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Dynamic Analysis of a
One-Dimensional
Poroviscoelastic Column
The response due to a dynamic loading of a poroviscoelastic one-dimensional colu
treated analytically. Biot’s theory of poroelasticity is generalized to poroviscoelasti
using the elastic-viscoelastic correspondence principle in the Laplace domain. Dam
effects of the solid skeletal structure and the solid material itself are taken into acc
The fluid is modeled as in the original Biot’s theory without any viscoelastic effects.
solution of the governing set of two coupled differential equations known from the p
poroelastic case is converted to the poroviscoelastic solution using the developed e
viscoelastic correspondence in Laplace domain. The time-dependent response of t
umn is achieved by the ‘‘Convolution Quadrature Method’’ proposed by Lubich. S
interesting effects of viscoelasticity on the response of the column caused by a
pressure, and displacement loading are studied.@DOI: 10.1115/1.1349416#
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1 Introduction

For a wide range of fluid infiltrated materials, such as wa
saturated soils, oil impregnated rocks, or air filled foams, the e
tic theory is a crude approximation. Due to presence of a sec
interacting continuum, a different theory is necessary. The the
of porous materials containing a viscous fluid, known as
theory of poroelasticity, was introduced by Biot@1#. In subsequent
years, this theory was extended to the anisotropic case~@2#!, and
also to dynamics~@3#!. Following this development, the dynam
as well as the quasi-static analysis of a fully saturated por
continuum is possible. A comprehensive review of the quasi-st
theory in rock mechanics can be found in the work of Detourn
and Cheng@4#.

In addition to the effect of the viscous fluid diffusion in th
pores, the solid constituent, its skeleton, and its interaction w
partially entrapped fluid can introduce time-dependent behavio
viscoelastic material. Further on, the rheology of pore fluid c
exhibit viscoelastic behavior as well. This effect, however, w
not be taken into account in the study here. The implementatio
the solid viscoelastic effects in the theory of poroelasticity w
first introduced by Biot@5#. Further work on this topic was don
in the quasi-static case in@6# and in dynamics in@7#, to cite a few.
The last cited paper generalized Biot’s theory to partially sa
rated continua.

Recently, a representation of the poroviscoelastic theory ba
on rheological modeling at micromechanical level was publish
by Abousleiman et al.@8#. It was argued that to have a physical
consistent model, the rheology for the solid constituent and
skeletal structure should be clearly separated, and then comb
to form a bulk continuum model. Based on this model, origina
in quasi-static range, the current work examines its dynamic
sponses. The set of the governing differential equations for
dynamic case are deduced for a one-dimensional column.
corresponding analytical solution for one-dimensional column
the poroelastodynamic case has been presented by Schan

Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF
MECHANICAL ENGINEERS for publication in the ASME JOURNAL OF APPLIED
MECHANICS. Manuscript received by the ASME Applied Mechanics Division, D
cember 12, 1999; final revision, July, 2000. Associate Editor: D. A. Siginer. Disc
sion on the paper should be addressed to the Editor, Professor Lewis T. Wh
Department of Mechanical Engineering, University of Houston, Houst
TX 77204-4792, and will be accepted until four months after final publication
the paper itself in the ASME JOURNAL OF APPLIED MECHANICS.
192 Õ Vol. 68, MARCH 2001 Copyright © 2
ter
as-
nd,
ory
he

c
ous
tic

ay

e
ith

r as
an
ill
of

as

tu-

sed
ed
y
the
ined
lly
re-
the
The
for

and

Cheng@9#. The extension to poroviscoelasticity of this solutio
will be done in Laplace domain with the help of the elast
viscoelastic correspondence principle.

