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Abstract. On a bounded Lipschitz domain we consider two selfadjoint opera-
tor realizations of the same second order elliptic differential expression subject

to Robin boundary conditions, where the coefficients in the boundary condi-
tions are functions. We prove that inequality between these functions on the

boundary implies strict inequality between the eigenvalues of the two opera-

tors, provided that the inequality of the functions in the boundary conditions
is strict on an arbitrarily small nonempty, open set.

1. Introduction

We consider an elliptic differential expression of second order of the form

L = −
n∑

j,k=1

∂jajk∂k +

n∑
j=1

(
aj∂j − ∂jaj

)
+ a (1.1)

with bounded Lipschitz coefficients on a bounded, connected Lipschitz domain
Ω ⊂ Rn, n ≥ 2; see Assumption 2.1 below. Given two real-valued functions
ϑ1, ϑ2 ∈ Lp(∂Ω) (for appropriate p, see Assumption 2.2 below) with

ϑ1 ≤ ϑ2 on ∂Ω (1.2)

we focus on the purely discrete spectra of the selfadjoint operators associated with
L in L2(Ω) subject to the Robin boundary conditions

∂u

∂νL

∣∣
∂Ω

+ ϑju|∂Ω = 0, j = 1, 2; (1.3)

here u|∂Ω denotes the trace and ∂u
∂νL
|∂Ω is the conormal derivative of u at the bound-

ary ∂Ω; cf. Section 2. The eigenvalues corresponding to (1.3) form a real sequence
bounded from below, which accumulates to +∞; we denote these eigenvalues by

λ
ϑj

1 ≤ λ
ϑj

2 ≤ . . . , j = 1, 2,

where we count multiplicities. From (1.2) it follows immediately via the variational
formulation of the eigenvalue problems that

λϑ1

k ≤ λ
ϑ2

k , k ∈ N.
Our aim in this note is to show that the inequality becomes strict for all k,

λϑ1

k < λϑ2

k , k ∈ N,
whenever

ϑ1|ω < ϑ2|ω
holds for an arbitrary nonempty, open set ω ⊂ ∂Ω. This observation comple-
ments various results on eigenvalue inequalities for the Laplacians with Dirichlet
and Neumann or Dirichlet and Robin boundary conditions, see, e.g., the classical
works [10, 18, 21, 22, 25] and the more recent contributions [1, 9, 12, 24]. For fur-
ther investigations of elliptic differential operators subject to (generalized) Robin
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boundary conditions and of their spectra we refer the reader to [2, 3, 4, 6, 7, 11,
13, 15, 16, 17, 19, 26] and their references.

We wish to remark that if Ω is replaced by the (unbounded) exterior of a bounded
Lipschitz domain one can show that the operators corresponding to ϑ1 and ϑ2 have
the same essential spectra. In this case our result remains true for all eigenvalues
below the bottom of the joint essential spectrum.

The proof of our result is carried out in Section 3. It adapts Filonov’s method
in [9] and combines it with a consideration made in [5], based on a unique continua-
tion argument. Before that, in Section 2, we discuss properties of elliptic differential
operators with Robin boundary conditions on Lipschitz domains.

2. Elliptic differential operators with Robin boundary conditions
on Lipschitz domains

In this section we collect preliminary material on trace maps on Lipschitz do-
mains and recall the definition of selfadjoint elliptic differential operators with
Robin boundary conditions via sesquilinear forms.

Let us first fix the assumptions on the domain Ω and the differential expression L.

Assumption 2.1. The set Ω ⊂ Rn, n ≥ 2, is a bounded, connected Lipschitz
domain, see, e.g., [20] for the standard definition. The differential expression L
on Ω is given by (1.1), where ajk, aj : Ω → C are bounded Lipschitz functions

satisfying ajk(x) = akj(x) for all x ∈ Ω, and a : Ω→ R is measurable and bounded.
Moreover, L is uniformly elliptic on Ω, i.e., there exists E > 0 such that

n∑
j,k=1

ajk(x)ξjξk ≥ E
n∑
k=1

ξ2
k, x ∈ Ω, ξ = (ξ1, . . . , ξn)T ∈ Rn.

