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Abstract. One of the characteristics of the numerical simulation in geotechnical engi-
neering is that non-linear/discontinuous behaviour is concentrated on small portions of the
total domain. A representative example is tunnel excavation, where high stress concen-
tration is observed only near the excavation area and not over the whole rock mass. The
Discrete Element Method (DEM) is ideal for handling discontinuous behaviour. However,
employing DEM over the whole domain would be prohibitive, due to the large compu-
tational effort it requires. On the other hand, the Boundary Element Method (BEM)
can effectively treat infinite and semi-infinite domains. The aim of the current work is
to develop a simulation methodology that can iteratively couple Boundary Element and
Discrete Element Methods in order to treat discontinuous behavior that arises in small
portions of the total domain. To simplify the meshing procedure, an overlapping FEM
zone is introduced on the DEM side of the common boundary.

1 INTRODUCTION

The Boundary Element Method (BEM) is an established numerical method that per-
forms particularly well in problems where infinite domains are involved. Such problems
are the norm in geomechanics, where the soil and the underground rock masses can be
modelled as infinite or semi-infinite domains. The BEM has been successfully appplied
to a variety of problems related to underground structures [1, 2, 3, 4, 5, 6, 7].
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However, the existence of non-linear behavior that can appear in problems like tunnel
excavation, gives rise to additional volume integrals in BEM, that require the use of
internal cells. Then the main advantage of the BEM, i.e. the discretization exclusively
of the domain boundary, is partially lost, because of additional calculations that require
integrations over the domain volume. In addition, discontinuous behavior can not be
modelled.

In order to deal with these problems, the Discrete Element Method (DEM) is em-
ployed. DEM is a dynamic method, initially proposed by Cundall and Strack [8] and
Cundall [9] and is used to investigate the behavior of geomaterials. A significant ad-
vantage of the DEM is its ability to model large displacements and discontinuous and
non-linear behavior. In view of these advantages the DEM has been used to model the
brittle behavior of rocks and to simulate crack initiation and propagation [16, 11, 12, 13].
However, these benefits come at a high computational cost, that prohibits the use of DEM
in large domains.

The aim of the current work is to combine these two methods, by utilizing each, where
they work best. It is common in geotechnical engineering problems, that discontinuous/non-
linear behavior is confined to only small portions of the total domain. A representative
example is tunnel excavation, where high stress concentration is observed and confined
near the excavation zone and not over the whole rock mass. In the present work, an
attempt is made to develop a simulation methodology that can iteratively couple the two
aforementioned numerical methods in order to effectively treat non-linear/discontinuous
behavior in problems related to tunnel excavation.

This paper is organized as follows: sections two and three briefly describe the BEM and
DEM formulations that are used in the analysis. Section four describes the iterative cou-
pling algorithm that is used and in section five the numerical results for a two-dimensional
problem are obtained and discussed. Finally, section six contains the conclusions of this
study and the plans for future work on that topic.

2 BEM FORMULATION

The boundary element method used in the present work is a displacement-based, col-
location method that is typically derived from Betti’s reciprocal theorem [14]. Based on
that and Green’s third identity, the following integral equation, for a linear elastic domain
Ω can be derived.

c (P) · u (P) =

∫

∂Ω

U (P;Q) · t (Q) dS −

∫

∂Ω

T (P;Q) · u (Q) dS (1)

with u (P), t (P) being the displacement and traction vectors at point P, point Q running
over the domain boundary (∂Ω) and U (P;Q), T (P;Q) being the fundamental solutions
for the displacements and tractions respectively. Furthermore, the tensor c (P) is equal
to the unit tensor I, if P lies inside the domain, 1/2I if P lies on the domain’s smooth
boundary and 0 if P lies outside of the domain.
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Discretizing the domain boundary into nodes and elements and writing the above equa-
tion for every node of the boundary of the domain, the following integral representation
for node xk is obtained.

c
(

xk
)

· uk =

E
∑

e=1

A(e)
∑

i=1

∆Uk
ei · t

k −

E
∑

e=1

A(e)
∑

i=1

∆Tk
ei · u

k (2)

with uk, tk being the displacements and tractions of node xk, E being the total number of
elements and A (e) the total number of nodes for element e. Moreover, ∆Uk

ei and ∆Tk
ei

are matrices that contain integrals over the element e, of the fundamental solutions U
and T respectively, multiplied by the i-th interpolation function and Jacobian of element
e, that are typically calculated using Gauss quadrature.

