ensemble average total fluid-particle force
multiplied by (1 − φp). In the work of Beetstra et al., the pres-
sure contribution to the bi-disperse drag force was (incorrectly)
accounted for by exploiting this relation, i.e., they used:

Fk(φ,Re) = −(1 − φp)
〈Fg→s〉

3πµdkv
(52)

Being 〈Fg→s〉 the ensemble averaged fluid-particle force (act-
ing on particles of specie k) and v the particle velocity. We find
that our results are in good agreement (within 10%) if equa-
tion 52 was used to account for the pressure gradient force f∇p

i
and when using φi instead of φp (see panel b of figure 5). In
other words, our data suggests that the average pressure gradi-
ent seen by the particles is different (i.e., smaller, since we com-
pute higher drag coefficients) from the average pressure gradi-
ent in the whole particle bed. A tentative physical explanation
is that for the relatively high Reynolds numbers studied here,
the fluctuations of the pressure due to acceleration and deceler-
ation of the fluid become already significant. We speculate that
this leads to the observed differences visible in panels a and b
of figure 5). Clearly, the correct way to account for the pressure
contribution in PU-EL models is provided by equation 47, since
each particle is supposed to experience a different local pres-
sure gradient. In addition, the value of ∇̃pi is directly available
in PU-EL simulations and thus, it can be directly used to com-
pute the per-particle pressure gradient force. Hence, we need
to refit the expression suggested by Beetstra et al. to provide
a drag closure for PU-EL models. Panel b in Figure 5 suggest
that a simple correction can be applied to Fi,B to obtain such a
PU-EL-consistent drag force closure. Specifically, we propose:

Fi,corr = −0.122 + 1.18Fi,B + 0.00352F2
i,B (53)

Equation 53 was obtained by fitting data from % = 3 in figure
5a and ensuring Fi,corr = 1 when Fi,B = 1.

The resulting agreement has an error of 4.7% on average,
as well as a maximum deviation of 19%. We also binned the
deviation from equation 53 with Re, φ and di/d32, and found

Figure 6: Parity plot comparing the drag force from the current simulations
calculated using equation 48 with values predicted by equation. Dashed lines
represent 10% deviation from the closure.

excellent agreement (i.e., absolute deviations between 5% and
7%). It can be noticed that the drag force in case % = 2 is sig-
nificantly deviating from the cases with larger filter sizes. We
found that this difference can be entirely attributed to the pres-
sure contribution in equation 47, as it is also visible from the
different qualitative behavior of the trends as a function of %
shown in figure 5a and 5b. This means that a coarse grained
cell with % = 2 is still affected by local fluctuations of the pres-
sure field. However, in the case of a non-homogeneous system,
the resulting drag force f d

i calculated according to equation 47
will depend on % and the relative position of neighboring parti-
cles, so that equation 53 will have to take into account sub-grid
contributions. This is clearly posing a limit to the grid size
in PU-EL since, in case of a non-homogeneous particle distri-
bution, fluid quantities like the velocity field and the pressure
gradient may be very different from the homogeneous values
used to derive these closures. Thus, specific models for non-
homogeneous configurations should be used instead, which are
beyond the scope of our present contribution.

Figure 7: Scaled standard deviation σFi
Fcorr over 〈Fi〉Fcorr .
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We now examine the distribution of the dimensionless per-
particle drag force, and consider its scaled standard deviation
σFi

Fcorr
.

As shown in Figure 7, we did not observe any significant
dependence of σFi

Fcorr
from the mean drag coefficient Fcorr. This

suggests that the relative deviation of Fi from 〈Fi〉Fcorr can be as-
sumed to be approximately constant for the flow regime studied
in the present work. Specifically, values of σFi

Fcorr
ranged from

32% to 52% which is generally attributed to the presence of
preferred pathways of the flow through the particle array [16].
We note in passing that this is in line with the previous results
of Kriebitzsch et al. [14] once their data is rescaled (see the
conclusions sections of the present contribution for an in-depth
discussion).

