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ABSTRACT

This paper is a short outlook on the derivation of the compressible variant of the perturbed convective
wave equation based on the acoustic perturbation equations. In particular, it formulates the relation of
Helmholtz’s decomposition to the definition of the acoustic potential and the source potential. The
details of an implementation are presented algorithmically.
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1 Introduction

Aeroacoustic analogies compute noise radiation efficiently but the obtained joint fluctuating field converges to the
acoustic field in steady flow regions only. As first recognized by Phillips [1] and Lilley [2], the source terms responsible
for mean flow-acoustics interactions should be part of the wave operator.

Therefore, another approach for computing aeroacoustics is based on a systematic decomposition of the field properties.
This circumvents that sources depend on the acoustic solution and provides a rigorous definition of acoustics. Ribner
[3] formulated his dilatation equation such that the primary fluctuating pressure variable of Lighthill’s analogy is
decomposed in a pseudo pressure and an acoustic pressure part p′ = p0 + pa. Hardin and Pope [4] formulated their
viscous/acoustic splitting technique expansion about the incompressible flow (EIF), where they introduced a density
correction ρ1. The EIF formulation was modified over the years substantially [5, 6, 7]. For the sake of being more general
and starting from the linearized Euler equations (LEE), the field variables (ρ,u, p) are each decomposed in a temporal
mean component (?) and a fluctuating component (?)′. Bailly et al. [8, 9] indicates significant aeroacoustic source
terms on the momentum equation of the LEE. Over the years, the LEE were modified to guarantee that only acoustic
waves are propagated [10]. Significant contributions based on the LEE were derived by [11, 12, 13, 14, 15]. Ewert
and Schröder [16] proposed a different filtering technique for a uniform flow field leading to the acoustic perturbation
equations (APE). Instead of filtering the flow field, the source terms of the wave equations are filtered according to the
characteristic properties of the acoustic modes, obtained from LEE. Hüppe [17] derived a computationally efficient
reformulation of the APE-2 system and named it perturbed convective wave equation (PCWE). Since then, a number
of low Mach number flow applications have been addressed by computational aeroacoustics using the PCWE model
sucessfully [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32]. The PCWE is only valid for incompressible
flows. A first attempt to establish a scalar wave equation for intermediate Mach number flows was made by Spieser,
who developed the AWE-PO [30, 33]. With a focus on a strict coupling and also relying on a strict definition of the
variables, Ewert and Kreuzinger developed a computational workflow for low Mach numbers recently [34]. In this
sense, seeking a clear definition and an accurate formulation for a large variety of Mach number flows is still a challenge
worth investigating. With the idea of APE and with the use of Helmholtz decomposition, we aim to extend the idea of
the efficient PCWE equation for all subsonic Mach number flows (the so-called cPCWE).
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2 Theory

Regarding the state-of-the-art analysis, we will derive our wave equation based on the fundamental ideas of [16]. To
sum up, the ideas of defining stringent acoustics are already in place for an incompressible flow. Therefore, we aim to
generalize (methodologically and physically) the concept and combine it with source filtering. We collect the ideas for
incompressible flows, join them to a valid concept (methodological generalization), and further extend the concept
to compressible flows (physical generalization). The derived aeroacoustic model should lead to a stable scalar wave
equation that solves an (approximated) compressible potential for isothermal/thermal flows. The wave operator should
only excite longitudinal wave modes (acoustic modes) and include convection. The physical goal of this new wave
equation is that it holds for a wider Mach number range, and in the limit, Ma→ 0 the PCWE [35] is recovered.