Collocating eq (2) for all boundary nodes and utilizing the boundary conditions of the
problem, results to the final linear system for the BEM, which is of the form

A · x = b (3)

3 DEM FORMULATION

The Discrete Element Method is a dynamic method, where the material is respresented
as a collection of particles interacting with each other. The formulation utilized in the
present work is the one proposed by Oñate and Rojek [15] and Labra et al.[17].

Assuming N particles in total and writing the equations of motion for translations and
rotations for all of them results in

MD · {ü} = {F} (4)

JD · {ω̇} = {T} (5)

with {ü} and {ω̇} containing the components of acceleration and angular acceleration
respectively. Furthermore, matrices MD and TD are block diagonal matrices that involve
the particle masses mi and moments of inertial Ji and are of the form

MD =







m1 · I . . . 0
...

. . .
...

0 . . . mN · I






and JD =







J1 · I . . . 0
...

. . .
...

0 . . . JN · I






(6)

with I being the 2 × 2 and 3 × 3 identity matrix for 2D and 3D respectively. Finally
vectors {F} and {T} contain the total force and total moment for each degree of freedom
of each particle, respectively. It is worth noting that the total force applied to a particle is
described as the sum of the external forces, the contact forces from the adjacent particles
and the forces resulting from the imposed external damping. Similarly, the total moment
is given by the sum of the external moment due to the external load, the rotational
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component of the contact forces between adjacent particles and the moment resulting
from the imposed external damping.

Since DEM is a dynamic method, eqs (4) and (5) have to be integrated in time. This is
done be employing a central difference scheme. The calculation of the displacements and
the incremental rotations for step n+1 is done in terms of the displacement and rotation
and their time derivatives over the previous time step, utilizing also an intermediate,
auxiliary time step, indicated as n+ 1/2.

{ü}n = M−1
D {F}n (7)

{u̇}n+
1/2 = {u̇}n−

1/2 + {ü}n∆t (8)

{u}n+1 = {u}n + {u̇}n+
1/2 ∆t (9)

{ω̇}n = J−1
D {T}n (10)

{ω}n+
1/2 = {ω}n−

1/2 + {ω̇}n∆t (11)

∆ {θ}n+1 = {ω}n+
1/2 ∆t (12)

with ∆ {θ} being the incremental rotations.

4 ITERATIVE COUPLING

In order to couple the BEM and DEM subdomains, an iterative coupling scheme has
been adopted. An important advantage of iterative coupling is that it allows solving each
region separately, without having to assemble a global linear system. The interaction
between the adjacent regions during the iteration steps is achieved with the exchange of
boundary conditions on their common boundary. From now on, the term interface will
be used to describe the common boundary of the two subdomains. The proposed scheme
is a strong coupling scheme, i.e. there must be a “1-1” correspondence of the nodes of
the two adjacent subdomains on their common boundary.

A basic requirement for the coupling scheme to work, is that the same fields must be
calculated on all interfaces, regardless the method that is implemented in each subdomain.
Otherwise, the exchange of boundary conditions will not be possible. To that end, the
BEM formulation described in Section 2 was modified to calculate or accept as boundary
conditions the nodal point forces instead of the element-based tractions on the interface.

4.1 BEM - Nodal Force Calculation on the Interface

As explained by Beer et al.[14], the nodal tractions on the interface of a BEM subdo-
main can be expressed as

{t}c = {t}c0 +KBE {u}c (13)

where the vector {t}c contains the tractions on the interface nodes, {t}c0 contains the
tractions on the interface nodes due to the applied loads on the rest of the boundary, {u}c
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contains the displacements on the interface nodes andKBE is the so called pseudo-stiffness
matrix, calculated for the interface nodes.