The lack of a functional dependence on the mean drag coef-
ficient results in a similar distribution for the relative deviations
at different average drag coefficients 〈Fi〉Fcorr (see figure 8). In
the present work, our data suggests to represent the stochastic
fluctuation of the drag force using a modified log normal distri-
bution, i.e. transposed in such a way that the expectation value
is zero. This is in contrast to previous work that considered
a Gaussian distribution [14], and motivated by the following
facts:

i A log-normal distribution is defined in the range [0,∞[
and, thus, naturally predicts a minimum allowed value for
drag coefficient, while the Gauss distribution is defined in
]−∞,∞[ allowing the drag coefficient to assume negative
values.

ii As can be seen from figure 8, the distribution of relative
deviations is skewed. This is also a consequence of the
drag coefficient being lower-bounded.

iii Our log-normal distribution can be defined using only one
parameter (i.e., the standard deviation), which we have
demonstrated being a constant within the range of our
study. In fact, physically, the minimum allowable value
for the relative deviation of -1 (i.e., zero drag force) and
the expectation value is, by definition, equal to zero. Thus,
this results in a standard log normal distribution with mean
value equal to 1.

Clearly, the support of the log normal distribution has to
match with that of the drag force relative deviation. This is
performed by translating the distribution. Thus, defining the
relative deviation Fi,σ = (Fi − 〈Fi〉Fcorr )/〈Fi〉Fcorr and the lower
bound as β = −1, the modified log-Normal distribution can be
written as:

P(Fi,σ) =
1

(Fi,σ − β)αF
√

2π
exp

−
 ln(Fi,σ − β)
√

2αF

2 (54)

As mentioned in item (iii) above, the shape of P(Fi,σ) is
determined by only one parameter (αF) which turns out to be a
constant. By averaging the values of σFi

Fcorr
as they are shown in

Figure 7, we conclude that to a first approximation:

αF ≈ 0.416 (55)

Figure 8: Number distribution of the relative deviation of the conditionally av-
eraged drag force for different values of Fcorr . The error bar length corresponds
to two standard deviation (i.e., the 68.2% error intervall) of the samples in each
bin.

The choice of a log-normal distribution also allows the
stochastic drag coefficient model to be efficiently implemented
in PU-EL codes: if εi is a randomly generated number between
0 and 1, the value of Fi,σ can be calculated by inverting:

εi =

∫ F p
i,σ−βF

0
P(x)dx (56)

Where the integral on the right end side is given for a log-
normal distribution by:

∫ Fi,σ−β

0
P(x)dx =

1
2

+
1
2

er f
 ln(Fi,σ − β)
√

2αF

 (57)

Which leads to:

Fi,σ = β + exp
[
er f −1(2εi − 1)

√
2αF

]
(58)

The inverse error function can be obtained using pre-
computed lookup tables. In case the coefficients are assumed
to be constant (as in our study) the whole expression can be
tabulated before starting the computation.

While equation 56 can be used to compute the per-particle
relative deviations from 〈Fi〉Fcorr , the important questions on
how this random deviation should be evolved in time remains
open. For the time being we note that our model would allow to
assign a specific value for Fi,σ for each particle, and keep this
value throughout a PU-EL simulation.

After inverting equation 56, the dimensionless drag force act-
ing on a particle i can be computed from:

Fi = Fi,corr(1 + Fi,σ) (59)

However, it should be noted that in the limit φ,Re → 0, the
model for the drag force fluctuation is still predicting a drag
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force between −1 and 2. Even though a physical interpretation
of the above limiting behavior is not as straightforward as one
might think (and lies beyond the scope of our present contri-
bution), it is generally accepted that, in this limit, the resulting
drag should return Stokes drag law (i.e., Fi = 1).

The proposed model for the drag force fluctuation is able to
consistently take this limit into account provided that a suitable
expression for the standard deviation αF is provided. In fact, if
all the particles tend to experience the same drag force, it fol-
lows that the limit φ,Re → 0 implies αF → 0, thus making the
modified log normal distribution tend to a Dirac delta function.
Thus, the future exploration of such a range of parameters (i.e.,
φ,Re → 0) is required in order to obtain a suitable expression
for αF .

Another approach that is less consistent, but perhaps more
practical and applicable, consists in calculating the particle-
based drag force using the following expression:

Fi = 1 + γF Fi,corr

(
1 −

1
Fi,corr

+ Fi,σ

)
(60)

Where a simple functional form for the unknown function γF

would be the relation:

γF =
Fi,corr − 1

Fi,corr
(61)

It is clear that using definition 61 for γF in equation 60 en-
forces the Stokes limit (i.e., Fi,corr → 1), while it approaches
the original closure defined in equation 59 for large values of
Fi,corr.

As figure 8 demonstrates, our proposed model for the drag
force fluctuation is able to capture the general trend of the
relative drag force deviation reasonably well. However, since
we have probed relatively large Reynolds numbers only in the
present study, we lack of data that would justify the above pre-
sented drag force model for drag coefficients close to unity.

