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Abstract

In this paper we investigate the distribution of trimmed sums of dependent observations with heavy tails.
We consider the case of autoregressive processes of order one with independent innovations in the domain
of attraction of a stable law. We show if the d largest (in magnitude) terms are removed from the sample,
then the sum of the remaining elements satisfies a functional central limit theorem with random centering
provided d = d(n) > n? (for some y > 0) and d(n)/n — 0. This result is used to get asymptotics for the
widely used CUSUM process in case of dependent heavy tailed observations.
© 2014 Elsevier B.V. All rights reserved.
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1. Introduction

Let X1, X2, ..., be independent, identically distributed random variables in the domain of at-
traction of a stable law with index 0 < o < 2. Lévy [35] and Darling [19] noted that the order of
magnitude of the sum S, = > ;_; Xy is the same as that of its largest term and the contribution
of a fixed, but large number of extremal terms is essentially responsible for the distribution of S,,.
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The asymptotic distribution of the trimmed sum S,gd) obtained from S, by discarding the d small-
est and d largest summands was determined by LePage et al. [34] and Csorgd et al. [18] proved
that in case of moderate trimming, i.e. d(n) — 0o, d(n)/n — 0 the trimmed sum S,(,d) satisfies
the central limit theorem. Arov and Bobrov [2], Mori [40], Hall [30], Teugels [44], Griffin and
Pruitt [28,29] and Kesten [32] considered a different type of trimming of the sample. Let 1, 4
denote the dth largest element of | X 1], ..., | X, |. These authors were interested in the asymptotic
behavior of the modulus trimmed sum ) §,, = Y i1 XkI{|Xk| < nn.a}, i.e. when from the sum
we remove the d elements with the largest absolute values. Griffin and Pruitt [28] proved that the
trimmed central limit theorem of Csorgé et al. [18] remains valid for modulus trimmed sums pro-
vided the distribution of X is symmetric, but it generally fails for nonsymmetric variables and it
can happen that VS, is asymptotically normal for some d(n), but not for another d’(n) > d(n).
This is somewhat unexpected, since removing more large elements from the sample should result
in better behavior. Sufficient conditions for the asymptotic normality of (S, in the nonsymmet-
ric case were given in [9]. On the other hand, Berkes et al. [11] showed that if d(n) — oo,
d(n)/n — 0, a functional central limit theorem always holds for (¥ S, with a random centering
factor. Some of these results are extended in [33] to long range dependent sequences.

Trimming also has important applications in statistics. As an example, we consider the
detection of possible changes in the location model

Xj=cj+ey, 1<j<n,
where e1, ..., e, are random errors. Under the null hypothesis

Hy:co=c=--=c¢,
of no change in the location parameter we have

Xj=c+e;, 1=<j<n, (L.1)
with some constant c. Under the alternative there are r changes:

Hy: thereisr >1and1 <k <ky < --- <k, < nsuch that
Cl="+"=Ckj—1 # Cky = Ckj+1 = "+ = Chy—1 F Chky = Chyt1 = -~
= Ck,—1 F# Ck, =+ = Cp.

The most popular methods to test Hy against Hy4 (cf. [4,17]) are based on the CUSUM process

lnx] n
Up() = Y Xi — L"n” > xi. (12)
i=1 i=1

where |-] denotes the integer part. Clearly, if Hy is true, then U, (¢) does not depend on the
common but unknown location parameter c;. It is well known if Xy, ..., X, are independent
and identically distributed random variables with a finite second moment, then

1

DI0,1]
—=U,(x) — B(x),
. . . Dl0,1] .
where B(x) is a Brownian bridge and —>" means weak convergence in the space D[0, 1]
of cadlag functions equipped with the Skorokhod J; topology (cf. [12]). Assuming that
X1, X2, ..., X, are independent and identically distributed random variables in the domain of
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attraction of a stable law of index o € (0, 2), Aue et al. [3] showed that

1 DI0,1]
——FUy(x) — Ba(x),
nl/®L(n)

where L is a slowly varying function at co and B, (x) is an «-stable bridge. (The «-stable bridge
is defined as By (x) = Wy (x) — x W, (1), where W, is a Lévy a-stable motion.) Since nothing
is known on the distributions of the functionals of «-stable bridges, Berkes et al. [11] suggested
the trimmed CUSUM process

nx] n
[nx]
Toa() =3 Xil{1Xil < tina} = == 3 Xil{1Xi] < tln.a}. (1.3)
i=1 i=1
Assuming that the X;’s are independent and identically distributed and are in the domain of
attraction of a stable law, they proved

1 DI0,1]
—Tha(x) — B(x), (1.4)
Opn
where
o _
oF = 5 (H™'(d/m)%.

B(t) is a Brownian bridge and H~! denotes the generalized inverse of H, the survival function
of X1. The CUSUM process has also been widely used in case of dependent variables but it
is nearly always assumed that the observations have high moments and the dependence in the
sequence is weak. For a review we refer to [4]. However, very few papers consider the instability
of time series models with heavy tails.