To calculate {t}c0, one has to solve the BEM subdomain using the linear system (3)
with a constrained interface ({u}c = 0) and the boundary conditions on the rest of the
domain boundary as specified by the problem.

For calculating the pseudo-stiffness matrix KBE, the linear system (3) is utilized again.
The collocation procedure is conducted for all nodes of the domain, in order to assemble
the system matrix and all nodes, including those of the interface, are considered to have
unknown tractions. Then the linear system is solved (number of interface nodes) ×
(number of dofs per node) times. Each time, a unit displacement is applied to one degree
of freedom of one node of the interface, whereas all other displacements are set to zero.
This results to the following traction vector:

{t̄}i =

{

{t}bi
{t}ci

}

(14)

with i ranging from 1 to (number of interface nodes) × (number of dofs per node), {t}ci
indicating the inteface tractions and {t}bi indicating the tractions on the rest of the bound-
ary of the subdomain. Using vectors {t̄i} as columns, a matrix B can be constructed,
with dimensions [ (number of nodes) × (number of dofs per node) ]×[ (number of interface
nodes) × (number of dofs per node) ].

B =

[

{t}b1 {t}b2 . . .
{t}c1 {t}c2 . . .

]

(15)

Isolating the part of B that corresponds to the tractions on the interface, yields the
pseudo-stiffness matrix KBE .

KBE =
[

{t}c1 {t}c2 . . .
]

(16)

After KBE and the applied load contribution {t}c0 have been calculated, eq (13) can
be solved either for displacements or for tractions on the interface nodes. However, it
requires further processing in order to utilize nodal forces instead of tractions.

To obtain the x-component of the equivalent nodal point force for a node k, we apply
a unit virtual displacement to that node in the x direction. Then, the work done by the
tractions at that point must be equal to the work done by the equivalent nodal point
force.

F k
x · 1 =

∫

S

txδux dS (17)

with S being the boundary of the domain (including the interface). By discretizing eq (17)
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and introducting the displacement and traction interpolation functions

tx =

Ne
∑

n=1

Nnt
n
xe

δux = Njδuxj = Nj · 1, j = local node numbering of node k

we end up with the following expression:

F k
x =

E
∑

e=1

∫

Se

Ne
∑

n=1

Nnt
e
xn (18)

with E being the total number of elements that node k belongs to and Ne being the
number of nodes of element e. The same procedure can be followed for the y-component
of the nodal force and the total equivalent nodal force at node k can be expressed using
vector notation as follows:

Fk =
E
∑

e=1

Ne
∑

n=1

Ne
jnt

e
n (19)

with E, Ne being the same as in eq (18) and Ne
jn being a matrix of the form

Ne
jn = N e

jn · I, with N e
jn =

∫

Se

NjNn dSe (20)

where Nj, Nn are the displacement and traction interpolation functions respectively.
Repeating the same procedure for every node of the interface (i.e. where we need the

equivalent nodal point forces) we obtain

{F}c = N {t}c = N {t}c0 +NKBE {u}c (21)

with matrix N containing the contributions of Ne
jn. The above procedure is explained in

further detail in [14] and results to

{F}c = {F}c0 +K {u}c (22)

where {F}c and {u}c are the nodal point forces and the displacements on the interface
nodes respectively, {F}c0 is the contribution of the external load on the interface nodes
and K is the stiffness matrix of the interface.

Now using eq (22) the displacements or the forces on the interface can be calculated,
when the forces or displacements are provided from the adjacent region respectively. The
results of the calculation can then be transfered back to the adjacent subdomain. Note
that during the iterative procedure only the interface has to be solved.

From the above, it is easy to see that in order to calculate the solution at the subdmain
interface, only the calculation of the matrix K and of the forces on the interface nodes
{F}c0 is required and is done only once. This means that the fields on the boundary of
the subdomain do not have to be calculated in every iteration step, but only in the end,
after the iterative procedure has converged.
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4.2 DEM - Overlapping FEM Zone

Directly coupling DEM and BEM using a strong coupling scheme would impose ad-
ditional requirements on the DEM mesh, such as gradually increasing the particle size
to match that of the BEM element size on the interface. In order to avoid this prob-
lem, a FEM zone was introduced between the BEM and DEM subdomains, that partially
overlaps with the DEM subdomain, as described by Rojek and Oñate [16] and Labra et
al.[17].