5.3. Nusselt numbers in bidisperse particle beds
The particle-based Nusselt number is defined based on di-

mensional and dimensionless quantities, respectively, as:

Nui =
Q∗i

πdiλ f (θ∗s − θ̃∗i)
=

QiPe

πηi(θs − θ̃i)
(62)

In this work, we do not aim on establishing a closure for the
bidisperse Nusselt number as a function of the monodisperse
one, but we seek for an analogy between heat/mass and mo-
mentum transfer. Thus, we will express the bidisperse Nusselt
number as a function of the bidisperse drag force, i.e. Fcorr.
There are some advantages in using this approach to formulate
a closure model:

i Existing closures for monodisperse Nusselt numbers are
often obtained by flux averaging (in contrast to volume
averaging) the temperature field and thus, they have to

be corrected using equation 17 in order to be applied in
coarse-grained models. This operation requires the use of
an additional closure and thus, reduces the overall predic-
tive power and range of applicability of the resulting clo-
sure model. In addition, we found that scaling the Nusselt
number using such closures increases data scattering.

ii Since closures often require evaluation of long expres-
sions, a simple relation between drag and Nusselt number
would be more efficient when implemented in PU-EL or
Euler-Euler codes. In most applications (e.g., simulation
of heat transfer in fluidized beds) the drag coefficient must
be evaluated anyhow, such hat a simple relation between
drag coefficient an Nusselt number could save computa-
tion time.

iii The range of validity of existing closure models for the
Nusselt number (generally Re ≤ 100 and valid only for
monodisperse systems) is outside the range of parameters
considered in our work. Hence, it is not useful to refit pa-
rameters in existing correlations, since the functional form
for a Nusselt number closure might be fundamentally dif-
ferent.

Since we limited our study to Pr = 1, we must assume that
the dependence on the Prandtl number is in the form of Pr1/3.
Thus, the resulting functional form we adapt is:

Nui,bi(Pr,Re, φp, ...) = Pr1/3G(Fi,corr) (63)

Thus, any information regarding flow variables or particle
population is concealed in Fcorr and correlated with Nubi by
means of the function G. Indeed, and as shown in Figure 9, we
find a linear relationship of our PR-DNS data for the mean drag
coefficient and the Nusselt number. Specifically, we find that

Nui,bi = Pr1/3(12.2 + 0.312Fi,corr) (64)

The average deviation of equation 64 with respect to our data
is 4.6%, with a maximum error of 9.5%.

Examing the distribution of the per-per-particle Nusselt num-
ber reveals some interesting finding: again we observed (see
Figure 10) that the scaled standard deviation is approximately
constant for the Nusselt number. The standard deviation ranges
from approximately 30% to 45%. Following the same approach
as for Fcorr we propose a model for the per-particle Nusselt
number based on a log-normally distributed variable as shown
in Figure 11.

Compared to the drag coefficient the log-normal distribution
for the Nusselt number is more peaked (i.e., the standard devi-
ation is smaller), and therefore necessitates the use of a αNu pa-
rameter in place of αF . In order to represent our PR-DNS data
resonably well, the following value for αNu is recommended:

αNu ≈ 0.336 (65)
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Figure 9: Parity plot comparing the calculated Nusselt number from the PR-
DNS evaluated using equation 62 with values predicted using equation 64.
Dashed lines represent a 10% error corridor.

Figure 10: Scaled standard deviation σ
Nui
Nubi over 〈Nui〉Nubi . Same as for the

drag force F the standard deviation remains approximately constant over the
range of mean Nusselt numbers studied.

5.4. Global mean Nusselt numbers

We now evaluate the global mean (mixture) Nusselt number
which is defined as the Nusselt number that satisfies (with ref-
erence to equation 21):

Numix =
ΛPe
6φp

d32

dm
(66)

Thus, the above Nusselt number describes the fluid-particle
mixture as an homogeneous medium, and is evaluated from a
known value for Λ. Notice that we rescaled our Peclet number,
defined using dm, with the mean Sauter diameter d32. Follow-
ing the discussion in section 3, we may express Λ at a certain
position η = x/dm as:

Λ(η) =
1

PeL

(
PeL

2
−

lnΘ(η)
η

)2

−
PeL

4
(67)

Figure 11: Number-based distribution of the relative deviation of the condition-
ally averaged Nusselt number for different values of Nubi. The error bar length
corresponds to two standard deviation (i.e., the 68.2% error intervall) of the
samples in each bin.

