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ABSTRACT
A numerical homogenization procedure is presented for

plane microstructures consisting of beams. Inertia on the
microscale causes the microscopic material behavior to be
frequency-dependent, therefore a viscoelastic macroscopic con-
stiutive equation is applied. Material parameters are calculated
in frequency domain using an Evolutionary Strategy. An example
is presented with a microstructure with re-entrant corners, which
causes the Poissons ratio of the material to be negative.

INTRODUCTION
Nearly all common materials present a certain heteroge-

neous microstructure. The determination of macroscopic, effec-
tive properties of such microstructured materials is referred to as
homogenization. The objective of the homogenization process is
to find macroscopic properties of a homogeneous material which
represents the behavior of the nonhomogeneous microstructure.
The methodologies to evaluate the effective mechanical proper-
ties of heterogeous materials have attracted attentions from many
researchers. A comprehensive overview of different approaches
is given in [1] or [2].

Many materials exhibit a cellular or foam-like structure in
order to provide a certain amount of stiffness with minimal
weight. Cork, for example, is a common cellular material hav-
ing a closed-celled hexagonal (honeycomb) architecture. In addi-
tion to natural materials, man-made cellular structures are used in
aerospace structures, composite plates, or other lightweight ap-

plications. Due to the increasing importance of these materials,
several studies have been performed to evaluate their properties.
The effective elastic properties of regular isotropic triangular grid
structures as well as square cells have been analyzed by Gibson
and Ashby [3] and Torquato et al. [4]. Analyses of more general
grid structures were provided by Hohe [5] who uses an energetic
concept for the homogenization process. A comprehensive state
of the art publication on homogenization methodologies is given
by Hohe and Becker [6].

For microstructures composed of beams, it has been postu-
lated that non-convex shapes (with reentrant corners) are respon-
sible for a negative Poisson’s ratio effect. Several authors have
published papers concerning this effect which is also referred to
asauxeticmaterial behavior [7,8].

Most publications on homogenization assume on the micro-
scopic level that the influence of inertia can be neglected [1].
Only a few approaches to study the effect of micromechanical
inertia are published, e.g. [9].

In this paper, a dynamical homogenization approach is pre-
sented. These calculations are performed in frequency domain
with harmonic excitations, removing the time dependence by
a frequency dependence. Contrary to other approaches, iner-
tia effects are taken into account on the microscale. There-
fore, a frequency-dependent behavior is expected also on the
macroscale. Accounting for this frequency-dependence, a vis-
coelastic constitutive law is applied on the macroscale. Since
the viscoelastic constitutive law requires a number of parameters
to be found, the homogenization is formulated as an optimiza-

1



undeformed deformed

Figure 1. Unit cell of a periodic material, auxetic effect

tion problem, i.e., ’Find macroscopic material parameters that
describe the micromechanical behavior as good as possible’.

The paper is arranged in the following way. First, the cal-
culation of the considered microstructure is elaborated. Then the
constitutive equation to be used on the macroscopic scale is pre-
sented. The next section deals with the Evolutionary Strategy
used for the opotimization and, finally, an example is presented
and discussed.

Calculation of the microstructure
The microstructures to be considered are made up of identi-

cal unit cells. These unit cells are repetitive units which describe
the microstructure of the material. With perfect periodicity, no
effort has to be put on the choice of a Representative Volume
Element. A special interest is put on auxetic materials, i.e., ma-
terials that exhibit negative Poissons ratios. The microstructure
of such a material usually has re-entrant corners (see Figure 1).
The deformation mechanism of these re-entrant corners cause the
Poisson’s ratio to be negative. Note that from a continuum me-
chanics point of view, there are no restrictions for the Poisson’s
ratio to be negative. The admissable range for Poissons ratio is
between−1 and+0.5 for an isotropic material [10].
The calculation of the unit cell is performed in frequency domain
with a harmonic excitation. The Boundary Element Method is
used, because it provides analytical exact results [11]. Moreover,
Timoshenkos theory instead of the widely use Euler-Bernoulli
theory of bending is applied because the shear deformation and
rotatory inertia of a beam can not be neglected [12].

Macroscopic constitutive equation
Since inertia effects are taken into account on the mi-

croscale, the response of the unit cell is frequency-dependent.
Thus, the effective properties on the macroscale must also fea-
ture a frequency-dependence.