In short, the methodology described in Section 3 is enhanced with the so called explicit
dynamic FEM formulation over the FEM zone.

MF · {ü}F = {F}extF − {F}intF (23)

with MF being the mass matrix and uF , F
ext
F and Fint

F being the displacements, external
and internal forces respectively. The same central difference scheme as before has been
utilized for the time integration.

Over the overlapping zone, where DEM and FEM coexist, additional kinematic con-
strains have to be applied to the DEM particles in order to constrain their displacement
field by that of the underlying finite elements. The above constrains are imposed by means
of a penalty function which forms the final linear system for the DEM-FEM subdmain
along with the equations of motion derived from the DEM and FEM formulations. This
formulation is described in great detail in [17].

4.3 Coupling Algorithm

A common problem in iterative coupling is avoiding floating domains. In that context,
each static subdomain should either have sufficiently prescribed displacements or be of
infinite extent, to avoid being subjected to rigid body motion. In the case neither of the
above is true, the required displacements should be provided by an adjacent region in the
form of appropriate boundary conditions. To fulfill this requirement in a general manner,
an algorithm has been developed to determine the sequence in which the subdomains
will be solved during each iteration step and what kind of boundary conditions should
be imposed on their interfaces with the adjacent regions. This algorithm is invoked only
once, before starting the iterative procedure and results in an array, reffered to as the
solving sequence array, that contains all the subdomains of the problem in the reverse
sequence in which they should be solved. Furthermore, the boundary conditions that will
be used on the interfaces are determined for each subdomain. The algorithm consists of
the following steps:

– While there are still unhandled subdomains

◦ If current subdomain has sufficient displacement boundary conditions (bcs) or
is infinite

⋄ Set Neumann type bcs on its interfaces with other subdomains

7



Lukasz Malinowski, Gerasimos F. Karlis, Gernot Beer and Jerzy Rojek

⋄ For all adjacent subdomains set Dirichlet type bcs on their interfaces with
the current subdomain

⋄ Add current subdomain to the solving sequence array

After the solving sequence and the types of boundary conditions have been determined
on all interfaces, the iterative procedure takes place:

– While convergence or maximum number of iterations have not been reached

◦ Run through the solving sequence array from the back to the front and back
again

⋄ For the current subdomain, obtain boundary conditions from adjacent sub-
domains

⋄ Solve current subdomain

⋄ Check for convergence

The convergence criterion used, was the one proposed by Elleithy et al.[18]. Namely,
the displacements of the BEM subdomain on the interface {uBEM}I are checked over two
consequent iteration steps.

∣

∣

∣

∣{uBEM}n+1
I − {uBEM}nI

∣

∣

∣

∣

∣

∣

∣

∣{uBEM}n+1
I

∣

∣

∣

∣

< ǫ (24)

with n and n+ 1 being consequent iteration steps and ǫ being the predefined tolerance.
To illustrate the procedure described above, consider two subdomains, Ω1 and Ω2

that have a common boundary, as shown in Figure 1. The elements of Ω1 that lie on
the common boundary with Ω2 form the interface I12, whereas the elements of Ω2 that
lie on the common boundary with Ω1 form the interface that is indicated as I21. The
displacements and forces on I12, at the n-th iteration step, are denoted as un

12 and fn12
respectively. Similarly, un

21 and fn21 are used to indicate the displacements and forces on
the interface I21.

Figure 1: A problem with two subdomains sharing a common boundary
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Now assume that the subdomain Ω1 is fixed and that a constant load is applied to Ω2. In
that case, the algorithm sequence determination algorithm would check Ω1, and since it is
fixed, it would apply Neumann boundary conditions to I12, Dirichlet boundary conditions
on I21 and would store Ω1 in the solving sequence array. Afterwards, the algorithm would
check subdomain Ω2, which now has prescribed Dirichlet boundary conditions (on I21).
It has no interfaces with subdomains other than Ω1, which has already been addressed.
The subdomain Ω2 is added to the solving sequence array and the algorithm ends. At this
point both subdomains have been assigned with a boundary condition on their interface.