Notice that η should be defined in such a way that Θ(η) = 1
at η = 0 to be consistent with the boundary conditions used in
equation 25.

In order to evaluate the global mixture Nusselt number, we
sampled Θ along the streamwise direction and performed an
average over the domain length L:

NuG
bi =

1
L

L∫
0

Numix(η)dη ≈
1
Ns

Ns∑
i=1

Numix(ηi) (68)

Where Ns is the number of samples taken at different equally
spaced locations ηi.

Results from this analysis for the case with and without dis-
persion (i.e., PeL → ∞) are compared with the correlation de-
veloped by Deen et al. shown in Figure 12. Our data suggest
that the Nusselt number calculated using this approach (which
for the case without dispersion coincides with the approach
used by Tavassoli et al. [30]) approaches the value obtained
using the closure provided by Deen et al. [16]. The latter clo-
sure has been also confirmed by the recent work of Tavassoli et
al. [30], highlighting that our results for the mean heat transfer
coefficient are in reasonable agreement with results from litera-
ture.

6. Conclusions

In the present contribution we studied momentum and heat
transport in gas-solid bi-dispersed suspensions. We made use
of PR-DNS to derive closures for particle-based quantities and
explored the range of usability of models used to describe heat
transfer in dense particle beds. Using a simple one-dimensional
model for the gas-phase mixture obtained by analytically aver-
aging the thermal transport equations, we derived an expression
for a characteristic length scale that characterizes heat (or mass)
transfer process in dense homogeneous fluid-particle systems:
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Figure 12: Parity plot comparing the simulated global Nusselt number Nusim
with the corresponding values from Deen et al. [16]. Dotted lines indicate an
error corridor of ±20%.

λo =
1√

Pe2
L

4
+ PeLΛ − PeL

2

Furthermore, we applied the idea of a fluid phase saturation
length, and showed its relevance for a broad range of Reynolds
numbers and particle volume concentrations. We showed that
saturation is connected to the λo parameter, and occurs within a
few particle diameters in certain situations. The effect of axial
dispersion, widely neglected in the literature, was demonstrated
to be of major importance.

The problem of saturation is already discussed in literature,
however, in a more qualitative way as shown in the work of Ten-
neti et al. [19], as well as Sun et al. [20]. In our work we have
shown that the value of the saturation time and length scale, i.e.,
(tsat and zsat), may be on the order of a few particle diameters.
In such a situation the temperature gradient in the fluid will be
extremely high, and the fluid will quickly approach a state of
thermal equilibrium with the surrounding particles. It is there-
fore clear that for small values of zsat the exact value for the
Nusselt number is of secondary importance for computing the
amount of exchanged heat in a particle bed with length z < zsat.
Also, in a situation in which zsat is small, the time step required
to explicitly evaluate the transferred amount of heat in a PU-
EL model will be extremely small. Hence, one would adopt an
implicit coupling strategy to ensure stability of the numerical
algorithm, at the cost of precision with respect to energy con-
servation (since implicit coupling cannot ensure identical heat
fluxes for both phases). In conclusion we recommend to focus
on sufficiently high Peclet number for future studies to quantify
the Nusselt number, since these situations are of higher practi-
cal interest.

In the present work, we also proposed a modified hybrid ficti-
tious domain-immersed boundary (HFD-IB) method to account
for the presence of immersed bodies in non-isothermal flows.

This method combines the advantageous convergence proper-
ties of a Lagrangian multiplier fictitious domain method with a
second order accurate immersed boundary method. The HFD-
IB was shown to be accurate, even on relatively coarse grids,
in predicting momentum and heat transfer gas in gas-particle
system.

The final part of our study applied the HFD-IB to investi-
gate flow through bidisperse beds of spherical particles. We
identified that the closure provided by Beetstra et al. [2] for bi-
disperse suspensions (which was also shown to be suitable also
for tri-disperse suspensions, see [29]) is inaccurate when used
in PU-EL-based models. This is because this previous closure
does not account for the local mean pressure gradient each par-
ticle experiences, but simply accounted for the global pressure
gradient in the domain. Since the local mean pressure gradient
is known in PU-EL simulations, we proposed a correction to
calculate the drag contribution to the total interphase force:

Fi,corr = −0.1216 + 1.181Fi,B + 0.00352F2
i,B

The conditionally averaged drag force was shown to agree
with this new closure within an average deviation of 4.7%.