With this solution, the frequency-dependent response of
column due to an impulsive load can be studied with respect to
influence of the viscoelasticity by taking the real part of the co
plex Laplace variable to zero. Then, the response of an arbit
dynamical loaded system in time domain is given by the con
lution integral of the impulse response function and the tim
dependent loading. This convolution integral is numerically eva
ated by the so-called ‘‘Convolution Quadrature Method
proposed by Lubich@10#. The weights of this quadrature formul
are determined from the Laplace transformed impulse respo
function and a linear multistep method. In this method, no so
tion in time domain of the original problem is necessary. Throu
a series of stringent tests that includes a comparison with
highly acclaimed Dubner-Abate-Durbin-Crump method~e.g.,@11#
or @12#!, our experience indicates that the Lubich method is one
the most robust in performing the inversion of wave-like functio
that involves a significant number of cycles resulting from imp
loading. This method has been, among other applications,
cessfully applied to a time domain formulation of the bounda
element method~@13#!.

2 Governing Equations
Following Biot’s approach to model the behavior of poro

media, the constitutive equations can be expressed as~@1#!

s i j 52Ge i j 1S K2
2

3
GD ekkd i j 2ad i j p (1a)

z5aekk1
f2

R
p, (1b)

in which s i j denotes the total stress,p the pore pressure,e i j the
strain of the solid frame,z the variation of fluid volume per unit
reference volume, andd i j the Kronecker delta. In the above, th
sign conventions for stress and strain follow that of elastic
namely, tensile stresses and strains are denoted positive. The
indices takes the values 1, 2, 3 or 1, 2 in three-dimensiona
two-dimensional cases, respectively, where summation con
tion is implied over repeated indices. The bulk material is defin
by the material constants shear modulusG and the drained bulk
compression modulusK. Biot’s effective stress coefficienta, the
porosityf, andR complete the set of material parameters.
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In the constitutive equations above the only damping effe
taken into account are caused by the interaction of the visc
fluid and the elastic solid. Introducing additionally viscoelastic
is done by means of the elastic-viscoelastic correspondence
ciple, as shown by Biot@5#. In a typical implementation in
Laplace domain, the material constants shown in~1! are replaced
by the corresponding functions of the Laplace variable, i.e., t
become time-dependent. However, this approach provides
physical insight into the rheological models introduced, beca
the effective stress coefficienta, or R, or the pair of coefficientsQ
andR in the partial stress formulation of Biot@5#, have no simple
relation to the compression or shear behavior of the constitue
Rather, considerations of constitutive relation at micromechan
level ~@4#! lead to a more rational model for our purpose

a512
K

Ks
(2)

and

R5
f2K fKs

2

K f~Ks2K !1fKs~Ks2K f !
, (3)

where Ks denotes the compression modulus of the solid gra
andK f the compression modulus of the fluid. With these expr
sions we are able to discuss how to implement viscoelastic be
ior from a physical point of view.

Next, viscoelastic constitutive equations are introduced. Fr
the two most common representations of viscoelastic constitu
equations, the hereditary integral or the differential operator
mulation~@14#!, the differential operator formulation is suitable
our purpose. The simplest model ensuring causal behavior is
three-parameter model, sometimes referred to as Kelvin-V
model~see Fig. 1!. When the system is subjected to a step load
instantly deforms in an elastic state characterized by the sp
constantE1 . As time progresses, the resistance offered by
dash-pot diminishes and the system softens. At large times,
apparent spring constant becomesE5E1E2 /(E11E2), which is
smaller than the initial modulusE1 . The speed of the creep i
regulated by the dash-pot viscositym. A characteristic time scale
for the creep can be defined asq5m/E2 . The appropriate consti
tutive relation is given as

p5
m

E11E2
, E5

E1E2

E11E2
, q5

m

E2
(4)

p
d

dt
s1s5ES «1q

d

dt
« D .

To find the elastic-viscoelastic correspondence, the differen
Eq. ~4! is transformed to Laplace domain

ŝ~ps11!5Eê~11qs!, (5)

with L$ f (t)%5 f̂ (s) denotes the Laplace transform, with the com
plex Laplace variables. Compared with Hook’s law the elastic
viscoelastic correspondence is clearly observed,

E→E
11qs

11ps
, (6)

where the right-hand side is often called complex modulus.