Let us denote by Hs(Ω) and Hs(∂Ω) the Sobolev spaces of orders s ∈ R on Ω
and its boundary ∂Ω, respectively. Here and in the following ∂Ω is equipped with
the usual surface measure; cf. [20]. Recall that there exists a unique bounded trace
map from H1(Ω) onto H1/2(∂Ω) which extends the mapping

C∞(Ω) 3 u 7→ u|∂Ω;

we simply write u|∂Ω for the trace of an arbitrary u ∈ H1(Ω). Moreover, for u ∈
H1(Ω) satisfying Lu ∈ L2(Ω) (in the distributional sense) we define the conormal
derivative ∂u

∂νL
|∂Ω of u at ∂Ω (with respect to the differential expression L) to be

the unique element in H−1/2(∂Ω) which satisfies the first Green identity

a0[u, v] = (Lu, v) +
( ∂u
∂νL

∣∣
∂Ω
, v|∂Ω

)
∂Ω
, v ∈ H1(Ω); (2.1)

here (·, ·)∂Ω is the (sesquilinear) duality between H1/2(∂Ω) and its dual space
H−1/2(∂Ω) and

a0[u, v] :=

∫
Ω

( n∑
j,k=1

ajk∂ku · ∂jv +

n∑
j=1

(
aj(∂ju) · v + aju · ∂jv

)
+ auv

)
dx

for u, v ∈ H1(Ω).
Let us come to the definition of the operators under consideration. The assump-

tions on the Robin coefficient ϑ are the following.

Assumption 2.2. The function ϑ : ∂Ω→ R satisfies

ϑ ∈ Ln−1(∂Ω) if n > 2 and ϑ ∈ Lp(∂Ω) for some p > 1 if n = 2.
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For ϑ as in Assumption 2.2 we define a sesquilinear form aϑ in L2(Ω) by

aϑ[u, v] := a0[u, v] + (ϑu|∂Ω, v|∂Ω)∂Ω, u, v ∈ dom aϑ := H1(Ω). (2.2)

It follows from Sobolev embedding theorems that ϑu|∂Ω belongs to H−1/2(∂Ω)
for each u ∈ H1(Ω), see, e.g, [12, Lemma 5.3]. The form aϑ corresponds to a
selfadjoint differential operator in L2(Ω), as the following proposition states. For
the required material on sesquilinear forms and corresponding selfadjoint operators
see Appendix A.

Proposition 2.3. Let Assumption 2.1 and Assumption 2.2 be satisfied. Then the
sesquilinear form aϑ in (2.2) is symmetric, densely defined, semibounded below and
closed in L2(Ω); the corresponding selfadjoint operator in L2(Ω) is given by

Aϑu = Lu, domAϑ =

{
u ∈ H1(Ω) : Lu ∈ L2(Ω),

∂u

∂νL

∣∣
∂Ω

+ ϑu|∂Ω = 0

}
. (2.3)

In particular, for ϑ = 0, Aϑ = A0 is the selfadjoint Neumann operator associated
with L. The spectrum of Aϑ is bounded from below and its essential spectrum is
empty; thus σ(Aϑ) consists of isolated eigenvalues with finite multiplicities, which
accumulate only to +∞.

For L being the Laplacian a proof of Proposition 2.3 can be found in [12, The-
orem 4.5 and Lemma 5.3], where the compactness of the multiplication operator
with the function ϑ from H1/2(∂Ω) to H−1/2(∂Ω) is employed. Since, due to As-
sumption 2.1, L is elliptic and the coefficients of L as well as the derivatives of the
second and first order coefficients are bounded, an analogous proof can be done in
the present situation. We omit the details and refer the reader to [8, Chapter VI] for
a treatment of general second order elliptic differential operators in the framework
of sesquilinear forms.