We also analyzed the variability of the per-particle drag coef-
ficient, concluding that a log-normal distribution describes this
variability reasonably well. This detail is significant, since the
recent work of Buist et al. [48] clearly demonstrated that per-
particle and mean Nusselt numbers differ (we note in passing
that Buist et al. considered the additional complication of a non-
uniform particle temperature distribution). Future work might
probe whether our proposed model for the per-particle Nusselt
number is indeed able to support these findings of Buist et al.
[48]. Most important, we showed that the standard deviation
relative to the mean drag force is approximately constant over
the range of systems studied. This might appear in contrast to
previous work [14] on the first view. However, it is important
to note that the previous study of Kriebitzsch et al. [14] consid-
ered the fluctuation of the total fluid-particle interaction force
relative to its mean. This previous study concluded that the
fluctuation of the total force decreases with increasing particle
concentration. It is now important to consider that (i) the fluctu-
ation of the mean pressure gradient force is weak, as well as (ii)
that the pressure gradient increases with increasing particle con-
centration. Thus, the relative force fluctuations will naturally
become smaller with increasing particle concentration, simply
because of the larger pressure gradient contribution to the to-
tal force. Re-scaling the data in Figure 13 of Kriebitzsch et
al. [14] with 1/(1−φp), i.e., considering the mean drag force as
the reference quantity, suggested that fluctuations relative to the
drag force are (to a first approximation, and within the scatter
of data presented) insensitive to the mean drag force. This is in
line with the present contribution, which clearly demonstrated
a constant relative drag force variability over a wide range of
drag coefficients.

Finally we assessed the existence of a relationship between
the average drag force and Nusselt number. Therefore, we first
define the Nusselt number (and in particular the coarse-grained
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temperature) in a way that is consistent with the corresponding
coarse-grained model (i.e., a PU-EL model). Hence we do not
require additional closures that relate the coarse-grained tem-
perature with a cup-mixing temperature as proposed by Sun et
al. [20]. Based on our PR-DNS data we propose the following
closure to evaluate the particle-based Nusselt number that relies
on the following expression:

Nui,bi = Pr1/3(12.2 + 0.312Fi,corr) (69)

This closure fits our data with an average deviation of 4.6%,
and we show that our results for a global bed-average Nusselt
number is in agreement with the recent study of Tavassoli et
al. [30]. Again considering the per-particle variability, however
this time for the Nusselt number, we again find that a mod-
ified log-normal distribution describes this variability reason-
ably well.

On a final note, we suggest that the expression we pro-
vided for Nui,bi can be modified to return the value correspond-
ing to an isolated particle immersed in a stationary fluid, i.e.,
Nui,bi = 2 in the limit φ,Re→ 0. Thus, the particle based Nus-
selt number can be rewritten (following the same approach used
to obtain equation 60) as:

Nui,bi = 2 + Pr1/3 Fi,corr − 1
Fi,corr

(
12.2 −

2
Pr1/3 + 0.312Fi,corr

)
(70)
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Appendix A. Verification of the HFD-IB method

In this appendix we demonstrate the correct implementation
and the accuracy of the HFD-IB method by comparison with
analytic solutions and existing closure in the frame of momen-
tum, heat and mass transfer past one or more spheres.

Appendix A.1. Cooling of a sphere immersed in a stationary
fluid

We consider the problem of a sphere of diameter dp im-
mersed in a stationary fluid (i.e., u = 0). We compare the ra-
dial temperature profile T (r, t) with the analytical solution for
r > dp/2. Due to the symmetry of the problem, the diffusion
equation in spherical coordinates can be written as:

∂T (r, t)
∂t

=
α f

r2

∂

∂r

(
r2 ∂T (r, t)

∂r

)
(A.1)

T (r, 0) = 0, T (dp/2, t) = Tw, T (∞, t) = T∞ (A.2)

Figure A.13: Radial temperature field computed using the HFD-IB solver com-
pared with the analytical solution. The maximum error of 0.85% occurs at the
surface of the sphere at t∗ = 0.1. The error quickly decays below 0.4%. Notice
that the HFD-IB is imposing a temperature at the boundary cell that is higher
than the wall temperature Tw.

Where α f is the heat diffusivity. The well known solution to
this problem is:

T (r, t) =
1
r

1 − er f

 r − dp/2

2
√
α f t

 (A.3)

We considered a cubic box of 8dp×8dp×8dp with the sphere
placed in the center. We used a mesh resolution h = ∆x/dp = 16
and a dimensionless time step ∆t∗ = α f ∆t/d2

p = 10−3. The
solver was found be in excellent agreement with the analytical
solution with an average deviation of 0.2%.

