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Abstract A meshless method based on the local Petrov-
Galerkin approach is proposed for the solution of quasi-
static and transient dynamic problems in two-dimensional
(2-D) nonhomogeneous linear viscoelastic media. A unit
step function is used as the test functions in the local weak
form. It is leading to local boundary integral equations
(LBIEs) involving only a domain-integral in the case of
transient dynamic problems. The correspondence princi-
ple is applied to such nonhomogeneous linear viscoelastic
solids where relaxation moduli are separable in space and
time variables. Then, the LBIEs are formulated for the
Laplace-transformed viscoelastic problem. The analyzed
domain is covered by small subdomains with a simple
geometry suchascircles in2-Dproblems.Themoving least
squares (MLS) method is used for approximation of
physical quantities in LBIEs.

Keywords Meshless method Æ Local weak form
Correspondence principle Æ Moving least squares
interpolation Æ Laplace transform Æ Functionally graded
materials Æ Viscoelasticity

1 Introduction

Various materials exhibit creep and relaxation behav-
iour. In the framework of linear continuum theory, such
a behaviour can be described by viscoelasticity. A

viscoelastic problem can be solved either in time-domain
directly or in the Laplace-transformed domain, if the
correspondence principle (Christensen, 1971) is appli-
cable. The later approach is simpler and more efficient if
an accurate Laplace-inversion technique is available.
Many computational methods have been developed to
analyze viscoelastic solids with homogeneous material
properties and some of them used the boundary integral
equation method (BIEM) or the boundary element
method (BEM) (e.g., Kusama and Mitsui, 1982; Lee and
Westmann, 1995; Mesquita et al. 2001; Gaul and
Schanz, 1994a; Schanz and Antes, 1997).

Functionally graded materials (FGMs) are advanta-
geous over homogeneous materials and conventional
composites, and they are promising candidates for future
advanced technological applications (Suresh and Mor-
tense, 1998). In FGMs, the composition and the volume
fraction of material constituents vary continuously with
spatial coordinates. In those materials creep and relaxa-
tion behaviour is observed too. However, in general, the
correspondence principle does not hold for FGMs.
Paulino and Jin (2001a) have shown that the corre-
spondence principle can still be used to obtain the
viscoelastic solution for a class of FGMs where the
relaxation moduli are separable in space and time vari-
ables. By using such revisted correspondence principle
for FGMs Paulino and Jin (2001b,c) have subsequently
studied crack problems of FGM strips subjected to
antiplane shear loading and later to in-plane loading (Jin
and Paulino, 2002).

Conventional computational methods with domain
(FEM) or boundary (BEM) discretizations have their
own drawbacks to analyze continuously nonhomoge-
neous solids. In commercial computer codes based on the
FEM material properties are usually considered to be
uniform within each element. The conventional BEM is
efficient mainly to problems where the fundamental
solution is available. For homogeneous and linear elastic
solids, elastodynamic fundamental solutions are avail-
able in analytical forms both in the time- and in the La-
place-transformed domain (Balas et al., 1998;
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Dominguez, 1993). According to the correspondence
principle, the Laplace-transformed viscoelastic solution
can be obtained directly from the solution of the
corresponding elastic problem (or Laplace-transforms of
elastodynamic problem) by replacing the time
independent elastic material parameters by the Laplace-
transformed viscoelastic material parameters. The final
time-dependent solution is realized upon inverting the
transformed solution. Thus, the application of the BEM
to viscoelastic FGMs requires the knowledge of the
fundamental solution of the elliptic problem in the
medium with the same spatial variation of the material
parameters as in the considered viscoelastic solid. How-
ever, the fundamental solution for continuously nonho-
mogeneous bodies is not available in general. For
exponentially graded non-homogeneous solids, elasto-
static fundamental solutions have been derived byMartin
et al. (2002) and Chan et al. (2004), which contain infinite
integrals and cannot be given in closed forms. For linear
elastic solids with variable mass density, free-space time-
harmonic Green’s functions in plane strain have been
presented by Manolis and Pavlou (2002), who used the
Hormander-method in the context of the matrix algebra
formalism. Recently, Fourier-integral representations of
elastostatic and elastodynamic fundamental solutions
have been applied by Zhang et al. (2003a,b, 2004) for
elastostatic and elastodynamic crack analysis in FGMs
with an exponential material gradation. In spite of the
above mentioned efforts towards the derivation and the
application of fundamental solutions in BIEM/BEM for
non-homogeneous elastic solids, elastostatic and elasto-
dynamic fundamental solutions are yet, to the authors
knowledge, still not available for general FGMs. One
remedy to overcome this difficulty is the use of funda-
mental solutions of some simplified operators or a para-
metrix (Levi function) instead of the fundamental
solutions (Mikhailov, 2002). The price which should be
paid in this approach is the loss of a pure boundary
integral formulation.