In this paper, a linear viscoelastic constitutive equation is
applied on the macroscale. In frequency domain and considering
the isotropic case, the constitutive equation (1) can be applied,

whereσi j andεi j denote the stress and strain andE andν

σi j (ω) =
E(ω)

(1+ν(ω))
εi j (ω)

+
ν(ω)E(ω)

(1+ν(ω))(1−2ν(ω))
δi j εkk(ω) (1)

are the Youngs modulus and the Poissons ratio. ForE andν, a
seven-parameter model with fractional derivatives is used [13].

E(ω) = Ē
1+q1(iω)α1 +q2(iω)α2

1+ p1(iω)α1 + p2(iω)α2
(2)

ν(ω) = ν̄
1+q1(iω)α1 +q2(iω)α2

1+ p1(iω)α1 + p2(iω)α2
. (3)

E(ω) can be split up into a real part (storage modulus) and imag-
inary part (loss modulus). The choice of this model and the num-
ber of parameters is somewhat arbitrary, but a considerable num-
ber of test calculations has shown that this model is sufficient for
the present application.

Homogenization using an Evolutionary Strategy
The connection between the material behavior on the mi-

croscale and the macroscale is referred to as homogenization.
The aim is to ’replace’ the heterogeneous microstructure by a
homogeneous material which decribes the material behavior cor-
rectly. Here, the homogenization is formulated as an optimiza-
tion problem, i.e., ’Find material parameters on the macroscopic
scale which describe the micromechanical behavior as good as
possible’. Contrary to the static case where the homogenization
can be performed analytically [6], the consideration of dynamic
effects on the microscale makes it necessary to use an optimiza-
tion algorithm. There are too many unknown parameters in the
macroscopic constitutive equation to perform an analytical ho-
mogenization.

As optimization procedure, an Evolutionary Strategy is
used, because gradient-based procedures may run into local min-
ima of the optimization problem. An Evolutionary Strategy is a
stochastic search algorithms based on the mechanisms of nature
selection and natural genetics. At the beginning of the algorithm,
a population made up of a distinct number of individuals is gen-
erated. One individual corresponds to the solution of a problem,
and consists of an array of gene values. Just as in nature, the
individuals are optimized for their environment by successive
modification over a number of iterations. In each iteration or
generation, the algorithm evaluates, selects, and recombines the
members of the population to produce the succeeding generation.
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Evaluation of each individual which encodes a candidate so-
lution is based on a fitness function. This function is used to
select the relatively fitter individuals, i.e., the individuals with
the best fitness value. The selected individuals represent the par-
ent generation, they produce offspring by rules like mutation,
crossover, or gene replacement (for details, see [14]). The algo-
rithm stops after a specified number of generations or if a certain
fitness value is obtained for the best individual.

In the present application, one gene corresponds to the value
of one material parameter and the whole set of parameters corre-
sponds to one individual. As fitness function, the squared differ-
ence between the microscopic and macroscopic system response
is used. The differences are summed up over the considered fre-
quency range. If a harmonic strain is applied on the unit cell, the
minimization function is

ωmax

∑
ω=0

(
σmicro(ω)−σmacro(ω,E,ν)

)2 → 0 . (4)

During the optimization, the stressσmicro(ω) must be calculated
only once, whereasσmacro(ω) is calculated for each new indi-
vidual of the population via equation (2), using new gene values
for the sought parameters. In principle, the procedure can be
inverted, i.e., stress can be applied on the cell and the stress re-
sponse on the macroscopic scale can be optimized.

Numerical example
The prescribed procedure is applied to the unit cell depicted

in Fig 2 (a). A harmonic strain in one direction is applied to the
cell as shown in Fig 2 (b).

The considered microstructure is assumed to be periodic,
therefore, the opposing nodes of the cell must have the same de-
formation and the forces of the node pairs must be equal in mag-
nitude but opposite in direction. Due to the symmetry of the cell
periodicity is fulfilled, e.g., the reaction force of the node on the
left hand side corresponds to the applied load on the right hand
side. The cell consists of beams with a quadratic cross section

`/3

`/2

`/3
`/2

(a)

u = ū·ei ω t u = ū·ei ω t

(b)

Figure 2. Geometry and load case of the unit cell

of 0.1 · `×0.1 · `. The microstructure material is PMMA with a

slight damping (see Appendix A).

The frequency response for an applied load of ¯u = 0.001̀ is
calculated on a logarithmic scale up to a frequency of 1.5·107Hz.