Appendix A.2. Forced convection around a sphere

In this test case, transport equations 1a, 1b, and 1c are solved
in a cuboid domain containing a single immersed sphere. We
used a domain size of 8dp × 8dp × 16dp and a dimensionless
time step ∆t = 10−4. We focused on the local Nusselt number:

Nu =
Q∗RePr
π (θb − θs)

(A.4)

Where Q∗ is the total interface heat exchange rate calculated
using equation 35 and θb is the dimensionless inlet temperature.
We used fixed temperature and velocity boundary condition for
the inlet and zero gradient boundary conditions for the remain-
ing boundaries.

Results showed good agreement with closures found in lit-
erature, especially with the numerical work from Feng and
Michaelides [50]. In addition, figure A.14 shows that the Nus-
selt number is correctly computed (i.e., it is consistent with the
existing closure) even for a relatively coarse mesh. The relative
error with respect to Feng and Michaelides was found to be less
than 1% for Re < 70 and increased up to 1.8% at Re = 100. We
also examined the drag coefficient defined as:
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Figure A.14: Nusselt number calculated using the HFD-IB solver against re-
sults found in literature for different Reynolds numbers (Ranz and Marshall
[49], Feng and Michaelides [50] and Whitaker [51] ). h = ∆x/dp denotes dif-
ferent grid resolutions.

Cd =
8 f IB

x

πρpd2
pU2
∞

(A.5)

Where ρp is the particle density, U∞ is the inlet velocity and
f IB
x is the stream-wise component of the dimensionless force

acting on the particle calculated using equation 36. In fig-
ure A.15 we plotted the values of Cd obtained for different
Reynolds numbers against existing closure. The HFD-IB solver
shows good agreement with literature for Cd also with relatively
coarse grids. The error was found to be on the order of 4% for
Re = 100 when using the finest grid and around 5% when the
coarsest grid was used.

Figure A.15: Drag coefficient calculated using the HFD-IB solver against re-
sults found in literature [52, 53] for different Reynolds numbers. h = ∆x/dp
denotes different grid resolutions.

Appendix A.3. Creeping flow past a periodic static array of
spheres

To simulate flow past a periodic array of spheres, it is suf-
ficient to simulate the flow past a single sphere in a fully pe-
riodic box. This test case allows to evaluate the accuracy of
the method when two or more particles are close or in contact
and thus, to assess the effect of the adaptive order of accuracy
for the boundary layer reconstruction. For this case, we solved
equations 1a and 1b using a body force to drive a flow field with
Re = 2 · 10−5 in order to ensure a Stokes flow regime. We then
compared the dimensionless force defined as:

f ∗ =
f IB
x

3πµ f U0dp
(A.6)

Where µ f is the dimensionless dynamic viscosity of the fluid
(set to 0.2Kgm2/s) and U0 is the imposed dimensionless fluid
velocity (set to 10−5). We varied the dimensionless particle di-
ameter dp to obtain the desired value of φ in the periodic box.

Table A.2: Deviation from analytical results for the dimensionless drag force.
∆ f ∗/ f ∗ represents the deviation from Zick and Homsy [54]. The settings we
used are the same as that employed by Deen et al. [36].

φ dp/∆x f ∗ ∆ f ∗/ f ∗ ∆ f ∗/ f ∗

Zick and Deen et al. this work
Homsy (1982) (2012)

0.5236 32 42.14 1.3 % 1.1 %
0.450 30.4 28.1 -2.8 % 1.4 %
0.343 27.8 15.4 -1.2 % 2.7 %
0.216 23.8 7.442 -0.1 % -0.8 %
0.125 19.9 4.292 -0.7 % 0.3 %
0.064 15.9 2.81 -1.3 % -1.6 %
0.027 11.9 2.008 -1.9 % -2.8 %

The computed values for the dimensionless force (see table
A.2) agree well with the analytical work of Zick and Homsy
[54] with a deviation in the range with that obtained by Deen et
al. [36]. This may be due to the fact that the forcing term in the
immersed boundary they used was also based on a second order
interpolation of the fluid variables as was done in the present
contribution.