Fama [25] and Mandelbrot [37,38] pointed out that the distributions of commodity and
stock returns are often heavy tailed with possibly infinite variance and their research started
the investigation of time series models where the marginal distributions have regularly varying
tails. Davis and Resnick [21,22] investigated the properties of moving averages with regularly
varying tails and obtained non-Gaussian limits for the sample covariances and correlations. Their
results were extended to heavy tailed ARCH in [20]. The empirical periodogram was studied by
Mikosch et al. [39]. Andrews et al. [1] estimated the parameters of autoregressive processes with
stable innovations.

In this paper we extend the results of [11] to a dependent setting. More precisely, we prove a
functional central limit theorem for trimmed sums with random centering for an AR(1) process
with innovations in the domain of attraction of a stable law. As a consequence we derive a limit
result similar to (1.4) for the trimmed AR(1) process.

In Section 2 we formulate our main results. The proofs are based on several technical lemmas,
given in Section 3. In Section 4 we prove the main results in the case when trimming is replaced
by a (nonrandom) truncation and from these in Section 5 we deduce Theorems 2.1 and 2.2.

2. Main results

Let ¢; be a non-anticipative (i.e. o{¢;, j < i} measurable) solution of

e =pei_1+¢&, —00<Ii<o00. 2.1
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We assume throughout this paper that

£j, —00 < j < oo are independent and identically distributed, 2.2)

€0 belongs to the domain of attraction of a stable

random variable S(“) with parameter 0 < o < 2, 2.3)
and

o is symmetric when o = 1. 2.4

Assumption (2.3) means that

(Z £ —an> / by 2> @ (2.5)
j=1

for some numerical sequences a, and b,,. The necessary and sufficient condition for this is

Plo>t) _ . . Pleos—1) _

im = 2.6)
t—o0 L, (t)t™* t—oo  L,.(t)t—¢

for some numbers p > 0,q > 0, p + g = 1, where L, is a slowly varying function at co. It is
known that (2.1) has a unique stationary non-anticipative solution if and only if

—1<p<l. 2.7

Under assumptions (2.2)—~(2.7), {e;} is a stationary sequence and E|ep|“ < oo forall 0 < k < «
but Elegl® = oo for all k > a. AR(1) processes with stable innovations were considered by
Chan and Tran [15], Chan [14], Aue and Horvath [S5] and Zhang and Chan [47] who investigated
the case when p is close to 1 and provided estimates for p and the other parameters when the
observations do not have finite variances.

The convergence of the finite dimensional distributions of U, (x) in the AR(1) case is an

dd
immediate consequence of Phillips and Solo [42] representation. Let f—> denote the convergence
of the finite dimensional distributions. If (1.1)—(2.4) and (2.7) hold, then we have

l—p

fdd
m(]n(x) —> Ba(x), (28)

where By (x),0 < x < 1 is an «-stable bridge and L is defined in (2.6). It has been pointed out
in [6,7] that the fdd convergence in (2.8) cannot be replaced with weak convergence in D[0, 1].
However, Avram and Taqqu [7] proved that U, (x) converges in the weak-M; sense under some
additional regularity conditions. Some of their regularity conditions were removed by Tyran-
Kaminska [45]. For further results on the weak convergence of dependent sequences with infinite
variance in the M topology we refer to [8].

We formulate now our main results. On the truncation parameter d = d(n) we will assume

lim d(n)/n =0 2.9)
n—0oo
and

d(n) > n® withsome0 <8 < 1. (2.10)
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Let F(x) = P{Xo < x}, H(x) = P{|Xo| > x} and let H~1(¢) be the (generalized) inverse
of H. Our last condition will be used to establish the weak law of large numbers for 7, 4. We
assume that g has a density function p(¢) which satisfies

o0
/ |p(t +s) — p(t)|dt < Cls| with some positive constant C. 2.1

—00

(Here, and in the sequel, all constants will be finite and positive.) Let
A, =d'"PH Y d/n) (2.12)
and

m(t) = EX1I{|X1] < r}. (2.13)

Theorem 2.1. If (1.1), (2.1)-(2.4), (2.7) and (2.9)—(2.11) hold, then we have that

2 a\'2 /1 —o 12 4 oo
— Xil{| Xk| < —_ 2w,
( o ) <1+p> An;[ KI{IXk| < na} = mOma)] —> W(x)

where W (x) is a Wiener process.

The result in Theorem 2.1 uses the random centering factor (1, 4). This factor is characteris-
tic for the asymptotic distribution of the modulus trimmed partial sums process, as first observed
in [11]. Since a random translation of the terms in the CUSUM process cancels out, the next
result is an immediate consequence of Theorem 2.1.

Theorem 2.2. If (1.1), (2.1)-(2.4), (2.7) and (2.9)—(2.11) hold, then we have that
2—a\'? /1 —p 172 T,.a(x) Dlo,1]
: —> B(x),
o 1+p Ap

where B(x) is a Brownian bridge.