Many BEM formulations have been successfully
applied to static and transient elastodynamic problems in
homogeneous linear viscoelastic solids. In contrast, few
works can be found in literature for static or quasi-static
analysis of continuously nonhomogeneous and linear
viscoelastic solids (Paulino and Jin, 2001a,b,c; Jin and
Paulino, 2002). To the author’s best knowledge, dynamic
analysis of continuously nonhomogeneous and linear
viscoelastic solids has yet not been presented in literature.
Such an analysis has been performed only by Schanz and
Antes (1997) for homogeneous linear viscoelastic solids.
If the fundamental solution for homogeneous solids or a
parametrix is used for a nonhomogeneous solid,
boundary-domain integro-differential equations can be
obtained (Sladek et al., 1993). The boundary-domain
formulation, however, brings some computational diffi-
culties in the numerical implementation. To overcome
this difficulty a local integral formulation can be used for
general nonhomogeneous solids (Sladek et al., 2000). The
application of local integral equations (LIEs) requires the

use of a domain approximation of physical fields in the
numerical implementation (Atluri et al., 2000; Atluri
2004). In recent years, meshless formulations are
becoming popular due to their higher adaptivity and
lower cost for preparing input data in the numerical
analysis. A variety of meshless methods has been pro-
posed so far (Belytschko et al., 1994; Atluri and Shen,
2002; Liu, 2003; Atluri, 2004). Many of them are derived
from a weak-form formulation on global domain (Bely-
tschko et al., 1994) or a set of local subdomains (Atluri,
2004, Sladek et al., 2003a,b; Mikhailov, 2002). In the
global formulation background cells are required for the
integration of the weak-form. In methods based on local
weak-form formulation no background cells are required
and therefore they are often referred to as truly meshless
methods. If a simple form for the geometry of the sub-
domains is chosen, numerical integrations over them can
be easily carried out. The meshless local Petrov-Galerkin
(MLPG) method is a fundamental base for the derivation
of many meshless formulations, since trial and test
functions are chosen from different functional spaces.
The fundamental solution as the test function could lead
to accurate numerical results and it was utilized in pre-
vious papers for isotropic homogeneous and continu-
ously nonhomogeneous solids under static (Atluri et al.,
2000; Sladek et al., 2000) and dynamic loads (Sladek et
al., 2003a,b). Recently, a unit step function is used as the
test function in the local weak-form to derive LIEs (At-
luri, 2004; Sladek et al. 2004a–d). The form of LIEs
obtained in this manner is much simpler than that pro-
vided by utilizing the singular fundamental solutions.
The choice of the test function as a unit step function
results in a pure contour integral formulation on local
boundaries in the case of static or stationary problems,
while in transient problems an additional domain-inte-
gral describing the inertia term is involved. The accuracy
and the convergence of the numerical results in both
approaches are comparable (Sladek et al 2004a–d). The
spatial variation of the field variable can be approxi-
mated either by standard domain-elements (Sladek et al.
2004c,e) or by meshless approximations such as the
moving least-squares (MLS) scheme (Sladek et al. 2000,
2003a,b, 2004a) or point interpolation methods (Sladek
et al., 2004d,f).

In this paper, we present a meshless local Petrov-
Galerkin method for static and dynamic analysis of
continuously nonhomogeneous and linear viscoelastic
solids. Local integral equations for subdomains covering
entirely the analyzed domain are derived in the Laplace-
transformed domain. Several elliptic boundary value
problems have to be solved for various values of the
Laplace-transform parameter. The Stehfest’s inversion
method (Stehfest, 1970) is applied to obtain the final
time-dependent solutions. The local integral equations
are nonsingular and take a very simple form. Moreover,
by choosing a circular shape for the subdomains in the
2-D analysis, both the contour and the domain inte-
grations over the subdomains can be easily carried out.
The displacement field of the local integral equations is
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approximated by the MLS scheme. The boundary con-
ditions on the global boundary are satisfied by the col-
location of the MLS-approximation expressions for the
displacements at the nodal points on the global bound-
ary. To demonstrate the accuracy of the present method,
numerical examples are presented for various continu-
ously nonhomogeneous and linear viscoelastic solids
subjected to static and dynamic loads.