Fig. 1 One-dimensional rheological three-parameter model
Journal of Applied Mechanics
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In the explicit form of~2! and~3!, the Kelvin-Voigt model can
be applied to each of the moduli, corresponding to different phy
cal effects. In detail:

• ReplacingG by the complex modulusĜ(s) models a vis-
coelastic shear behavior of the solid frame.

• ReplacingKs by the complex modulusK̂s(s) models a vis-
coelastic behavior of solid grains against volumetric deformati
This is necessary if the material has its own damping mechan

• ReplacingK by the complex modulusK̂(s) models a vis-
coelastic behavior of the solid skeleton against volumetric de
mation. Such a behavior can be caused, e.g., by micropores w
are not connected to the main part of the fluid. The fluid in m
cropores can propagate through microcracks in the material c
ing damping due to the time required to reach localiz
equilibrium.

• ReplacingK f by the complex modulusK̂ f(s) models a vis-
coelastic behavior of the fluid. This, however, will not be a
tempted here for the following reasons: First, most pore flu
such as water or air are not viscoelastic. Second, a viscoel
fluid can have shear stresses, which will interact with the s
rounding solid. These effects are not modeled in Biot’s theory.
arbitrarily generalization will not lead to a consistent theory.

Summarizing, in the following, a time-dependent compress
and shear modulus of the solidK̂s(s) and Ĝ(s) and a time-
dependent bulk modulusK̂(s) are taken into account. This lead
to the poroviscoelastic constitutive equations in Laplace dom
as

ŝ i j 52Ĝê i j 1S K̂2
2

3
ĜD êkkd i j 2âd i j p̂ (7a)

ẑ5â êkk1
f2

R̂
p̂, (7b)

with

â~s!512
K̂~s!

K̂s~s!

and

R̂~s!5
f2K fK̂s

2~s!

K f~K̂s~s!2K̂~s!!1fK̂s~s!~K̂s~s!2K f !
. (8)

Note, every formerly constant which is now indicated with (ˆ) is
a function ofs, respectively, of time. In the following, it is as
sumed thatK̂s(s), Ĝ(s), andK̂(s) are modeled as a three param
eter model using the correspondence relation~6!

K̂~s!5K
11qks

11pks
, K̂s~s!5Ks

11qkss

11pkss
, Ĝ~s!5G

11qgs

11pgs
.

(9)

This completes the constitutive equations for a poroviscoela
model. In the following, the functional argument~s! will be
dropped for brevity.

Now, the governing set of differential equations are achiev
by inserting~7! in the Laplace transformed dynamic equilibrium

ŝ i j , j1F̂ i5rs2ûi1fr fs
2v̂ i , (10)

and in the continuity equation

sẑ1q̂i ,i50, (11)

where r5rs(12f)1fr f is the bulk density, withrs and r f
denoting the solid and fluid density, respectively. As well t
displacements of the solid are denoted byûi and the relative fluid
to solid displacements byv̂ i . In Eqs. ~10! and ~11! and in the
MARCH 2001, Vol. 68 Õ 193
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following, vanishing initial conditions for all variables are a
sumed.F̂ i are the bulk body forces which are neglected in t
following, as only perturbation from the hydrostatic state
sought, andq̂i5fsv̂ i denotes the specific flux of the fluid. F
nally, the derivative with respect to the spatial variablexi is ab-
breviated by ( ),i .

Proceeding in taking Darcy’s law

q̂i52kS p̂,i1s2r f ûi1
ra1fr f

f
s2v̂ i D (12)

into account, wherek denotes the permeability andra the appar-
ent mass density, the final set of differential equations for
displacementsûi and the pore pressurep̂ are achieved,

Ĝûi , j j 1F K̂1
1

3
ĜG û j ,i j 2~ â2b!p̂,i2s2~r2br f !ûi50

(13)

b

sr f

p̂,i i 2
f2s

R̂
p̂2~ â2b!sûi ,i50, (14)

with the abbreviation

b5
f2skr f

f21sk~ra1fr f !
. (15)

For simplicity, the apparent mass densityra is assumed to be
frequency independent asra'0.66fr f ~@15#!. With this set of
equations the dynamic behavior of a poroviscoelastic continu
is completely defined.