Statistical applications of Theorem 2.2 require the estimation of the norming factor from the
observations. We suggest a kernel type estimator for the norming factor in Theorem 2.2 which is
computed from the trimmed observations X7 = X; I{|X;| < nnq}. Let

n—1
SZ=70+2) w(i/ ;.
j=1

where
1 n—j _ _ B 1 n

A * * * * : * *

vi=- l;(xi — X)(Xfy ;- X3 with X = - i;x,. )
For the kernel w(#) we assume the following regularity conditions: (i) w(0) = 1, (ii) w(t) = 0
if t > a with some a > 0, (iii) w is Lipschitz continuous, and (iv) the Fourier transform of w
is Lipschitz continuous and is integrable on the real line. Assuming that 4 = h(n) — oo and
h(n)/n — 0, the method in [31,36] can be used to establish that

5, p " 12 14p 12
— = e .
Ay 2 -« 1—p
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Hence Theorem 2.2 yields

T,a(x) DIo,J]

Sn

—>" B(x),

where B(x) is a Brownian bridge.

In this paper we considered a stationary AR(1) sequence with stable innovations. Theo-
rems 2.1 and 2.2 could be extended to more general linear processes but this extension would
require nontrivial modifications of our method or a completely different approach.

3. Preliminary results
The proofs of Theorems 2.1 and 2.2 are based on several technical lemmas.
In the sequel we can and will assume without loss of generality that
Eeg=0, ifl <a <?2. 3.1

Under these conditions, in (2.5) we can choose a, = 0 and b,, can be chosen to be any sequence
satisfying

baL «(bp) = 1. (3.2)

According to Theorem 2.3 of Cline [16] (cf. also Davis and Resnick [22]), H (x), the survival
function of | X|, satisfies

H(x) = x“L(x), (3.3)

where L(x) is a slowly varying function at co and

H(x) — lim L(x) _ 1

im —— = = : (34
x>0 Pfleg| > x}  x=oo Lu(x) 1 —1p|*

Let
wen(t) = Xl {|Xk| < tH '(d/n)} and  m,(t) = E[XoI{|Xol < tH™'(d/m)}].

The main goal of this section is to get bounds for Eug, (#)ux ,(s) and cov(ug,, (t), uk n(s)).

Lemma 3.1. We assume that (1.1), (2.1)—(2.4), (2.7) and (3.1) hold. Let Y® = (X, X}) and
let ng), i =1,2,...be independent and identically distributed copies of Y®. Then

Yy

— 720 asn— 00,
nl/®L.(n)

where Z®) = (ng), Zék)) with

Z(k) Zp S(a) and Z(k) Z %-(01)

=0 =0

and E(a), —00 < £ < 00 are independent and identically distributed copies of £®.
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Proof. It follows from (2.1) that
00 _
Xk —c= szsk—z = Zp%k—e + 05X, 1<k <o0. (3.5)

Let eg), —o00 < £ < 00,i = 1,2,... be independent and identically distributed copies of &g.
Clearly

k k) 5k k k
YO =@ rs) with v® Z ple’) and Y% Z plel,
are independent and identically distributed copies of Y®. Elementary algebra gives

o n .
ZY(k) Zp Zs and ZY(k) Zp Zsk [+pk2;p221:82.
1= = 1=

i=1

For every L > 0 by (2.5) we have that (recall that under our conditions the centering factors a,,
in (2.5) can be chosen 0)

<Ze"> _L<t< L) z (ge‘“), _L<t< L),

where Eé“), —o00 < £ < oo are independent and identically distributed copies of £, Let
0 < k < «. It follows from Theorem 6.1 of de Acosta and Giné [24, p. 225] that

l 1
_b 86

i=1

K

E <Cy,

and therefore for every x > 0 we have that

12" 0
1
b bt
noi=1

>x}=0

o0
lim limsup P ¢
L=oo "—>°°p {[:;Flp
and similarly
|5
lim P p€|g€“|>x}=o.
L—>o0 (=Lt

This completes the proof of the lemma. [J

Let i denote the imaginary unit.

Lemma 3.2. Let Y be a stable vector variable with characteristic function (s, t). Then there
exists a measure v on the Borel sets of R? such that for some Cy, Co and any y > 0

Y(s, 1) = exp{i(Cls + Cot) +/ (M) 1yy(duy, dus)
\

u|>y
+ / (@ CMFU) 1 (suy + tun))v(du;, duz)},
O<|ul<y

wherew = (uy, uy).
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This result can be found, for example, in Gikhman and Skorohod [26, Chapter 5]. v is called
the Lévy measure in the canonical representation of the characteristic function of Y. The stable
vectors in our paper will be centered, i.e. C; = C, = 0.

Lemma 3.3. If (1.1), (2.1)-(2.4), (2.7) and (3.1) hold, then we have

a—2
li EXol{|Xo| < vT} X I{|Xi| < wT
T—>mooL*(T) ol {IXol < vT}XpI{|Xy| < wT}
k
o o . —k\\2—a
= —— (min(v, w .
2—a1—|,0|°‘( (v, wlp|™))

Proof. It follows from Theorem 4 of Resnick and Greenwood [43] that
(Xo, Xk)
— €

n—o0 n

lim nP { A} =v(A), 3.6)
where b, is defined in (3.2) and A is any Borel set of R2, not containing (0, 0), v(A) < oo
and the v-measure of the boundary of A is 0. Since nL.(b,)/b% — 1, with the choice of n =
[ T%/L«(T)] we get from (3.6) that
o
lim
T—oo Ly(T)