Appendix A.4. Forced convection past a chain of three spheres

Finally, we consider the case of forced convection past a
chain of three spheres. We compared our results for the par-
ticle Nusselt number defined in equation A.4 and for the drag
coefficient defined in equation A.5. Same as Ramachandran
et al. [55] and Masheshwari et al. [56], we used two differ-
ent values for the spacing between the three particles, namely
s = 2dp and 4dp. Furthermore, contrarily to the case with a
single sphere, we used a cylindrical domain of length 16dp or
20dp (depending on the value of s) and radius 5d p. The first
sphere was centered at a distance 4dp from the inlet. In order
to compare with results from Tavassoli et al. [18], we limited
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Table A.3: Drag coefficient experienced by a chain of three spheres. We used
none to indicate that the deviation is below the precision reported in the work
of Maheshwari et al. (two significant digits).

s Re Cd deviation from Maheshwari et al.
1st 2nd 3rd

2 1 0.8 % 0.1 % 0.2 %
2 10 1.0 % 0.4 % none
2 50 2.0 % none -1.3 %
2 100 3.9 % none none
4 1 0.6 % -0.8 % -0.6 %
4 10 0.9 % 0.3 % none
4 50 1.9 % 1.0 % none
4 100 3.7 % 1.6 % 3.5 %

the study to a grid resolution of h = ∆x/dp = 15 (the same grid
size he used). We compared the calculated drag coefficient with
the one obtained in the work of Maheshwari et al. [56] (table
A.3). It can be seen that the HFD-IB agrees very well, often
showing deviations of less than 1% from Mashewari’s work.
Benchmark for the Nusselt number (table A.4), shows that the
HFD-IB generally agrees with previous works and predicts the
Nusselt number experienced by the first sphere with higher ac-
curacy than the method of Tavassoli et al. [18]. This can be
understood by noticing that, for a given grid size, the accuracy
of the HFD-IB has a weaker dependency on the Reynolds num-
ber (see figure A.14 in this work and figure 6 in the work of
Tavassoli et al. [18]).

Appendix B. Particle-based and ensemble averaged drag
force

The main focus of this work is to establish correlations for
particle-based drag force and Nusselt number, and hence the
question arises how to account for the pressure contribution
when computing drag forces. In this appendix we show that
the standard approach adopted by Beetstra et al. [2] cannot be
used to account for the pressure contribution f∇p

i .

Appendix B.1. Notation and basic definitions
In this appendix we will refer to i as the particle index and

to j as the particle class index (referred to particles belonging
to class number j, e.g., particles having diameter d j) . Thus,
in what follows each particle is characterized by two indexes i
and j. Furthermore, we will denote with 〈(∗)〉 j the ensemble
average over particles within their particle class, and with {(∗)}
the ensemble average over all the particle classes. To be more
precise, referring to the total force f j,i we define:

〈 f 〉 j =
1
N j

N j∑
i=1

fi, j (B.1)

{〈 f 〉} =
1

Nclasses

Nclasses∑
j=1

〈 f 〉 j (B.2)

These averages have to be intended as performed within a
configuration, thus an homogeneous distribution of particles ex-
periencing the same global pressure gradient ∇p and character-
ized by a global particle volume fraction φ =

∑
j φ j, a global

Reynolds number Re, and number of particles Ntot =
∑

j N j.
We express the total force acting on a single particle using:

f j,i = f d
j,i + f∇p

j,i (B.3)

Which is the same as equation 46 but now generalized to
differentiate between particles in multiple classes. Notice that
the index i is not the same as equation 46 since in Eqn. B.3
it is conditioned to class j. Furthermore, we account for the
pressure term f∇p

i by using:

f∇p
j,i = f∇p

j = −
π

6
d3

j∇p = −V j∇p (B.4)

Which is the same for particles belonging to the same particle
class. Notice that we indicated with V j the volume of a single
particle in class j.

Clearly, the following force balance must hold:

Ntot{〈 f 〉} = −V∇p (B.5)

Being V the total volume of the domain (i.e., that of the fluid
and all particles).

Appendix B.2. Case with one particle class - monodisperse
suspensions

Considering the case of just one particle class, the operator
{(∗)} has no effect, and we can drop the index j. Then, substitut-
ing equation B.4 into equation B.3 and substituting the resulting
pressure gradient into equation B.5 we obtain:

f d
i = (1 − φ) fi − φ(〈 f 〉 − fi) (B.6)

Which, after application of operator 〈(∗)〉 j, returns the equa-
tion used in Beetstra et al. [2] to account for the pressure contri-
bution in the ensemble averaged drag force. However, the addi-
tional term φ(〈 f 〉 − fi) shows that, when extracting statistics for
particle-based quantities, the approach of Beetstra et al. [2] can-
not be straightforwardly applied, simply because f d

i 6= (1−φ) fi.
In other words, the pressure term can be regarded as a collec-
tive term since it can be indirectly accounted for (i.e., without
directly using ∇p) only by considering the average total inter-
phase force in a monodisperse fluid-particle system.