2 Basic equations

Let us consider a transient dynamic problem in a con-
tinuously nonhomogeneous and linear viscoelastic solid
in the domain X bounded by the boundary C. Then, the
basic equations are given by the equations of motion

rij;jðx; tÞ � qðxÞ€uiðx; tÞ ¼ �Xiðx; tÞ; ð1Þ
the linear strain-displacement relationship

eij ¼
1

2
ui;j þ uj;i
� �

; ð2Þ

and the linear viscoelastic constitutive law

sijðx; tÞ ¼ 2

Z t

0

lðx; t � sÞdeij

ds
ds;

rkkðx; tÞ ¼ 3

Z t

0

Kðx; t � sÞ dekk

ds
ds; ð3Þ

whererijðx; tÞ is the stress tensor,Xiðx; tÞ is the body force
vector, qðxÞ is the mass density, uiðx; tÞ is the displace-
ment vector, eij is the strain tensor, sij and eij are devi-
atoric components of the stress and the strain tensors,
respectively,

sij ¼ rij �
1

3
rkkdij;

eij ¼ eij �
1

3
ekkdij :

Note that the relaxation functionslðx; tÞ and Kðx; tÞ in
Eq. (3) are also dependent on spatial coordinates,
whereas in homogeneous solids they are only functions
of time, i.e., lðtÞ and KðtÞ. Throughout the paper, a
comma after a quantity denotes partial differentiation
with respect to the spatial coordinates, while the dots
over a quantity stand for time derivatives. In quasi-static
or stationary problems the inertial effects can be ne-
glected. Thus, the quasi-static problems can be consid-
ered formally as a special case of the general transient
problems when the acceleration term €uiðx; tÞ in the
equations of motion (1) is omitted. Therefore, both cases
are analyzed simultaneously in this paper.

The following boundary and initial conditions are
assumed

uiðx; tÞ ¼ ~uiðx; tÞ; on Cu;

tiðx; tÞ ¼ rijðx; tÞnjðxÞ ¼ ~tiðx; tÞ; on Ct;

uiðx; tÞjjt¼0 ¼ uiðx; 0Þ and _uiðx; tÞjjt¼0 ¼ _uiðx; 0Þ in X;

ð4Þ
where Cu is the part of the global boundary with pre-
scribed displacements, while on Ct the traction vector is
given, and ni are the components of the unit outward
normal vector to the boundary.

In general, the correspondence principle of homoge-
neous linear viscoelasticity may not hold for nonho-
mogeneous linear viscoelastic solids. To circumvent this
problem, we consider in this analysis a special class of
nonhomogeneous linear viscoelastic solids in which the
relaxation functions have the following separable form
(Paulino and Jin, 2001)

lðx; tÞ ¼ l0~lðxÞf ðtÞ;

Kðx; tÞ ¼ K0
~KðxÞgðtÞ; ð5Þ

where l0 and K0 are material constants, and ~lðxÞ, ~KðxÞ,
f ðtÞ and gðtÞ are non-dimensional functions. Then, the
constitutive law (3) is reduced to

sijðx; tÞ ¼ 2l0~lðxÞ
Z t

0

f ðt � sÞ deij

ds
ds;

rkkðx; tÞ ¼ 3K0
~KðxÞ

Z t

0

gðt � sÞ dekk

ds
ds: ð6Þ

The Laplace-transforms of the basic Eqs. (1), (2), (6),
and the boundary conditions (4) are given by

�rij;jðx; pÞ � qðxÞp2�uiðx; pÞ ¼ � �Fiðx; pÞ; ð7Þ

�eijðx; pÞ ¼
1

2
�ui;jðx; pÞ þ �uj;iðx; pÞ
� �

; ð8Þ

�sijðx; pÞ ¼ 2l0~lðxÞp �f ðpÞ�eijðx; pÞ; ð9Þ

�rkkðx; pÞ ¼ 3K0
~KðxÞp�gðpÞ�ekkðx; pÞ; ð10Þ

�uiðx; pÞ ¼ ~�uiðx; pÞ on Cu; ð11Þ

�tiðx; pÞ ¼ ~�tiðx; pÞ on Ct; ð12Þ
where the Laplace-transform of a function mðx; tÞ is
defined as

L mðx; tÞ½ � ¼ �mðx; pÞ ¼
Z1

0

mðx; tÞe�ptds;

p is the Laplace-transform parameter and

�Fiðx; pÞ ¼ �Xiðx; pÞ þ qðxÞpuiðx; 0Þ þ qðxÞ _uiðx; 0Þ
is the redefined body force in the Laplace-transformed
domain with the initial boundary condition for dis-
placements uiðx; 0Þand velocities _uiðx; 0Þ.