P{(Xo, X)/T € A} =v(A), (3.7)

where v is the Lévy measure in the canonical representation of the characteristic function of Z®).
Denoting the joint distribution of Xo/T and Xy /T by v,iT), relation (3.7) says

o

- () Ay _
M L W =vA)

for any Borel-set A C R? not containing (0, 0) and having Lebesgue measure 0 for its boundary.
Since the function f(x,y) = xy equals O at the origin, using the weak convergence of

)/L (T) over D([—v, v] X [—w, w] \ [—s, s] x [—s, s]) and letting s | O we get

T;>ooL «(T) /_v/_ Xy V/ET)(dxvdy) :./—v /_wxy v(dx, dy)

which can be written equivalently as

T~ 2
Tlimw . EXoI{|Xo| < vT}XpI{|Xy] < wT} = /_v/ xyv(dx,dy).

Since E(“) is a stable random variable, its characteristic function can be written as exp(—y (¢))
and with this notation we get

00 k—1
Eexp(i(sZ{k) + tZ;k))) = exp (— Z I[/(S,O[ + t,okH) — Z W(tpg)) .
=0 £=0

If D¢ denotes the Lévy measure associated with the characteristic function exp(—t//(sp[ —i—tpkM))
and vy corresponds to exp(—I//(tpz)), then we have

00 k=1
V(A) =) (M) + ) Te(A).
=0 =0
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Hence

v w o0 v w
/ / xyv(dx,dy) = Z/ / xyve(dx, dy).
—vJ—w =07 —vJ—w

Next we note that there is a positive constant A* such that

P{E@] > x}

lim A*
X—00 X

and therefore by Bingham et al. [13, p. 346] we obtain that
EE’H{gE% <x} _ «
im =
x>0 x2P{|E@| > x} 2—a

resulting in

(@))2 ()
i EEIE@ <2}, @

xX—00 x2—« 2—a

The last relation implies
Jim 7472E [P E @211 = T minglo| =, wlpl~0)]
_ A*2 o p2£+k(min(v|p|76, w|p|*(l+k)))2foz.
—

We note that exp(— (sp’+10%+¢)) is the characteristic function of the vector (p&@, pk+tg @),
so repeating the arguments leading to (3.6) and (3.7) for this vector instead of (Xo, X;) we get

) Ta—2
lim p* 2 ——EEC1{|p | < T} 1{Ip @] < wT)

T—
v w

2/ / xyVe(dx, dy),
—vJ—w

and therefore
Y A AN TPNT- 7 k2
/ / xyve(dx, dy) = " lp]** (min(v, w|p| "),
vd—w -«
Summing for £ =0, 1, ..., we get Lemma 3.3. [

Lemma 3.4. If (1.1), (2.1)=(2.4), (2.7), (2.9), (2.10) and (3.1) hold, then for every k = 0, 1,
2,...

E — t) — t
lim ™ (u0,n(s) mn(s)z)(”k,n() ma(1)) _ o oK (min(s, 1] p| )2, (.8)
n—00 An 2—«
Proof. If 1 < o < 2, then
lim m, () = EXy foranyt > 0. 3.9
n— oo

If0 <« < 1, then

tH=V(d/n)
|mn ()] < / lx|d F(x)
—tH='(d/n)
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tH='(d/n) -l tH='(d/n)
- _f xdH(x) = —xH(x) [t /")+/ H(x)dx.  (3.10)
0 0

By (3.3) and Bingham et al. [13, p. 26] we have for0 <« < 1

y
i M =1, (3.11)
y=oo yH(y)/(1 — )
and therefore
mu (1) = O (H—‘(d/n)”—l> ) (3.12)
n

If « = 1, by assumption e is symmetric, so under (1.1) we have that X| = e + ¢ and therefore

ma(t) = O(1) + Eleol{|Xol < tH™"(d/n)}]

tH=V(d/n)+ci
= O(l)—i—/ xdPle; < x}
t

H-1(d/n)—c;
d tH=Y(d/n)+c
=0 (H_l(d/n)—> +/ Ple; < x}dx
n tH=1(d/n)—c
d
=0 <H_l(d/n)— log H—l(d/n)) ) (3.13)
n
Thus we get from (3.9)—(3.13) for all 0 < o < 2 that
WOUTIONNY (3.14)
An

Lemma 3.3 yields

n L(H™'(d/n))

N T Ty X0 1Kol < sHT /XXl < 1H ™ d[m)

k
a P . —k\\2—a
= t .
2_a1_|p|a(m1n(s, lol™)
By (3.4) we have
LH 'd/n) 1

w00 L(H-1(d T 1= ple’
«(H='(d/n)) lol

which completes the proof of the lemma. [l

Lemma 3.5. If (1.1), (2.1)-(2.4), (2.7), (2.9), (2.10) and (3.1) hold, we have for all 1/2 < s <
t <3/2and 0 < x < 1 that