3 Analytical Solution in One Dimension
A one-dimensional column of lengthl as sketched in Fig. 2 is

considered. It is assumed that the sidewalls and the bottom
rigid, frictionless, and impermeable. Hence, the displaceme
normal to the surface are blocked and the column is otherwise
to slide parallel to the wall. At the top, the stresssy and the
pressurep are prescribed. Due to these restrictions only the d
placementuy and the pore pressurep remain as degrees-of
freedom. This one-dimensional example can be used to study
influence of poroelastic parameters on wave propagation, or it
be used for actual application of finite and also semi-infinite c
umns by setting the layer depthl large. Here, we are particula
interested in observing the interplay of the two compressio
waves, a fast and a slow wave.

The governing set of differential Eqs.~13! and ~14! is reduced
to two scalar, coupled ordinary differential equations

Êûy,yy2~ â2b!p̂,y2s2~r2br f !ûy50 (16)

Fig. 2 One-dimensional column under dynamic loading
194 Õ Vol. 68, MARCH 2001
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sr f

p̂,yy2
f2s

R̂
p̂2~ â2b!sûy,y50, (17)

with the modulusÊ5K̂1(4/3)Ĝ. The boundary conditions are

ûy~y50!5U0 , q̂~y50!50

and

ŝ~y5 l !52P0 , p̂~y5 l !5P0 , (18)

where an impulse function for the temporal behaviorf (t)5d(t),
with d(t) denoting the Dirac distribution, is assumed, togeth
with vanishing initial conditions. Each of the nonzero bounda
conditions in~18! represents a different type of loading. Due
the neglected body forces, this is a system of homogeneous
nary differential equations with inhomogeneous boundary con
tions. Such a system has been solved for the nonviscoelastic
in @9#. Inserting in these solutions the elastic-viscoelastic cor
spondences~9! leads to the solution of the poroviscoelastic pro
lem above. As we are dealing with a linear problem the super
sition principle is valid. Therefore, the solution can be divided
the three different load cases:

Stress Boundary Conditions. ûy(y50)50, ŝ(y5 l )52P0
and p̂(y5 l )50

û5
P0

Ê~d1l32d3l1!
Fd3~e2l1~ l 2y!2e2l1~ l 1y!!

11e22l1l

2
d1~e2l3~ l 2y!2e2l3~ l 1y!!

11e22l3l G (19)

p̂5
P0d1d3

Ê~d1l32d3l1!
Fd3~e2l1~ l 2y!1e2l1~ l 1y!!

11e22l1l

2
d1~e2l3~ l 2y!1e2l3~ l 1y!!

11e22l3l G (20)

Pressure Boundary Conditions. ûy(y50)50, ŝ(y5 l )50
and p̂(y5 l )5P0

û5
P0

Ê~d1l32d3l1!
F ~Êl32âd3!~e2l1~ l 2y!2e2l1~ l 1y!!

11e22l1l

2
~Êl12âd1!~e2l3~ l 2y!2e2l3~ l 1y!!

11e22l3l G (21)

p̂5
P0

Ê~d1l32d3l1!
Fd1~Êl32âd3!~e2l1~ l 2y!1e2l1~ l 1y!!

11e22l1l

2
d3~Êl12âd1!~e

2l3~l2y!e2l3~l1y!!

11e22l3l G (22)

Displacement Boundary Conditions. ûy(y50)5U0 , ŝ(y
5 l )50 andp̂(y5 l )50

û5
U0

Ê~l3
22l1

2!
F ~Êl3

21s2~ âr f2r!!~e2l1~2l 2y!1e2l1y!

11e22l1l

2
~Êl3

21s2~ âr f2r!!~e2l3~2l 2y!1e2l3y!