It is seen that the set of Eqs. (7)–(12) has a form
identical to the Laplace-transformed equations of
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elastodynamics in non-homogeneous medium with the
time-independent shear modulus l ¼ l0~lðxÞ and the
bulk modulus K ¼ K0

~KðxÞ, provided that the trans-
formed viscoelastic quantities are associated with the
corresponding transformed elastodynamic quantities
and l0p �f ðpÞ and K0p�gðpÞ are associated with l0 and K0,
respectively. In the case of stationary loadings, the
inertial effects can be omitted and the transformed vis-
coelastic quantities are associated with the correspond-
ing elatostatic quantities.

3 Local boundary integral equations
in Laplace-transformed domain

Instead of writing the global weak-form for the govern-
ing equations, the MLPG methods construct the weak-
form over local subdomains such as Xs, which is a small
region taken for each node inside the global domain
(Atluri and Shen, 2002). The local subdomains overlap
each other, and cover the whole global domain X. The
local subdomains could be of any geometric shape and
size. In the present paper, the local subdomains are taken
to be of a circular shape. The local weak-form of the
governing equation (7) can be written as
Z

Xs

�rij;jðx; pÞ � qðxÞp2�uiðx; pÞ þ �Fiðx; pÞ
� �

u�i ðxÞdX ¼ 0; ð13Þ
where u�i ðxÞ is a test function.

Using

rij;ju�i ¼ riju�i
� �

;j�riju�i;j

and applying the Gauss divergence theorem one can
write
Z

@Xs

�rijðx; pÞnjðxÞu�i ðxÞdC�
Z

Xs

�rijðx; pÞu�i;jðxÞdX

þ
Z

Xs

�qðxÞp2�uiðx; pÞ þ �Fiðx; pÞ
� �

u�i ðxÞdX ¼ 0; ð14Þ

where@Xs is the boundary of the local subdomain which
consists of three parts, i.e., @Xs ¼ Ls [ Cst [ Csu. Here, Ls
is the local boundary that is totally inside the global
domain, Cstis the part of the local boundary which lies
on the global boundary with prescribed tractions, i.e.,
Cst ¼ @Xs \ Ct, and similarly Csu is the part of the local
boundary that lies on the global boundary with pre-
scribed displacements, i.e., Csu ¼ @Xs \ Cu (see Fig. 1).

If a unit step function is chosen as the test function
u�i ðxÞin each subdomain

u�i ðxÞ ¼
1 at x 2 Xs

0 at x =2 Xs

�

and considering

�tiðx; pÞ ¼ �rijðx; pÞnjðxÞ
the local weak form (14) is leading to the following local
boundary integral equations
Z

@Xs

�tiðx; pÞdCþ
Z

Xs

�qðxÞp2�uiðx; pÞ þ �Fiðx; pÞ
� �

dX ¼ 0:

ð15Þ
Rearranging unknown terms (see Fig. 1) on the left hand
side of Eq. (15) we get
Z

Ls

�tiðx; pÞdCþ
Z

Csu

�tiðx; pÞdC

�
Z

Xs

qðxÞp2�uiðx; pÞdX ¼ �
Z

Cst

~�tiðx; pÞdC

�
Z

Xs

�Fiðx; pÞdX: ð16Þ

Equation (16) is recognized as the overall force equi-
librium on the subdomain Xs. In the case of quasi-static
problems, the domain-integral on the left hand side of
the local integral equations disappears. Then, a pure
boundary integral formulation is obtained under the
assumption of vanishing body forces.

Fig. 1 Local boundaries and the
domain of definition of the MLS
approximation for the trial func-
tion
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In the MLPG method the test and the trial functions
are not necessarily from the same functional spaces.
For internal nodes, the test function is chosen as a unit
step function with its support on the local subdomain.
The trial function, on the other hand, is chosen to be
the moving least squares (MLS) interpolation over
a number of nodes randomly spread within the domain
of influence. Let us consider a sub-domain Xx, the
neighbourhood of a point x, as the domain of defini-
tion of the MLS approximation for the trial function at
x, which is located in the problem domain X. To
approximate the distribution of the function u in Xx
over a number of randomly located nodes fxag,
a ¼ 1; 2; . . . ; n; the MLS approximant uhðxÞ of u,
8x 2 Xx, is defined by

uhðxÞ ¼ pTðxÞaðxÞ; 8x 2 Xx ð17Þ
where pTðxÞ ¼ p1ðxÞ; p2ðxÞ; . . . ; pmðxÞ

� �
is a complete

monomial basis of order m; and aðxÞ is a vector con-
taining the coefficients ajðxÞ, j ¼ 1; 2; . . . ;m which are
functions of the space co-ordinates x ¼ x1; x2; x3½ �T. For
example, for a 2-D problem

pTðxÞ ¼ 1; x1; x2½ �; forlinear basis m ¼ 3 ð18aÞ

pTðxÞ ¼ 1; x1; x2; ðx1Þ2; x1x2; ðx2Þ2
h i

ð18bÞ

for quadratic basis m ¼ 6

The coefficient vectoraðxÞ is determined by minimizing a
weighted discreteL2 -norm defined as