3. Strict inequality of Robin eigenvalues for elliptic differential
operators

This section is devoted to our main result on strict inequality between Robin
eigenvalues. We first state a simple lemma. It is inspired by the (only) Lemma
in [9] and [5, Proposition 2.5].

Lemma 3.1. Let Assumption 2.1 be satisfied and let ϑ1, ϑ2 be functions which
satisfy Assumption 2.2 such that ϑ1 ≤ ϑ2 on ∂Ω. Moreover, let Aϑ1

and Aϑ2
be

the corresponding operators as in (2.3). Suppose that ϑ1|ω < ϑ2|ω on a nonempty,
open set ω ⊂ ∂Ω. Then

domAϑ2
∩ ker(Aϑ1

− µ) = {0}
for all µ ∈ R.

Proof. Let µ ∈ R and u ∈ domAϑ2 ∩ ker(Aϑ1 − µ), i.e., u ∈ H1(Ω) with Lu = µu,
and u satisfies both boundary conditions

∂u

∂νL

∣∣
∂Ω

+ ϑ1u|∂Ω = 0 and
∂u

∂νL

∣∣
∂Ω

+ ϑ2u|∂Ω = 0. (3.1)

Then (ϑ2 − ϑ1)u|∂Ω = 0 and, hence, u|ω = 0 by the assumption that ϑ2|ω > ϑ1|ω
on ω. It follows from (3.1) that

∂u

∂νL

∣∣
ω

= −ϑ1|ωu|ω = 0. (3.2)

Let Ω̃ ⊃ Ω be a bounded, connected Lipschitz domain such that ∂Ω \ ω ⊂ ∂Ω̃ and

Ω̃ \Ω contains an open ball O. Let us extend the coefficients ajk, aj , and a of L to

functions ãjk, ãj , and ã on Ω̃ such that the corresponding differential expression L̃
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on Ω̃ satisfies Assumption 2.1. Moreover, let ũ be the extension by zero of u to Ω̃.
Then u|ω = 0 and (3.2) yield

ũ ∈ H1(Ω̃) and L̃ũ = µũ,

where the latter equation must be understood distributionally on Ω̃ and implies

ũ ∈ H2
loc(Ω̃). On the other hand, ũ vanishes on the ball O ⊂ Ω̃. Thus a unique

continuation argument yields ũ = 0 on Ω̃; cf., e.g., [27] and the proof of [5, Propo-
sition 2.5]. Hence u = 0, which proves the lemma. �

Let us now come to the main result of this note. Under the assumptions of the
previous lemma we denote by

λ
ϑj

1 ≤ λ
ϑj

2 ≤ . . .

the eigenvalues of Aϑj
, j = 1, 2, counted with multiplicities.

Theorem 3.2. Let Assumption 2.1 be satisfied and let ϑ1, ϑ2 be functions which
satisfy Assumption 2.2 such that ϑ1 ≤ ϑ2 on ∂Ω. Moreover, let Aϑ1

and Aϑ2
be

the corresponding operators as in (2.3). Suppose that ϑ1|ω < ϑ2|ω on a nonempty,
open set ω ⊂ ∂Ω. Then the inequality

λϑ1

k < λϑ2

k , k ∈ N,

holds.

Proof. Let Nϑ1 and Nϑ2 be the eigenvalue counting functions for Aϑ1 and Aϑ2 ,
respectively, as in (A.1). Following (A.2) these functions can be expressed as

Nϑj
(µ) = max

{
dimL : L subspace of H1(Ω), aϑj

[u] ≤ µ‖u‖2L2(Ω), u ∈ L
}
,

µ ∈ R, where aϑj
is the sesquilinear form corresponding to ϑj as in (2.2), j = 1, 2.

For µ ∈ R let

F := span {ker(Aϑ2
− λ) : λ ≤ µ} .

Then dimF = Nϑ2
(µ) and

aϑ2 [u] ≤ µ‖u‖2L2(Ω), u ∈ F.