The microstructure is calculated with a specific number of
unit cells, i.e., calculations are performed with 1, 2×2, .. n×n
unit cells. Figure 3 shows the microstructure for 3×3 unit cells.
This is done because with more than one cell, higher modes of



3×3 cells

Figure 3. Microstructure with 3×3 unit cells

deformation may occur. In the present example, the microstruc-
ture was calculated forn = 1..5 and the results were averaged to
obtain a characteristic response of the microstructure. The size
of ` is chosen as 0.0001m.

Using the frequency response of the microstructure, an Evo-
lutionary Strategy is applied to obtain the material parametersE
andν. The paramters of the Evolutionary Strategy shall only be
mentioned briefly:

• A population size of 1000 individuals is used
• Selection of parent individuals is done by tournament se-
lection, i.e., only the fittest individuals of a generation pro-
duce offspring
• Mutation probability is 10 %
• Number of new individuals to be created in a generation is
150
• The algorithm stops after a maximum of 2000 generations

For detailed descriptions of the parameters the reader is referred
to [14].

The result of the optimization are depicted in Figure 4 and
5. The microscale results forE andν (solid lines) are obtained
by using the results of the microstructure calculation,σmicro and
εmicro, and equations

E(ω) =
σmicro

11 (ω)
εmicro

11 (ω)
(5)
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Figure 4. Poissons ratio on micro- and macroscale
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Figure 5. Youngs modulus on micro- and macroscale

ν(ω) =−
εmicro

22 (ω)
εmicro

11 (ω)
. (6)

The macroscale results, i.e.,E andν on the macroscale, are plot-
ted with dashed lines. Frequency and values for Youngs modulus
are given in logarithmic scale.

The eigenfrequencies of the microstructure are clearly vis-
ible. On the macroscale only the tendency of the microscopic
frequency behavior is followed. This is in accordance with the
ideas of homogenization. Due to the averaging process small
effects like the peaks at the eigenfrequencies are smeared out.
Under this point of view a good overall approximation of the fre-
quency behavior is observed.

Forω→ 0, the values ofE andν approach the static moduli.
From equations (2) and (3) one can see thatĒ and ν̄ represent
these moduli.

The values for the parameters̄E,ν̄, pk, qk andαk are given
in Table 1.

Youngs modulus

Ē 2.560·104

q1 1.842·10−8

p1 2.358·10−14

α1 1.517

q2 8.943·10−9

p2 2.432·10−8

α2 1.099

Poissons ratio

ν̄ −0.376

q1 1.598·10−8

p1 4.995·10−8

α1 1.497

q2 1.162·10−7

p2 1.534·10−8

α2 1.335

Table 1. Obtained values for material parameters

Conclusion
In this paper, a dynamical homogenization for a periodic,

auxetic material consisting of simple beams was performed. Due
to inertia effects on the microscale, the behavior of the unit cell
is frequency dependent. Thus, a viscoelastic constitutive law had
to be applied on the macroscale, requiring an optimization proce-
dure for the homogenization process. The Evolutionary Strategy
used for the homogenization was able to find adequate material
parameters on the macroscale. For the identified material param-
eters ofE andν, however, no comparison with non-auxetic mi-
crostructures was yet made. Therfore, further invesigations with
different microstructures have to be carried out. Moreover, the
method should be extended to anisotropy, requiring more param-
eters in the constitutive equation.
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Appendix A: Material Parameters of PMMA

The following values for Youngs modulus and Bulk modulus
were fitted from data taken from experiments at the Physikalisch-
Technische Bundesanstalt, Braunschweig.

Youngs Modulus:E =
n
∑

p=0
Ep

iω
iω+bp

Bulk modulus:G =
n
∑

p=0
Gp

iω
iω+bp

Ep Gp bp

p [N/m2] [N/m2] [s−1]
0 3.393E+09 1.316E+09 0.000E+00
1 8.147E+08 1.913E+08 8.813E+00
2 5.143E+08 1.214E+08 9.535E+01
3 2.535E+08 6.245E+07 4.036E+02
4 2.172E+08 3.804E+07 1.843E+03
5 4.819E+07 1.946E+07 9.014E+03
6 1.562E+08 2.180E+08 9.859E+03
7 1.473E+07 2.548E+07 7.642E+04
8 1.508E+08 2.229E+08 9.484E+04
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