JðxÞ ¼
Xn

a¼1
waðxÞ pTðxaÞaðxÞ � ûa

� �2
; ð19Þ

where waðxÞ is the weight function associated with the
node a with waðxÞ > 0. Recall that n is the number of
nodes in Xx for which the weight function waðxÞ > 0 and
ûa are the fictitious nodal values, but not the nodal
values of the unknown trial function uhðxÞ in general
(see Fig. 1 for simple one-dimensional case for the dis-
tinction between ui and ûiÞ. The stationarity of J in Eq.
(19) with respect to aðxÞ leads to the following linear
relation between aðxÞ and û

AðxÞaðxÞ ¼ BðxÞû; ð20Þ
where

AðxÞ ¼
Xn

a¼1
waðxÞpðxaÞpTðxaÞ;

BðxÞ ¼ w1ðxÞpðx1Þ;w2ðxÞpðx2Þ; . . . ;wnðxÞpðxnÞ
� �

: ð21Þ
The MLS approximation is well defined only when the
matrix A in Eq. (20) is non-singular. A necessary con-
dition to satisfy this requirement is that at least m weight
functions are non-zero (i.e., n � mÞ for each sample
point x 2 X and that the nodes in Xx are not arranged in
a special pattern such as on a straight line.

The solution of Eq. (20) for aðxÞ and a subsequent
substitution into Eq. (17) lead to the following relation

uhðxÞ ¼ UTðxÞ � û ¼
Xn

a¼1
/aðxÞûa;

ûa 6¼ uðxaÞ ^ ûa 6¼ uhðxaÞ; ð22Þ
where

UTðxÞ ¼ pTðxÞA�1ðxÞBðxÞ: ð23Þ
In Eq. (23), /aðxÞ is usually referred to as the shape
function of the MLS approximation corresponding to
the nodal point xa. From Eqs. (21) and (23), it can be
seen that /aðxÞ ¼ 0 when waðxÞ ¼ 0. In practical
applications, waðxÞ is often chosen such that it is non-
zero over the support of the nodal point xa. The support
of the nodal point xa is usually taken to be a circle of the
radius ra centered at xa (see Fig. 1). The radius ra is an
important parameter of the MLS approximation be-
cause it determines the range of the interaction (cou-
pling) between the degrees of freedom defined at
considered nodes.

A 4th-order spline-type weight function is applied in
the present work

waðxÞ ¼ 1� 6 da

ra

� �2þ8 da

ra

� �3�3 da

ra

� �4
0 � da � ra

0 da � ra

�
;

ð24Þ
where da ¼ kx� xak and ra is the size of the support
domain. With Eq. (24), the C1-continuity of the weight
function is ensured over the entire domain, therefore the
continuity condition of the tractions is satisfied. The size
of the support ra should be large enough to cover a
sufficient number of nodes in the domain of definition to
ensure the regularity of the matrix A. The value of n is
determined by number of nodes lying in the support
domain with radius ra.

The partial derivatives of the MLS shape functions
are obtained as (Atluri, 2004)

/a
;k ¼

Xm

j¼1
pj
;kðA

�1BÞja þ pjðA�1B;k þ A�1;k BÞja
h i

; ð25Þ

wherein A�1;k ¼ A�1
� �

;k represents the derivative of the
inverse of A with respect to xk, which is given by

A�1;k ¼ �A�1A;kA
�1:

The traction vectors �tiðx; pÞ at a boundary point x 2 @Xs
are approximated in terms of the same nodal values
ûaðpÞ as

�thðx; pÞ ¼ NðxÞD
Xn

a¼1
BaðxÞûaðpÞ; ð26Þ

where the matrix N(x) is related to the normal vector
n(x) of @Xs by

NðxÞ ¼ n1 0 n2

0 n2 n1

� �
;

the matrix Ba is represented by the gradients of the shape
functions as
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Ba ¼
/a
;1 0
0 /a

;2

/a
;2 /a

;1

2

4

3

5

and the stress-strain matrix D is defined by

D ¼
�E

1� �m2

1 �m 0
�m 1 0
0 0 ð1� �mÞ=2

2

4

3

5

with

�m ¼ 3 �K � 2�l
6 �K þ 2�l

; �E ¼ 2�lð1þ �mÞ;

in which �E is the Young’s modulus and �m is the Poisson’s
ratio.

