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ABSTRACT

This paper is a short guideline to the decomposition of a compressible velocity into vortical and
compressible structures using standard flow solvers. In particular, this is a fast solution to get an
idea of the compressible fields inside your simulation, respectively acoustics for low Mach number
isothermal flows. The details of the implementation are presented and the algorithm is applied to an
overflown cavity with a lip. The results of the flow solver show clearly visible to acoustic radiation
for the application. Finally and as previous studies showed, the use of the scalar potential formulation
of Helmholtz’s decomposition is valid for convex propagation domains.
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1 Introduction

Since the beginning of computational aeroacoustics [1], the interaction effects and distinct properties of flow and sound
engage interests [2]. Inherently, the physics of flow and sound is described by the general compressible flow equations.
Therefore, aeroacoustic modeling can treat flow and acoustics directly as a united field by solving the compressible flow
equations. The applications of direct aeroacoustic simulations reach from airframe noise [3], turbo-fan noise [4], to
acoustic simulations of landing gears [5], and industrial applications [6]. Within this contribution, we introduce a fast
version of the Helmholtz decomposition for finite domains presented in [7, 8, 9, 10]. The formulation can be used to a
post-process a compressible velocity into vortical and compressible flow structures [10].

2 Properties of the acoustic field

According to the governing equations of fluid dynamics, acoustics is an integral part of fluid dynamics [11]. The
acoustic field requires a compressible fluid to be propagated. Acoustic quantities fluctuate and as a consequence, the
stationary component of an acoustic quantity is zero ua = 0. The acoustic part of the velocity field ua is an irrotational
field∇× ua = 0. In terms of Helmholtz’s decomposition the velocity field u ∈ L2(Ω) can be separated into a vortical
part uv and a compressible part ua

u = uv + ua . (1)
This decomposition can be accomplished for arbitrary fields. A separation into a vortical part, being a synonym
for mathematically incompressible flows, and a compressible acoustic part works for low Mach numbers since all
compressible effects are due to acoustics. To be more general and referring to all Mach number flows, we change the
superscript from a (acoustic) to c (compressible).

3 Formulation

Based on the formulation [7, 10] that includes relevant boundary conditions and limitations, we present a method on
how to integrate Helmholtz decomposition into existing CFD solvers generically. Thereby, we assume to use a convex
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evaluation domain. With this assumption, the scalar potential formulation of the decomposition is valid and beneficial
[12].

Theorem 3.1 (Helmholtz decomposition for finite domains) Every square integrable vector field u ∈ [L2(Ω)]3, C1
smooth, on a simply connected, Lipschitz domain Ω ⊆ R3, has an L2-orthogonal decomposition

u = uv + uc = ∇×Av +∇φc , (2)

with the vector potential Av ∈ H(curl,Ω) and the scalar potential φc ∈ H1(Ω) [13].

Regarding the theorem, the scalar potential equation (Possion’s equation) reads as

∇ · ∇φc = ∇ · u , (3)

in connection with the boundaries presented in [7]. This partial differential equation is implemented using the finite
element solver openCFS [14] with the correct boundary conditions accurately. This finite element implementation will
not be part of the current investigation since this papers focuses on a fast implementation using proprietary CFD solvers.

In contrast to the previously published implementation into openCFS, a standard CFD simulation software solves
generic transport equations and Poisson’s equations. Additionally, to the computed conservation laws, the parallel
computation of scalar transport equations during the CFD simulation is efficient1

∂ρφ

∂t
+∇ · (ρuφ−∇φ) = Sφ , (4)

where φ denotes the scalar function and Sφ the source term. Neglecting the convective and unsteady term, Helmholtz
decomposition can be directly treated within the CFD simulation as scalar Poisson’s equation

−∇ · ∇φ = Sφ . (5)

The unknown source term Sφ is determined through a reformulation of the continuity equation

1

ρ

dρ

dt
+∇ · u = 0 . (6)

The Helmholtz decomposition (2) is inserted into the divergence of the velocity. Based on the properties of the vector
potential A, the vector potential term is null and only the scalar potential φ remains in the equation

−∇ · ∇φ =
1

ρ

dρ

dt
= −∇ · u . (7)

By comparing the source terms of the reformulated continuity equation with the reduced scalar Poisson equation (5),
two variants of the source term are available. The first is the relative variation of the density along a streamline [15], the
second variant depends solely on the velocity

Sφ =
1

ρ

dρ

dt
= −∇ · u . (8)

4 Application

A first verification shows promising results. The decomposition using the scalar potential formulation is now applied to
a flow over a cavity with a lip[16] in 3D, computed by a large eddy simulation of a cavity [8, 17].

During the post-processing of the flow in transversal and longitudinal processes, the direct sound computation of a Mach
0.15 flow past a cavity with a lip is analyzed, and it demonstrates the capabilities of the Helmholtz’s decomposition for
evaluating flow fields. For further details on the flow field, we refer to [18].

Although it is an approximation of the free field [19], the free field boundary conditions are modeled by a homogeneous
Dirichlet boundary. The wall boundaries are a homogeneous Neumann boundary. Figure 1 shows the result of this
computation. As one can clearly see, the scalar potential extracts the compressible components of the fluid that converge
to the acoustic quantities in the far-field [18]. Upstream amplification is captured by the direct simulation of flow
and acoustic. The approximate free field radiation condition ”squeezes” the acoustic field partly. The results of this
formulation are available with nearly no additional simulation cost and extracts the compressible travelling sound waves.
Regarding these results, the method can be used as an out-of-the-box evaluation of compressible flow simulations in
aeroacoustics.

1Since costly IO operations are mitigated.
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Figure 1: Direct execution of the decomposition during the CFD simulation provides the scalar potential.

5 Conclusion

To treat finite domains, the modified Helmholtz decomposition has been implemented and applied successfully in a
proprietary finite volume solver. We showed the capabilities of Helmholtz decomposition as a post-processing tool for
direct simulation of flow and acoustics for convex domains. A focus on the computational efficient scalar potential
formulation yields high performance when computing the decomposition in parallel to the CFD simulation and requires
no costly file-IO operations. The proposed formulation is suitable for convex domains only. The application to the
convex propagation region of an overflowed cavity showed that typical radiating structures are captured.
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