For u ∈ F and v ∈ ker(Aϑ1 − µ) we obtain with the help of (2.1)

aϑ1
[u+ v] = a0[u] + a0[v] + 2 Re a0[v, u] +

(
ϑ1(u+ v)|∂Ω, (u+ v)|∂Ω

)
∂Ω

≤ µ
∫

Ω

(
|u|2 + |v|2

)
dx− (ϑ2u|∂Ω, u|∂Ω)∂Ω − (ϑ1v|∂Ω, v|∂Ω)∂Ω

+ 2 Re

(∫
Ω

(Lv)udx+
( ∂v
∂νL

∣∣
∂Ω
, u|∂Ω

)
∂Ω

)
+
(
ϑ1(u+ v)|∂Ω, (u+ v)|∂Ω

)
∂Ω
,

where we have used Lv = µv. Applying this identity once more and making use of
∂v
∂νL
|∂Ω = −ϑ1v|∂Ω it follows

aϑ1 [u+ v] ≤ µ
(∫

Ω

(
|u|2 + |v|2

)
dx+ 2 Re

∫
Ω

vudx

)
+
(
(ϑ1 − ϑ2)u|∂Ω, u|∂Ω

)
∂Ω

≤ µ ‖u+ v‖2L2(Ω) , (3.3)

since ϑ1 ≤ ϑ2. By Lemma 3.1, dim(F +ker(Aϑ1
−µ)) = Nϑ2

(µ)+dim ker(Aϑ1
−µ),

therefore (3.3) yields

Nϑ1(µ) ≥ Nϑ2(µ) + dim ker(Aϑ1 − µ), µ ∈ R. (3.4)
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Letting k ∈ N be arbitrary and µ = λϑ2

k we obtain from (3.4)

#
{
j ∈ N : λϑ1

j < µ
}

= Nϑ1
(µ)− dim ker(Aϑ1

− µ) ≥ Nϑ2
(µ) ≥ k.

Hence λϑ1

k < λϑ2

k , the assertion of the theorem. �

Appendix A. Sesquilinear forms and selfadjoint operators

In this appendix we briefly summarize basic statements on semibounded sesqui-
linear forms and corresponding selfadjoint operators. Here H is a complex Hilbert
space with inner product (·, ·) and norm ‖ · ‖. A sesquilinear form (short: form) in
H is a mapping a : dom a×dom a→ C which is linear in the first and anti-linear in
the second entry, where dom a is a linear subspace of H. We say that a is densely
defined if dom a is dense in H. The form a is called symmetric if

a[u, v] = a[v, u], u, v ∈ dom a,

and semibounded below if there exists ca ∈ R with

a[u] := a[u, u] ≥ ca‖u‖2, u ∈ dom a.

Furthermore, a is said to be closed if dom a, equipped with the norm

‖u‖a :=
(
a[u] + (1− ca)‖u‖2

)1/2
, u ∈ dom a,

is complete. The items of the following proposition can be found in several standard
textbooks as, e.g., [8, 14, 23].

Proposition A.1. Let the sesquilinear form a in H be densely defined, symmetric,
semibounded below by some ca ∈ R, and closed. Then the following assertions hold.

(i) There exists a unique selfadjoint operator A in H with domA ⊂ dom a and

(Au, v) = a[u, v], u ∈ domA, v ∈ dom a.

Moreover, the spectrum of A is bounded from below by ca.
(ii) Assume, additionally, that A has an empty essential spectrum and let

λ1 ≤ λ2 ≤ . . .
be the eigenvalues of A, counted with multiplicities. Then the min-max
principle

λj(A) = min
L subspace of dom a

dimL=j

max
u∈L
‖u‖=1

a[u], j ∈ N,

holds. In particular, the eigenvalue counting function

NA(µ) := # {j ∈ N : λj ≤ µ} , µ ∈ R, (A.1)

can be expressed as

NA(µ) = max
{

dimL : L subspace of dom a, a[u] ≤ µ‖u‖2, u ∈ L
}
. (A.2)
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