Obeying the boundary conditions at those nodal
points on the global boundary where displacements are
prescribed, and making use of the approximation for-
mula (22), one obtains the discretized form of the dis-
placement boundary conditions as

Xn

a¼1
/aðfÞûaðpÞ ¼ ~�uðf; pÞ forf 2 Cu: ð27Þ

Furthermore, in view of the MLS-approximations (22)
and (26) for the unknown fields in the local boundary-
domain integral Eq. (16), we obtain the discretized LIEs

Xn

a¼1
ûaðpÞ

Z

Ls

NðxÞDBaðxÞdC

þ
Xn

a¼1
ûaðpÞ

Z

Csu

NðxÞDBaðxÞdC

� p2
Xn

a¼1
ûaðpÞ

Z

Xs

qðxÞ/aðxÞdX

¼ �
Z

Cst

~�tðx; pÞdC�
Z

Xs

�Fðx; pÞdX; ð28Þ

which are considered on the sub-domains adjacent to
interior nodes as well as to the boundary nodes on Cst.

Collecting the discretized LIEs (28) together with the
discretized boundary conditions for the displacements
(27), we get the complete system of algebraic equations
for the computation of the nodal unknowns which are
the Laplace-transforms of fictitious parameters ûaðpÞ.

The time-dependent values of the transformed vari-
ables can be obtained by an inverse transform. There are
many inversion methods available for the Laplace-trans-
form. As the Laplace-transform inversion is an ill-posed
problem, small truncation errors can be greatly magnified
in the inversion process and lead to poor numerical re-
sults. In the present analysis the Stehfest’s algorithm
(Stehfest, 1970) is used. Accordingly, an approximate
valuefa of the inverse f ðtÞ for a specific time t is given by

faðtÞ ¼
ln 2

t

XN

i¼1
vi

�f
ln 2

t
i

� 	
; ð29Þ

where

vi ¼ ð�1ÞN=2þi

Xminði;N=2Þ

k¼ ðiþ1Þ=2½ �

kN=2ð2kÞ!
ðN=2� kÞ! k! ðk � 1Þ! ði� kÞ! ð2k � iÞ! : ð30Þ

Our numerical experiences have shown that the selected
number N = 10 with a single precision arithmetic is
optimal to receive accurate results. It means that for
each time t, it is needed to solve N boundary value
problems for the corresponding Laplace-parameters
p ¼ i ln 2=t, with i ¼ 1; 2; . . . ;N . If M denotes the
number of the time instants at which we are interested to
knowf ðtÞ, the number of the Laplace-transform solu-
tions �f ðpjÞ is then M � N . The Stehfest’s method has
been successfully implemented to invert the Laplace-
transforms in heat transfer problems by Divo and
Kassab (2002). The method has two important advan-
tages: it is easy to implement, and it involves only a real
Laplace-transform parameter. For these reasons, the
Stehfest’s method is applied in the present study despite
a larger CPU time required for the inversion.

4 Numerical examples

In this section numerical results will be presented to
illustrate the accuracy and the efficiency of the proposed
method.

Example 1: A viscoelastic strip

As the first numerical example, a viscoelastic strip as
depicted in Fig. 2 is considered. The strip is subjected to
a uniform traction loading t1 ¼ 1:0Hðs� 0Þ at the end
x1 ¼ L, while the opposite end is fixed in the x1-direction.
The other boundaries are free of tractions. Here, HðzÞ is
the Heaviside unit step function. The length of the strip
is L = 3 and the width w = 1.

A standard linear viscoelastic solid with homoge-
neous material properties and constant relaxation time is
first considered in our numerical analysis

E ¼ E0f ðtÞ ¼ E0
E1
E0
þ 1� E1

E0

� 	
exp � t

t0

� 	� �
; ð31Þ

where E1=E0 ¼ 0:5, E0 ¼ 1, t0 ¼ 1 and Poisson’s
ratio m ¼ 0:0. In this case, the relaxation functions are
expressed in terms of the Young’s modulus as l ¼ E=2,
K ¼ E=3. According to the correspondence principle the
Young’s modulus E0 is replaced by

E0p �f ðpÞ ¼ E1 þ ðE0 � E1Þ
pt0

pt0 þ 1
:

For the inverse Laplace-transform, the Stehfest’s algo-
rithm is applied. Under the quasi-static assumption, the
analytical solution for the viscoelastic displacement at
the loaded end of the strip is given by
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u1 ¼ L
2

1þ expð�t=t0Þ
:

In the numerical computation by the LBIEM, 48
boundary nodes and additional 57 internal nodes with a
regular distribution have been used, see Fig. 2. In Fig. 3,
the numerical results for the displacement u1 at node 21
(see Fig. 2) obtained by the present LBIEM are com-
pared with analytical results. One can observe a very
good agreement of both results.