Appendix B.3. Case with two particle classes - polydisperse
suspensions

If we consider an arbitrary number of particle classes, we
find that we cannot account for the individual pressure contribu-
tion without considering the globally-averaged drag force {〈 f 〉}.
Thus, only a relation between globally-averaged quantities can
be found:
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Table A.4: Nusselt number in the case of the chain of three spheres.

s Re Nu this work Nu Tavassoli et al. Nu Ramachandran et al. Nu Maheshwari et al.
1st 2nd 3rd 1st 2nd 3rd 1st 2nd 3rd 1st 2nd 3rd

2 1 2.04 1.54 1.54 2.09 1.58 1.62 2.12 1.81 1.63 2.09 1.83 1.63
2 10 3.31 2.32 2.13 3.45 2.40 2.21 3.37 2.32 2.03 3.32 2.34 2.05
2 50 5.47 3.42 3.10 5.72 3.55 3.19 5.50 3.39 2.98 5.42 3.34 3.08
2 100 7.33 4.24 3.88 - - - 7.05 4.18 3.74 6.98 4.23 3.77
4 1 2.23 1.87 1.69 2.31 1.96 1.82 2.17 2.03 1.63 2.20 1.94 1.64
4 10 3.37 2.72 2.53 3.51 2.83 2.62 3.28 2.79 2.49 3.33 2.72 2.53
4 50 5.52 4.05 3.81 5.80 4.21 3.81 5.40 4.18 3.60 5.40 4.11 3.52
4 100 7.13 5.05 4.87 - - - 6.96 5.16 4.42 6.91 5.09 4.39

{〈 fd〉} = (1 − φ){〈 f 〉} (B.7)

Furthermore, an equation equivalent to B.6, but this time
based on class-averaged particle forces rather than individual
particles, can be obtained:

〈 fd〉 j =

(
1 − φ j

Ntot

N j

)
〈 f 〉 j − φ j

Ntot

N j

(
{〈 fd〉} − 〈 f 〉 j

)
(B.8)

This equation returns equation B.7 when averaged over all
the particle classes. Notice that these equations imply 〈 fd〉 j 6=

(1 − φ)〈 f 〉 j, which is the approach used by Beetstra et al. [2].
Also other expressions like 〈 fd〉 j = (1 − φ j)〈 f 〉 j are clearly er-
roneous. The reason can be found by examining equation B.5.
The global balance implies that the pressure gradient is con-
nected with the sum of all interphase forces and thus, cannot be
expressed as a function of just one subset (i.e., one particle or
one particle class) of the fluid-particle system.

Appendix B.4. Application to the current case

The approach used in the current study (i.e., that presented in
section 5) is consistent with the above considerations. Specifi-
cally, we show that using the Favre averaged pressure gradient
is in agreement with the following equation:

f d
j,i = f j,i − φ j

Ntot

N j
{〈 f 〉} (B.9)

Which can be obtained straightforwardly by substituting
equation B.4 into B.3 and finally into B.5. If equation B.9 is sat-
isfied in our simulations, then our approach is consistent. The
term Ntot/N j is, for a bidiperse system, given by from φm/φM:

Ntot/N j =

1 +
d2

j

d2
k

φk

φ j

 k, j = 1, 2 k 6= j (B.10)

The term {〈 f 〉} is typically not reported in literature (also not
by Beetstra et al.). However, one may use the drag from Beet-
stra et al. [2] (i.e., as defined in equation 49) and consider (the

incorrect) equation 52 to backup the total iteraction force im-
plied by Beetstra et al.:

{〈 f 〉} =
N1d1FB,1 + N2d2FB,2

Ntot(1 − φ)
(B.11)

Where 1, 2 refer to the two particle classes considered here.

Figure B.16: Parity plot comparing the dimensionless drag force from the cur-
rent simulations (i.e., Fi) calculated using equation 48, with predictions based
on equation B.9 (i.e., Fd) that rely on the closure of Beetstra et al. The dashed
lines represent a 10% error corridor.

Figure B.16 shows that equation B.9 slightly underpredicts
the drag force from our simulation but still agrees within 10%
for filter sizes ρ > 2. This deviation can be interpreted as the
true difference between our simulation results and the one of
Beetstra et al. after applying the same correction for the pres-
sure gradient.
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