Based on the preliminary work, we derive a convective wave equation based on compressible source data (cPCWE). As
used during the derivation of the APE system, we first apply linearization and then distinguish between vortical and
acoustical perturbations. The cPCWE can be derived efficiently from the APE-1 system [16] with the decomposition
introduced by Hardin and Pope [4]

p = p0 + p′ = p̄+ pv + pa ; ρ = ρ0 + ρ′ = ρ0 + ρ1 + ρa (1)
u = u0 + u′ = u0 + uv + ua = u0 +∇×A +∇ψa . (2)

Regarding the definition of Hardin and Pope, we generalize the decomposition into a vortical and compressible acoustic
part [36]. We arrive from a general compressible flow at the following perturbation equations

∂p′

∂t
+ u0 · ∇p′ + ρ0c

2
0∇ · ua = 0 (3)

ρ0
∂ua

∂t
+ ρ0∇

(
u0 · ua

)
+∇p′ = ρ0∇Φp (4)

with spatial uniform mean density ρ0 (isobaric mean flow for the isothermal case), an incompressible mean velocity u0,
and the isentropic speed of sound c0. We neglect thermal, viscous effects and discard the vorticity mode according to
the derivation of APE. We define the compressible acoustic field as irrotational by the acoustic scalar potential ψa as a
gradient field of the acoustic particle velocity ua = −∇ψa. We rewrite equation (4) and arrive at the definition of the
fluctuating pressure

p′ = ρ0
∂ψa

∂t
+ ρ0 u0 · ∇ψa + ρ0Φp = ρ0

Dψa

Dt
+ ρ0Φp , (5)

without further constraints on the mean velocity. The first term accounts for the acoustic pressure and the second term
is the vortical pressure of the Laplace filtering [16]

∆Φp = −∇ · [((uv · ∇)uv)′ + (u0 · ∇)uv + (uv · ∇)u0] (6)

The first part includes the self-noise of vortical structures, and the second and third terms the shear noise interactions.
Substituting (5) into (3) yields the cPCWE

1

c20

D2ψa

Dt2
−∆ψa = − 1

ρ0c20

DΦp

Dt
. (7)

This convective wave equation fully describes acoustic sources generated by compressible flow structures and their
wave propagation through flowing media. In addition, instead of the original unknowns pa and va, we have just one
scalar ψa. As shown in [33] and consistent with the pressure correction equation, the fluctuating vortical pressure in the
overall domain can be recovered by

pv = ρ0Φp . (8)
Finally, we have derived a precise scalar formulation that separates the source generation processes of vortical flows
and the linear acoustic propagation.

3 Computational workflow

The algorithm 1 can now execute the procedure. In addition to the workload of the AWE-PO, we solve another elliptic
problem (Laplace equation) to eliminate the compressible part of the flow velocity. This can be done by the same
operator matrix when having no internal wall boundaries. Different from the AWE-PO and from an algorithmic view,
we have to do four tasks. Firstly, we are solving the compressible flow equations (requested DNS results from the
collaborators). Secondly, we solve the Laplace-filtering to obtain the filtered velocity in every time step

∆ s = ∇ · u with uv = u−∇s (9)
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Algorithm 1 Compressible PCWE (cPCWE)
Require: Compressible Flow Simulation

(ρ,u, p) = fun(Setup)
Require: Source computation

(uv) = Laplace− filter(u)
(Φp) = Laplace− filter(u0,uv)
(Du0Φp) = fun(Φp)
(fe) = integrate(Du0

Φp)
Require: Acoustic simulation

(ρa,ua, pa) = fun(fe, Setup)

but every time step can be processed independently. The filtered velocity is used to assemble the cPCWE source.
Thirdly, we must filter this source with the same operator matrix (6) for every time step independently. And finally, we
are solving the wave propagation simulation for the time series. To sum up, depending on the number of processors
and processes one can submit, the algorithm 1 is of similar complexity than the AWE-PO and the original PCWE.
Furthermore, the two filtering stages can be highly parallelized. In the presence of internal wall boundaries near the
sources, proper wall boundary conditions must be found for the PDEs of the filtering steps. Furthermore, the velocity
filtering step will be the solution to a more complicated curl-curl equation.

4 Conclusion

This short working paper presents a draft derivation of the cPCWE and we are hppy to receive feedback.
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