Next, nonhomogeneous material properties and
quasi-static assumption are considered. Here, an expo-
nential material gradation in the x1-direction is chosen
and the same relaxation function as in the previous
example is taken, i.e.,

E ¼ E0 expðcx1Þ
E1
E0
þ 1� E1

E0

� 	
exp � t

t0

� 	� �
; ð32Þ

where the material gradient parameter c is selected as
c ¼ 0:2 and 0.4. With increasing exponent c the Young’s
modulus increases and the displacement in the bar de-
creases. This phenomena is observed in Fig. 4.

Now, the influence of the mass density or the inertial
term on the time variation of the displacement is
investigated, where homogeneous material properties
are assumed. The same geometry of the strip is consid-
ered as in the quasi-static case. A three parameters vis-
coelastic model (Schanz and Antes, 1997) is applied

q1
da

dta
sij þ sij ¼

E
1þ m

eij þ q2
da

dta
eij

� 	
;

q1
da

dta
rkk þ rkk ¼

E
1þ m

ekk þ q2
da

dta
ekk

� 	
: ð33Þ

The following material constants are considered in
numerical calculations: E ¼ 1, m ¼ 0, q ¼ 1, q1 ¼ 0:5,
q2 ¼ 1 and a ¼ 1:0. The same problem was analyzed by
Schanz andAntes (1997) using aBIEM.Numerical results
provided by both methods are compared in Fig. 5. One
can see a quite goodagreement of both results. Schanz and
Antes (1997) compared their numerical results with the
analytical solution for a one-dimensional (1-D) problem
which is obtained from the elastodynamic one according
to the elastic-viscoelastic correspondence principle. The
agreement of the ‘‘exact’’ solution with their BEM results
was very good. To show the influence of the viscosity on
the results the elastic and the viscoelastic solutions are
compared in Fig. 6. The viscoelastic wave velocities, de-
fined with the initial moduli by (Gaul and Schanz, 1994b)

c1v ¼ c1

ffiffiffiffiffi
q2

q1

r
; c2v ¼ c2

ffiffiffiffiffi
q2

q1

r
; ð34Þ

also increase, because the material is stiffened. For
smaller values of q1, the ratio q2=q1 becomes larger, and
consequently the wave velocity and the damping are
increasing. This is also observed in Fig. 6.

Fig. 2 A viscoelastic strip under
a uniaxial tension

Fig. 3 Displacement in a homogeneous viscoelastic strip (quasi-static
analysis)

Fig. 4 Displacement in a nonhomogeneous viscoelastic strip (quasi-
static analysis)
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Example 2: A viscoelastic hollow cylinder

In the second numerical example, we consider a thick
hollow cylinder of inner radius R1 ¼ a ¼ 8 and outer
radius R2 ¼ b ¼ 16 subjected to an internal pressure
p ¼ p0HðtÞ with p0 ¼ 1. The cylinder is assumed to be
long enough for plane strain conditions to apply. First,
we have selected the same homogeneous material
properties as used by Lee and Westmann (1995) for
comparison purposes. Bulk modulus and shear relaxa-
tion modulus are taken as

KðtÞ ¼ K0gðtÞ ¼ K0;

GðtÞ ¼ G0f ðtÞ ¼ G0 1þ G1

G0
expð�t=t0Þ

� �
; ð35Þ

where G0 ¼ 120, G1 ¼ 360, K0 ¼ 1280 and t0 ¼ 2:5.
From Eq. (35) one obtains clearly

Gð0Þ ¼ G0 þ G1 and Gð1Þ ¼ G0 < Gð0Þ:
According to the correspondence principle the adequate
material moduli in the Laplace-transformed formulation
for viscoelasticity are given by

G0p �f ðpÞ ¼ G0 þ G1
pt0

pt0 þ 1
:

K0p�gðpÞ ¼ K0:

Laplace-transforms of Young’s modulus and Poisson’s
ratio can be expressed through bulk and shear moduli as

�m ¼ 3 �K � 2 �G
6 �K þ 2 �G

; �E ¼ 2 �Gð1þ �mÞ:

Due to the symmetry of the problem only one quarter of
the hollow cylinder has to be discretized, which is cov-
ered by nodes for the MLS approximation. First, a
regular distribution of nodes is used with 11 nodes on
each radius (the radial increment is 0.8) and with an
angular step of six degrees. Thus, the total number of
nodes is 176 (see Fig. 7). The time variation of the radial
displacement under the quasi-static assumption is shown
in Fig. 8. One can observe a good agreement of the
present numerical results with the BIEM results by Lee
and Westmann (1995) on inner and outer radii of the
hollow cylinder. The influence of the irregular node
distribution on the accuracy of the present method is
analyzed too. In the vicinity of the corner node 11 in
Fig. 7 two additional nodes (hollow circles) are added
into the previous regular node distribution. Their posi-
tion is in the center of the nearest neighboring four
nodes (solid circles). The relative error in the radial
displacement on the outer radius at t=50s for a regular
node distribution is 0.8% with respect to the BIEM re-
sults. For irregular node distribution the relative error is
0.85%, which deviates from that for a regular node
distribution only by 0.05%.