11e22l3l G (23)
Transactions of the ASME



Table 1 Material data of Berea sandstone, a soil, and a sediment

KF N

m2G GF N

m2G rFkg

m3G w KsF N

m2G r fFkg

m3G K fF N

m2G kFm4

NsG
rock 83109 63109 2458 0.19 3.631010 1000 3.33109 1.9310210

soil 2.13108 9.83107 1884 0.48 1.131010 1000 3.33109 3.5531029

sediment 3.73107 2.23107 1396 0.76 3.631010 1000 2.33109 131028
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p̂5
U0

Ê~l3
22l1

2!
Fd1~Êl3

21s2~ âr f2r!!~e2l1~2l 2y!2e2l1y!

11e22l1l

2
d3~Êl3

21s2~ âr f2r!!~e2l3~2l 2y!2e2l3y!

11e22l3l G (24)

The corresponding stresses and fluxes are calculated with the
dimensional form of the constitutive Eq.~7a!

ŝ~s,y!5Êûy,y2â p̂ (25)

and the one-dimensional form of Darcy’s law~12!

q̂~s,y!52
b

sr f
~ p̂,y1s2r f ûy!. (26)

With the solutions above, the frequency-dependent harmo
response of a one-dimensional poroviscoelastic column can
studied by takings52 iv. However, the time-dependent re
sponse due to an arbitrary excitationf (t), is achieved by the
convolution integral, e.g., for the displacements

uy~ t,y!5E
0

t

L21$ûy~s,y!%~t,y! f ~ t2t!dt, (27)

where L21 is the inverse Laplace transform operator. Anoth
way to obtain solution of arbitrary transient input is to take t
advantage of the property of Laplace transform

uy~ t,y!5L21$ûy~s,y! f̂ ~s!% (28)

where f̂ (s) is the Laplace transform of the boundary conditi
f (t).

We now have two possibilities to evaluate the response in t
domain. We can either multiply the impulse response functi
~19!–~24! by the input excitation in Laplace domain,f̂ (s), with a
subsequent numerical inverse transformation as indicated in~28!,
or we use the ‘‘Convolution Quadrature Method’’ proposed
Lubich @10# to directly tackle~27!. The first choice, with all its
advantages and disadvantages, is the traditional approach~see,
e.g.,@12# or @11#!. But, in this case here, where the one function
the convolution integral~27! is available in Laplace domain an
the other function in time domain, it is preferable to take t
Convolution Quadrature Method. This method approximates
convolution integral~27! numerically by a quadrature formula

uy~nDt !5(
k50

n

vn2k~Dt ! f ~kDt !, n50,1, . . . ,N, (29)

whose weightsvn2k(Dt) are determined with the help of th
Laplace transformed impulse response functionsûy(s,y) and a
function g(s) that defines the linear multistep method

vn~Dt !2
R2n

L (
l 50

L21

ûyS g~Reil 2p/L!

Dt De2 inl2p/L. (30)

More details of the method and the definition of parameters ca
found in Appendix A. In the following, this method is used
perform the time-dependent responses, choosing a backward
ferentiation formula of order 2~BDF 2! as the underlying multi-
step method.
Journal of Applied Mechanics
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4 Results in Frequency and Time Domain

With the analytical solution developed in Section 3, the infl
ence of different damping mechanisms is studied. Three very
ferent materials, ranked in descending order of stiffness, a r
~Berea sandstone! ~@16#!, a soil ~coarse sand! ~@17#!, and a seabed
sediment~@18#!, are chosen to cover a wide range of mater
properties. The material data are given in Table 1. We obse
that the stiffness of the material, in terms of frame bulk modu
and shear modulus, spans more than two orders of magnitude
value of bulk density decreases as porosity increases. The
bulk modulus for sediment is different because sea water
referred in @18#. The bulk moduli of solid grain are about th
same. We should point out that for the soil case, dense sand
rated with silicon oil was used in@17#. In Table 1, however, the
fluid was changed to water with other material coefficients c
sistently converted. Finally, we observe that the permeability a
spans more than two orders of magnitude.