1 lnx] lnx]
lim A_,gE (;(uk,n(s) —~ mn(s») (;wk,nm - mn(t))>

o o0
=x (sz‘“ + Y K Imin(s, 1]p] )7 + min(z, s]p 7> ).
k=1




A. Bazarova et al. / Stochastic Processes and their Applications 124 (2014) 3441-3462 3451

Proof. We note that

[nx] Lnx]
E(Z(uk,n(s) - mn(s») (Z(uk,n(o - mna)))
k=1 k=1

= [nx ) E (o, (s) — mu(s)) (uon(t) — my(t))

lnx|—1
+ Z (Lnx| — k) E(uo,n(s) — my(s)) (g n () — my (1))
k=1
lnx|—1
+ (lnx] — ) E(uo,n(t) — myu(2)) (ug n(s) — my(s)).
k=1
Let
k—1
ef=> pla and Xj=ci+e. (3.15)
=0

Using again Theorem 2.3 of Cline [16] (cf. also [22]), it follows that there is a constant C such
that

P{IX}|>x} < Cix *L(x) forallkand0 < x < oo. (3.16)
Clearly as in (3.5),
o0 o0 .
Xp—X;=e—ef = Zp%kfe = Zpkﬂ&j = p(Xo —c1). (3.17)
=k =0

Next we write
LE (10,1 (5) — mn () e n () — mp ()] = | Ettg ()10, (5) — 1y (£)11,, ()]
< |E(Xon(Xx — XD I{|Xo| < sH™ N (d/m}I{|Xx| < tH ' (d/n)})|
+IE(XoX{ {1 Xol < sH™'@/m)}{IXk| < tH ' (d/n)}) — myu(s)my (1)
< Al,k,n + A2,k,n + A3,k,n
with
Atgn = EIXo(Xk — XOI{|Xol < sH™'d/m}{|Xk| < tH™'(d/n)}],

Asin = E[IXoX}I{IXol <sH™"d/mNI{1Xk| < tH ™' (d/n)}
—I{|IX}| < tH '(d/nm)}]

and

A3k = |E(XoX{ {1 X0l < sH™'d/m){IX;| < tH™ ' (d/n)}) — mu(s)m, (2))].
Using (3.14) and (3.17) we conclude

Atkn < |pI*E|Xol X0 — c1|I{|Xol < sH™'(d/n)}

< Calpl*(H™"(d/n))*d/n (3.18)

with some constant C;. Next we note that

Azen < E[IXoXF1I{|Xo| < sH™"(d/m)}I{tH " (d/n)

—lpl*|Xol < IX{] < tH™'(d/n)}]
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+ E[|XoX}11{| X0l < sH™"@/m)}I{tH™"(d/n)
< IXjI <tH'd/n) + |pIF|Xol}]
(N 2)
= Ay, +As (3.19)
Using the independence of X and X} we get
AS, < EIXolI{|Xo| < sH™ (d/m)E|X}|I{tH™" d/n) — |pl*H~" (d/n)
< |X{| <tH '(d/n)}.
By (3.16) we have that
EIX|I{tH™ " (d/n) — |pl*H™ ' (d/n) < |X}| <tH~'(d/n))

. tH\(d/n) A/ .
= —xP{|X;| > x} |tH*1(d/n)—|p|kH*l(d/n) +[H1(d/n)—|p|kH1(d/;1) P{|X;| > x}dx
tH=Y(d/n)
E/ P{|X{| > x}dx
tH=1(d/n)—~|pk H=1(d/n)
< Cslpl*H ' d/n)d/n, (3.20)

where C3 is a constant. Hence, on account of (3.9), (3.12) and (3.13) we obtain that with some
constant Cy

Af) < Capt(HT d/m)d/n
and similarly
AD) < Cap(H™ d/n))d/n,
resulting in
Agin < Csp*(H™(d/n))*d/n. (3:21)
Using again the independence of X and X}’ we get
A3 = Ima O EXFI{X}| < tH™'(d/n)} — my(0)].
It is easy to see that
EX;I{X}| <tH 'd/n)} = EX;I{IX}| < tH™'(d/m}{|Xo| > |p|™**H " (d/n)}
+EXFI{X;| < tH™'(d/m}{|Xo| < |p|™**H™"(d/n))}
and by the independence of X and X; and (3.16) we have
|EX{I{IXE| < tH™ ' d/m)}{IXol > |p |72 H™'(d/n)}]
< Cslma ()| H(lp|™**H™"(d/n))
< Cslma (0] |p|**/*d/n.
Next we note that
|E[X;I{1X;| < tH™'(d/n), |Xol < o] ™2 H™(d/n)}]
— E[(X} + p*(Xo — e I{IX] + p* (X0 — )| < tH™ ' (d/n),
1Xol < o 17> H ' @d/m)}]]
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< lp* E[|Xo — cl|l[{IX} + p*(Xo — cD)| < tH™'(d/n),
1Xol < |p 7> H™(d/n)}]
+E[IXFI{X3 < tH ' d/n). |Xol < |p|™* H™ ' d/n)}
— I{X} + p*(Xo —c)| <tH ' (d/n), |Xol < o |7 H™ (d/n)}]
<lp*Up 7> H= d/n) + |e1])
+EIXFI{(t = |p MDY H T d/n) — el IpI* < 1XF| < tH™'(d/n)}
+EIXF{H d/n) < |X{) < G+ o THHT A/n) + Jeil 1o 11}
< C(1p M2 HYA/n) + 1p |F H™ (d/n)d/n)
by (3.20). Similarly
|EX I{|X| < tH ' (d/n)} — EXi I{| Xk < tH '(d/n), | Xol < o 7> H™ (d/n)}]
< Cs(lp*?H~"(d/n) + |p/*H™ " (d/n)d /n).
Hence
Azpn < Colp|™(H™'(d/n))?d/n, where t = min{l, a}/2. (3.22)
Putting together (3.18), (3.21) and (3.22) we get that