The next step is to proceed to the iterative procedure itself. The first subdomain to
be solved is the last added to the solving sequence array, i.e. Ω2. In order to solve Ω2,
the displacements have to be specified on the interface I21. For the first iteration, zero
displacements are assumed, whereas fo the next iterations, the displacements are provided
by Ω1.

To ensure convergence for the aforementioned iterative procedure, a relaxation scheme
had to be adopted. A wide range of relaxation algorithms exist in the literature [19]. For
the present work, the same relaxation scheme was applied on all interfaces, regardless the
type of the imposed boundary conditions, as shown in eqs (25) and (26).

un+1
12 = αun+1

21 + (1− α)un
12 (25)

fn+1
12 = β fn+1

21 + (1− β) fn12 (26)

The values of the relaxation parameters α and β are problem dependent and can affect
not only the convergence speed of the iterative procedure, but also the convergence itself.

5 NUMERICAL EXAMPLE

In order to demonstrate the aforementioned coupling strategy, a two dimensional, linear
elastic compression test is solved. The problem domain consists of an α× 2α rectangular
plate, with α = 0.5 meters.

The upper half of the plate is modelled as a linear elastic BEM region with Young’s
modulus E = 100GPa and Poisson’s ratio ν = 0. The lower half of the plate was
modelled as a DEM region with a partially overlapping FEM zone, as shown in Figure 2(a).
Note that the DEM and the FEM regions are treated as one subdomain, as described in
Section 4.2. For the FEM zone, the same material parameters are used, whereas for the
DEM the particle radius is r = 0.025α and the normal stiffness was set to kn = 94.6GPa
in order to obtain the same effective Young’s modulus as in the BEM subdomain.

A uniform load L = 0.05GPa is applied to the top of the plate, whereas its base is
constrained with zero displacement in all directions. During the iterative procedure, the
BEM subdomain is solved first with zero displacement prescribed on its interface with
the adjacent subdomain. The forces calculated on the interface are applied to the DEM
as boundary condition. Since the DEM is dynamic, the boundary condition was applied
incrementally starting from zero force at time t = 0 and increasing linearly until the
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Figure 2: (a) The problem domain and (b) the displacements along the vertical axis.

value provided by the BEM is reached at time t = 0.01sec and remains constant until the
the total time T = 0.02sec is reached. Then, the obtained results on the interface are
transfered to the BEM subdomain allowing the iterative process to continue.

The convergence kriterion was set to ǫ = 1e − 4. After the iterative procedure has
converged, the displacements along the vertical direction were compared to the analytical
solution of the problem (Figure 2(b)). The mean error obtained was 0.02%.

6 CONCLUSIONS AND FUTURE WORK

In the present work a DEM-BEM iterative coupling scheme has been presented. In
order to simplify the coupling procedure, a FEM zone has been introduced between the two
subdomains, partially overlapping with the DEM region. The DEM with the overlapping
FEM zone and the BEM subdomains were solved independently from one another during
the coupling procedure and the interaction between them was achieved by exchanging
boundary conditions on their common boundary. The type of boundary conditions to
be used on the interface was automatically determined, taking into account the existing
boundary conditions of each subdomain, in order to avoid floating domains.

A numerical example has been solved to demonstrate the aforementioned algorithm.
The covergence of the coupling scheme depends on the values of the relaxation parame-
ters. The optimal values of these parameters are problem specific and to calculate them
efficiently, an automatic relaxation algorithm should be used, as the ones proposed by
Yan et al.[20] and Lin et al.[21].

In order to be able to model non-linear effects on the DEM subdomain with the pro-
posed scheme, additional feedback from the BEM subdomain is required, during the

10



Lukasz Malinowski, Gerasimos F. Karlis, Gernot Beer and Jerzy Rojek

solution of the DEM region. Since DEM is a dynamic method, the strategy to follow
would be to pause the DEM calculation at specific time steps, couple iteratively with the
BEM region and after the iterative procedure has converged, proceed to the next time
step. However, this case requires further investigation and is the subject of future work.
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