In the constitutive Eq.~7! the bulk modulusK̂, the shear modu-
lus Ĝ, and the compression modulus of the solid itselfK̂s are each
chosen to be viscoelastic, modeled by a three-parameter m
For each of them, the values ofp andq need to be given. How-
ever, to the authors’ best knowledge, no such data have b
reported in the literature. Therefore, the same set of data is so
what arbitrarily chosen for the three materials. To compare
influence of viscoelasticity in different moduli on the dynam
response, four different cases are considered:
Case 1: Only the bulk compression modulusK̂(s) is modeled

viscoelastic: pk51@
1
s#, qk51.5@ 1

s# and pks5pg5qks

5qg50@
1
s#.

Case 2: Only the shear modulusĜ(s) is modeled viscoelastic

pg51@
1
s#, qg51.5@ 1

s# andpks5pk5qks5qk50@
1
s#.

Case 3: Only the compression modulus of the solid mate

K̂s(s) is modeled viscoelastic:pks51@
1
s#, qks51.5@ 1

s#

andpk5pg5qk5qg50@
1
s#.

Case 4: The purely poroelastic case without any viscoelastic

pks5qks5pk5pg5qk5qg50@
1
s#.

Before solving the transient problems, the frequency respo
of a column with lengthl 51 m is first considered. In Fig. 3 the
absolute value of the displacementsûy(v,y5 l ) at the top of the
column are plotted versus frequencyv for the three materials. As
boundary condition, a constant step pressure loading~without to-
tal stress! is assumed. In Fig. 3 we observe resonance peak
expected. The first resonance frequency is around 2000 Hz fo
sediment, which increases to about 5000 Hz for the rock. T
various curves correspond to different assumptions of viscoe
ticity, referred to as case 1 to 4 in the above. It is found that
sediment response is least affected by viscoelastic effect—the
basically no shift in eigenfrequencies and only a slight damping
response amplitude. This is in accordance with our model,
MARCH 2001, Vol. 68 Õ 195
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cause the sediment bulk property is dominated by the fluid, wh
is elastic. The viscoelastic solid hence contributes to only a s
ondary influence. The soil response is also less influenced. T
is a small shifting of eigenfrequencies, and a somewhat la
damping than the sediment case. The largest effects are foun
the rock material. Not only there exists larger damping, parti
larly on the resonance peaks, but also significant shift of eigen
quencies occurs. We further observe that for all materials,
largest damping results from the viscoelasticity of bulk compr
sion modulus. For soil, the largest shift of eigenfrequencies res
from the viscoelastic effect ofK̂s , compared to rock whereĜ has
the most influence. This shows that the effect of each modulu
different in different materials.

For the frequency response of the other two boundary co
tions, a stress and a displacement loading, the influence of
coelasticity exhibits similar trend. Hence it is enough to show
results for just this boundary condition.

Now, the time-dependent behavior is considered. Due to
relative insensitivity of sediment response to viscoelasticity, o
results for the two other materials are presented. In Fig. 4
displacementsu(t,y5 l ) at the top of the column, caused by a st
stress loadings(t,y5 l )52H(t)N/m2, are depicted versus time
In each of the curves, a different time-step size is used for
Lubich method, due to different wave speeds of the materials.
the Berea sandstoneDt5131025 s and for the soilDt52
31025 s are used, withN5500 time steps. As with any numerica
method, too large a time-step size leads to worse results du
inadequate approximation of the time history of t
displacements.

In Fig. 4, the rock displacements show an oscillation similar
that for an elastic material, whereas for the soil, the oscillation
combined with a settlement, due to the well-known consolidat