lnx]—1

el Z |(lnx | — K)E(uo,n(s) — mu(s)) (up,n(t) —my())| = 0. (3.23)

k=K

lim lim sup
K—00 p—soo

The lemma now follows from Lemma 3.4 and (3.23). [
4. A weak convergence result

Define the two-parameter process

1 Lnx]
Lot x) = —= > (XGHIXi| < tH™ d/m)} = ma (1)),
=1

forO0 <x <1,1/2 <t < 3/2. First we show the tightness of L, (¢, x). The proof is based on a
generalization of [10]. We introduce

X;1 = max(X;, 0), Xi» = min(X;, 0)
and

m1(t) = EXo11{|Xo| < tH'(d/n)}, maa(t) = EXo2I{|Xol < tH™'(d/n)}.
Similarly to L, (¢, x), we define

[nx]
1
Lo i(t,x) = —= > (Xi i H{IXi| < tH™'d/m)} = my 1 (1)),
ni=1

and L, 2(t, x) is defined in a similar fashion. Clearly, if both L, | and L, » are tight, then L, (¢, x)
is tight as well. We prove only tightness of L, i, the same argument can be used in case of L 7.
Let

1

& =i loglogn’
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Lemma 4.1. If (1.1), (2.1)=(2.4), (2.7), (2.9), (2.10) and (3.1) hold, then

mpy,1(t) is a non-decreasing function on [1/2, 3/2], “.1)

o U () = ()] > 0. > 00, (4.2)

E|Ly (12, %) = Ly 1 (1,01 < Cila = n[%, if 12— 11] = g, 43)
and

E|Ln(t, x2) = Ly1(t,x1)[° < Cilxa —x1|", if |x2 — x1] = gn, (4.4)

with some t > 2 and constant Cj.

Proof. The definition of m, (¢) implies immediately (4.1).
By the definition of m,, 1(t) we have forall 1/2 <# <1, < 3/2 that

0 < mp1(t2) —my1(11) = EXo1(I{tn H™'(d/n) < |Xo| < nH'(d/n)})
1 H=Y(d/n)
/ xdH (x)
tH=1(d/n)
< Cy(loH (d/m)H(6H ™" (d/n)) —tn H ' @d/n)H(t H ' (d/n))|
+l—ulH™(d/m)H(@H™'(d/n)))

IA

d _
< Gl —n|—H Yd/n)

on account of integration by parts and (3.3), establishing (4.2).
Next we introduce

|K logn]
Y; = Z P eii +ci, Yi1 = max(¥;, 0) (4.5)
k=0
and & = n; — En; with

n =ni(tl, ) = Y l{n H™'(d/n) < |Yi| < nH™'(d/n)}.

Since E|go|*/? < oo, using Markov’s inequality we see that for every 8 > 0 there is a constant

K = K(B) such that

1
E(Lpa(t2, %) = L1 (1, 0))° = — >~ E&,...&| < Csn P, (4.6)

n1<iy, ... ig<|nx|

We note that by definition, {£;} is a stationary, | K log n|-dependent sequence with zero mean.
Let us divide the indices iy, . . ., i¢ into groups so that the difference between the indices within a
group is less than | K log n] and between groups is larger than | K logn]. Clearly E&;, ... &, =0,
if there is at least one group containing a single element. So it suffices to consider the cases when
all groups contain at least two elements. This allows the cases of one single group with 6 elements
(D1), two groups with 343 (Dy) or 4 4 2 (D3) elements and finally 3 groups with 2 elements in
each (Dy). If there is only one group, then via Holder’s inequality we have

|E&, ... &q| < El£0l® < 25(E|nol® + [Enol®).
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Since the cardinality of D; is bounded by constant times n(logn)> we conclude

ZEE ' <n(logn)5
A6 o= l —

n Dy n

[EXSI{nH™"(d/n) < |Xol < taH ' (d/n)}

+(EXol{ttH™"(d/n) < |Xol < H ' (d/n)H°] +nﬂ).
Integration by parts and (3.3) yield
_ _ d _
EXSI{ttH™'(d/n) < |Xo| < nH ' (d/n)} < C1la — 11 |~ (H Yd/ny)°,

resulting in

ZE§,1 ...fié

nDl

0an)’
§C8<( dg & |t —til+n" )

Using again the | K logn] dependence of {&;} and the fact that the cardinality of D; is constant
times n?(log n)* we conclude via Holder’s inequality

AézEE,l...i

n o p,

= |— Z E%_ll 512513 E%_M%-lisl()

n D
n2 4
¢, < (ogn)

n

[EX3I{ttH™'(d/n) < |Xol < t2H ' (d/n)}

+(EXol{n H™'(d/n) < |Xo| < nH "(d/m)})*]? +n—ﬂ>

4
< Cy <(10in) (t —1)? +n_ﬁ> :

Similar arguments give

1 4
ZESH <C10<(ogdn) (tz—t1)2+n’3).

l’lD3

Following the proof of Lemma 3.5 we obtain

6ZE€H Cn( ( Z&a) +n—ﬁ)

nD4

= Cu (Ilz —up —}—n*ﬁ).
Putting together our estimates and using the choice of g, we conclude for all |t — #1| > g,

<( ogn)? (logn)*
d2 d

E(Ln1(t2, %) — Ly 1(t1,x)® < C1a lta — 1] + It —11)?

+ |t —t1|3+n_’3)
< Culh—nl*

with any 2 < 7 < 3 on account of assumption (2.10). Hence the proof of (4.3) is complete.
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The proof of (4.4) goes along the lines of the arguments used to establish (4.3) and therefore
itis omitted. [

Lemma 4.2. If (1.1), (2.1)~(2.4), (2.7), (2.9), (2.10) and (3.1) hold, then Ly(t, x) is tight in
D([1/2,3/2] x [0, 1]).

Proof. It follows from a minor modification of Lemma 6 in [10] that both L, | and L, are
tight. Since L, = L, 1 + Ly 2, the result is proven. [

Next we consider the convergence of the finite dimensional distributions. It is based in the
following lemma:

Lemma 4.3. We assume that (1.1), (2.1)—-(2.4), (2.7), (2.9), (2.10) and (3.1) hold. Let N =
L(logn)? | with some y > 0. Then

N 4
E(Z(Ximx,w <tH '(d/n)} - EIX;1{1Xi| < tH—l(d/m}]))

i=1

2
< C13(N(10g N>3(H—1<d/n)>4§ + N2 H (/) (%) ) @)

with some constant C13 and

Nn N ul
lim A—%E (l;(uk,nm — mn(s») (};w,m - mn(t))>

o

= <s2“ + Y p[min(s, t1p|™)* + min(z, s|p|k)2°‘]) ) 4.8)

2—«a —

Proof. We recall the definition of &; from the proof of Lemma 4.1. For any 8 > 0, choosing K
in the definition of Y; in (4.5) we get that

N 4
E(Z(Xilﬂx,w <tH '(d/n)} - EIX;1{1X;| < tH‘l(d/n)}])>

i=1

< C14<E (g} &)4 + n‘ﬂ).

We write

N 4 N

E<Z§,> = Z Eé:,'] .. .%','4.

i=1 i1mensis
We note again that {&;} is a stationary K log n dependent sequence with O mean. Let us divide the
indices i, ..., i4 into blocks so that the difference between the indices within a block is less than
K logn and between blocks is larger than K logn. Clearly E§;, ...&;, = 0, if there is at least
one block containing only a single element. So we need to consider the cases of one single block
with 4 elements (D;) and two blocks with 2 + 2 elements (D,). The number of the elements in
D is not greater than constant times N (log N )3 and as we showed in the proof of Lemma 4.1

E&l <Ciy ((H—l(d/n»“% + n-ﬁ) ,
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assuming that K in (4.5) is sufficiently large. Hence

N
Z E&, ...&,
D,

As in the proof of Lemma 4.1 we get that

N 00 2
Y EE, ...&,| < CigN? (Z |Esosi|)
D,

i=0

=Cis (N (log N>3<H‘1<d/n>)4§ + n-ﬁ) :

and

> d

> IE&k| < <C17(H] (d/m)*— + nﬁ) :

i=0
completing the proof of (4.7). The proof of (4.8) goes along the lines of the arguments used to
establish Lemma 3.5. [

Lemma 4.4. If (1.1), (2.1)-(2.4), (2.7), (2.9), (2.10) and (3.1) hold, then
L,(t,x) — I'(t,x) weaklyinD([1/2,3/2] x [0, 1]),
where I'(t, x) is a Gaussian process with EI'(t, x) = 0 and

El(t, x)I(s,y)

= min(x, )5 <<min<ss D)7+ Y p*min(s, tp] ™)>~ + min(z, 5| p|k)2a]) .
k=1

Proof. By Lemma 4.2, the process L, (t, x) is tight, so we need only to show the convergence
of the finite dimensional distributions. By the Cramér—Wold device it is sufficient to prove the
asymptotic normality of

J L

On = Z Wje(Ln(tj, xe41) — Lu(t), x¢))

j=1¢=0

for all J, L, real coefficients pje, 1/2 <t; <3/2,1 <j<J,and0=xp < x| <--- <xL <
xr+1 = 1. We recall the definition of X from the proof of Lemma 3.5 (cf. (3.17)) and define

Lnx]

- 1
Lyt x) = = 3 (XQHIXE| < tH™ (d/m)} = EXHIXE| < eH™ d/m)).
=1

Choosing K large enough in the definition of X, we get from the arguments used in the proof
of Lemmas 3.5, 4.1 and 4.3 that

E(Ly(t, x) = Ly(t,2))* — 0.
So we need to establish only the asymptotic normality of