Fig. 3 Absolute value of the displacements zû y„v,yÄ l …z at the
top of the column versus frequency v
196 Õ Vol. 68, MARCH 2001
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effect. We notice that the wave speed is modified in both mat
als. Case 4, the case without viscoelasticity, has the slowest w
speed, by observing the time it takes the wave to transverse
column. This is not surprising, because by setting the two par
etersp andq in ~6! to zero, case 4 has the smallest modulus. In
viscoelastic cases, the apparent modulus of the material is
tween 1.5E for small time ~or high frequency!, and E for large
time ~or low frequency!, due to thep andq values used. Hence th
wave speed of the viscoelastic and the elastic cases should n
directly compared. However, among the viscoelastic cases,
can compare and observe that different modulus has differen
fect on the two materials. The fastest wave in the rock is ass
ated with the viscoelasticity of shear modulus. The fastest wav
soil, on the other hand, is observed to be associated with the s
compression modulus. The oscillation amplitude is found to be
smallest also in these two cases, respectively, for soil and r
These are consistent with the observation in frequency doma

We further tested cases with an increased damping valup,
which is observed to enhance the damping effect. But as m
tioned before, no measured damping values are available. It is
possible to say whether these assumed damping values are r
tic or not. Therefore, these results are not presented here.

We next investigate wave propagation in this one-dimensio
column with the aim of capturing the two compressional waves
fast and a slow wave. These two waves have been identified
the poroelastic case as presented by Schanz and Cheng@9#. To
clearly observe these two waves, a semi-infinite column is use
eliminate reflections at the ends that can confuse the arrival of
two different waves. An observation of pressure is made at 5
below the top surface, where a step stress loading is applied

Our experience in the poroelastic cases~@9#! has indicated that
the second compressional wave dissipates rapidly. With the
meability of these used materials, the second wave will not s
vive with a detectable magnitude at 5 m below surface. To en-

Fig. 4 Displacements u y „t ,yÄ l … at the top of the column ver-
sus time t
Transactions of the ASME
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hance the observation of the second wave, artificially la
permeabilities, or different materials, must be used. For
present purpose, the permeabilities are arbitrarily increased.

In Fig. 5 the pressure at 5 m below surface in an infinitely long
soil column, modeled byl 51000 m, caused by a stress Heavisi
boundary condition, is plotted versus time for different values
the permeabilityk, ranging from 1029 to 1022 m4/(N s), andpk
5pg5pks51.5(1/s). Other material properties are referred
Table 1.

Let us first examine the case with highest permeability,k
51022 m4/(N s). We observe a step rise in pressure that indica
the arrival of the first wave around 2.5 ms. The pressure s
roughly constant until at 13 ms. At that time, the second wa
arrives and negates the positive pressure. Since there is no bo
ary reflection, the identity of the second wave is clearly est
lished. We should point out that the small fluctuation around
pressure front is an artifact of the numerical method, which g

Fig. 5 Pressure p „t ,yÄ995 m… versus time: wave propagation
for different values of k in an ‘‘infinite’’ soil column
Journal of Applied Mechanics
ge
the

e
of

o

tes
ays
ve
und-
b-
he
n-

erally cannot be avoided. It is, however, small enough to be
erated. With decreasing permeability, the first wave arrives at
creasingly larger amplitude, and the second wave at sma
amplitude. In the case ofk53.5531029 m4/(N s), the curve is
flat after the arrival of the first wave, which means that the sec
wave arrives with an undetectable amplitude due to viscous da
ing. These dynamic behaviors are similar to those in the poroe
tic cases without viscoelasticity, as discussed in more detail in@9#.

Once the general dynamic behavior is established, the influe
of viscoelasticity in the individual modulus is studied in Fig. 6. A
in Fig. 5, the pressurep(t,y5995 m) due to a stress Heavisid
step loading is plotted versus time. But here the cases 1
defined in the beginning of this section are examined. To enha
the observation of the second wave, the largest permeability
used in the preceding example,k51022 m4/(N s), is used here.
Similar to the investigation above, the viscoelasticity of differe
modulus has different effects on the two materials. First of all,
observe that the wave velocities are modified, much more so
the second wave than for the first wave. The arrivals of the fi
waves are close to each other. Nevertheless, in both materials
4 gives the slowest first wave. In rock, case 2 has the fastest
wave, and in soil, it is case 3. These are consistent with ea
observations. The second wave, on the other hand, is more c
plicated. In most cases the second wave of the viscoelastic c
travels faster than the nonviscoelastic one, case 4. Howeve
case 3, where only the solid grain modulus is modeled viscoe
tic, the first wave becomes faster, but the second wave beco
slower than case 4. We also observe that there is significant
plitude reduction of the first wave for the rock material wh
viscoelasticity is present, except for case 3, where the amplit
increases. For the soil, there is little change in amplitude.