J

L
On =) wje(Ln(tj, xe1) — La(t), x0)).
=0 j=1
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Let

J
ke =Y wieXFHIXE| < ;H™ ' (d/m)}y — EIXFIUXE] < t;H™' d/m)})).
j=I1

Since for all £

| LKlogn] 2
E(— 5" W) o,

k=1
by stationarity and the | K log n |-dependence of zx ¢ for any £ we get that the variables

1 Lnx(3+1J
— Z Zk,e, 1 < £ < L are asymptotically independent.
Al’l k=
=|nxe]+1

By stationarity we have

1 Lﬂniu p 1 [nxgq1]—Lnxe]
R Z = — Z .
A LU= A k.
=|nxe]+1 k=1

Let us divide the integers of [1, [nx,4+1]— [nx¢]] into consecutive blocks Ry, Vi, R2, Vo, ..., Ry,
Vs such that for 1 <i < s — 1, R; contains | (logn)? | integers, V; contains | K logn ] integers,
the last two blocks might contain less elements. Let

Gi= Yy ze and Go= )z

keR; keV;

Due to the | K logn] dependence and stationarity, the variables ¢; 2, 1 <i < s are independent
and identically distributed and the proof of Lemma 3.5 shows that

2
1 s
E (— Zgi,z) — 0.
An i=1
Using Lemma 4.3 we get that
Eg?, > Cig(logn)Y (H™'(d/n))*d/n

and
2 ¥ 3, -1 4d 2y -1 2 (d\*
E§i,1 < Cy9 | (logn)¥ (loglogn)’(H™"(d/n)) ;—i—(logn) (H™ (d/n)) - .
Since s is proportional to n/(logn)?, a simple calculation yields

N
Zl EGH
i=

N 2
(%40

Thus the central limit theorem with Lyapunov’s remainder term (cf. [41, p. 154]) implies the
asymptotic normality of 3y v, |- [nx,) Zk.¢- This completes the proof of Lemma 4.4. [

— 0.
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5. Proof of Theorems 2.1 and 2.2
We need the weak law of large numbers for 74 ,.

Lemma 5.1. If (1.1), (2.1)-(2.4), (2.7), (2.9)-(2.11) and (3.1) hold, then we have
Nd,n P
I |
H=1(d/n)

Proof. Using Gorodetskii [27] and Withers [46] we get that X is a strongly mixing stationary
sequence with mixing rate «(k) < C;exp(—Ak) for some C; > Oand A > 0. Fix 1/2 <t <2
and let Ty = I{|Xx| = tH™'(d/n)},1 < k < n. Clearly, ET; = P{|Xx| > tH™'(d/n)} =
H(tH~'(d/n)) and due to the regular variation of H, ETy/(d/n) — t=%, as n — 00. On the
other hand, by the correlation inequality of Davydov [23] we get for any p > 2 that

|EToTy — EToETi| < (a(k))P~ VP (ET)/P(ET)YP
< Crexp(—rk(p — 1)/ p)(ET)*?
= Cyexp(=ik(p — 1)/ p)(ETp)*'”
< Crexp(—rk(p — 1)/p)(d/n)*P.
Hence setting T = Ty — ET; we conclude that

A

n 2 n—1
E (Z Tk> = nETO2 + ZZ(H — k)EToTk
k=1 k=1
n—1
<n (ET,? +2)° |ETOTk|>
k=1

IA

k=1

n—1
n (ET02 +C3 ) exp(—ak(p — 1>/p>(d/n>2/")

IA

n (ETy + Cs(/m??)
n(d/n)*'".
Thus by Markov’s inequality we have that

IA

n
P {Z T > dZ/P} < Cen'P=2/P 1g%P 5 0,
k=1
provided that d/n>=P)/P — 0. Since d > n®, choosing p near 2, it follows that

Y Te=1"d(L+op() +opd*?) =17d(1 +op(1)).
k=1

In other words,
1 —1 P
E#{kin:|Xk|th d/n)} > t™%, asn — oo.

This shows that
lim P{n,q > tH_l(d/n)} =1 fort<l1
n—>oo
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and

lim P{n,q>tH '(d/n)} =0 fort>1,
n—o0
completing the proof of Lemma 5.1. [J

Proof of Theorem 2.1. We note that I'(z, x) is a continuous process. Hence combining Lem-
mas 4.4 and 5.1 we conclude
_ DI0,1]
La(nan/H™'(d/n), x) =" I(1,x).
It is easy to see that

1 12
@ L) W 0<x <1y,
2—al—p

(r'a,x),0<x<1} 2 <

where W (x) is a Wiener process, which completes the proof. [

Proof of Theorem 2.2. Since

1 1 [nx] —1
A_Tn,d(x) =Ly(an/H™ (d/n), x) — TLn(nd,n/H (d/n), 1),
n
Theorem 2.1 yields
1 DIl0,1] a 1+p 172
—Tha(x) — — (W(x) —xW(1)).
An 2 — l — P

By definition, B(x) = W(x) — xW(1),0 < x < 1 is a Brownian bridge, so the proof of
Theorem 2.2 is complete. [
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