5 Conclusions
In the presented work, Biot’s theory of porous media is e

tended to poroviscoelasticity by means of the elastic-viscoela
Fig. 6 Pressure p „t ,yÄ995 m… versus time: wave propagation for different damping cases
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correspondence principle. A physically more appealing mode
implemented that separates the viscoelasticity to th
components—that due to the compression of solid frame, of s
grain, and the shearing of solid frame. A three-parameter rh
logical model is applied to each of them. The fluid is modeled
viscous and Newtonian, as in the classical theory. Next, an a
lytical solution of a one-dimensional column is derived in Lapla
domain. Then, with the Convolution Quadrature Method the tim
dependent behavior is achieved.

Three widely different materials, a rock, a soil, and a sedime
are used in the analysis. The viscoelastic effect is found to
stronger in rock and soil, than in sediment. The rock is shown
be more influenced by the shear modulus whilst the soil is m
affected by the compression modulus of the grains. In the
quency domain, shifting of resonance frequencies and dampin
resonance peaks are observed. In the time domain with a
stress loading, viscoelastic effect generally leads to an increa
wave speed for both the fast and the slow waves, and a decrea
amplitude, except for case 3 in rock. This shows the conclus
drawn here are not entirely general, and are material depend

Acknowledgment
Martin Schanz was supported by the German Research F

dation~DFG! under grant SCHA 527/4-1. The financial support
gratefully acknowledged.

Appendix A

Convolution Quadrature Method. The ‘‘Convolution
Quadrature Method’’ developed by Lubich numerically appro
mates a convolution integral

y~ t !5E
0

t

f ~ t2t!g~t!dt→y~nDt !5(
k50

n

vn2k~Dt !g~kDt !,

n50,1, . . . ,N, (31)

by a quadrature rule whose weights are determined by the Lap
transformed functionf̂ and a linear multistep method. Thi
method was originally published in@10# and @19#. Application to
the boundary element method may be found in@20#. Here, a brief
overview of the method is given.

In formula ~31! the timet is divided inN equal stepsDt. The
weightsvn(Dt) are the coefficients of the power series

f̂ S g~z!

Dt D5(
n50

`

vn~Dt !zn, (32)

with the complex variablez. The coefficients of a power series a
usually calculated with Cauchy’s integral formula. After a po
coordinate transformation, this integral is approximated by a tr
ezoidal rule withL equal steps 2p/L. This leads to

vn~Dt !5
1

2p i Euzu5R
f̂ S g~z!

Dt D z2n21dz

'
R2n

L (
l 50

L21

f̂ S g~Reil 2p/L!

Dt De2 inl 2p/L, (33)

whereR is the radius of a circle in the domain of analyticity o
f̂ (z).
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The functiong(z) is the quotient of the characteristic polyno
mials of the underlying multistep method, e.g., for a BDF
g(z)53/222z1(1/2)z2. The used linear multistep method mu
beA~a!-stable and stable at infinity~@19#!. Experience shows tha
the BDF 2 is the best choice~@21#!. Therefore,t is used in all
calculations in this paper.

If one assumes that the values off̂ (z) in ~33! are computed
with an error bounded bye, then the choiceL5N and RN5Ae
yields an error invn of sizeO(Ae) ~@10#!. Several tests conducte
by the authors lead to the conclusion that the parametee
510210 is the best choice for the kind of functions dealt with
this paper~@13#!. The assumptionL5N results inN2 coefficients
vn(Dt) to be calculated. Due to the exponential function at t
end of formula~33! this can be done very fast using the techniq
of the Fast Fourier Transformation~FFT!.
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