To investigate the influence of the mass density on the
time variation of the radial displacement the inertial term
in the governing Eq. (1) has to be considered. The same

Fig. 5 Transient response of a homogeneous viscoelastic strip
(dynamic analysis)

Fig. 6 Comparison of the time variations of the displacement in
homogeneous elastic and homogeneous viscoelastic strips (dynamic
analysis) Fig. 7 A hollow cylinder under a uniform pressure on inner surface
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geometry and homogeneous material properties are
considered as in the previous case. Here, the mass density
is chosen as q ¼ 0:25 � 10�3 lb=in3 ð7:166 � 103 kgm�3Þ.
The time variation of the radial displacements is pre-
sented in Fig. 9. For larger times the effect of the inertial
term is damped by the viscosity of the material, and the
quasi-static solution is thus approached.

Next, the influence of the material nonhomogeneity
on the radial displacement and the hoop stress for a
nonhomogeneous and pure elastic hollow cylinder sub-
jected to a static loading is investigated. A time-inde-
pendent exponential gradation of the materials shear
modulus is considered, which is described by

G ¼ G0 expðcðr � aÞÞ ð36Þ
with G0 ¼ 480, c ¼ 0:1, and Poisson’s ratio m ¼ 0:4.
Equation (36) implies that the shear modulus is gradu-
ally increasing with the radius of the cylinder. The
problem was analyzed by the FEM too. The
NASTRAN computer code with a very fine mesh con-
sisting of 3200 quadratic elements was used. In the
NASTRAN computer code the material properties are
piecewise uniform within each element. It should be

remarked here that the use of graded elements, which
allow graded material properties within each element
(Santare and Lambros, 2000; Kim and Paulino, 2002)
could lead to an improved numerical solution of the
present problem. Unfortunately, such FEM-codes are
not available to us, and our FEM results by using non-
graded elements but with very fine meshes are expected
to be accurate and reliable. Numerical results for the
radial displacement and the hoop stress are given in
Figs. 10 and 11, respectively. For the computed radial
displacement one can observe a perfect agreement of the
LBIEM and the FEM results. For the computed hoop
stress in a homogeneous cylinder a perfect agreement is
observed too. However, in a nonhomogeneous cylinder
a small discrepancy between the FEM and the LBIEM
results occurs in the vicinity of the inner surface. It is
probably caused by the fact that the material properties
are piecewise uniform in the FEM approach. In addi-
tion, a large gradient of the hoop stress appears in a
homogeneous cylinder in the vicinity of the inner surface
and this is also the case in a nonhomogeneous cylinder.
For this reason, a finer discretization near the inner
surface of the cylinder in both the FEM and the LBIEM
could lead to a better agreement of the computed hoop
stresses.

Finally, nonhomogeneous material properties for a
viscoelastic hollow cylinder under the quasi-static
assumption are considered. The material parameters are
described by

KðtÞ ¼ K0 expðcðr � aÞÞ;

GðtÞ ¼ G0 þ G1 expð�t=t0Þ½ � expðcðr � aÞÞ; ð37Þ
where G0 ¼ 120, G1 ¼ 360, K0 ¼ 1280, t0 ¼ 2:5, and
c ¼ 0:1. The time variation of the radial displacements
on inner and outer surfaces of the cylinder are presented
in Figs. 12 and 13, respectively. In comparison to a
homogeneous cylinder, the radial displacements in a
continuously nonhomogeneous cylinder are significantly
reduced, especially for large times. This implies that a
material gradation in radial direction is advantageous, at
least in the considered case.

Fig. 8 Time variation of the radial displacement in a homogeneous
viscoelastic hollow cylinder (quasi-static analysis)

Fig. 9 Transient radial displacement in a homogeneous viscoelastic
hollow cylinder (dynamic analysis)

Fig. 10 Radial displacement in a nonhomogeneous elastic hollow
cylinder (static analysis)
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5 Conclusions

From this analysis, the following conclusions can be
drawn:

� A local boundary integral equation formulation based
on MLPG with meshless approximation has been
successfully implemented to solve 2-D initial-bound-
ary value problems for quasi-static and transient
problems in linear viscoelastic solids using the cor-
respondence principle and the Laplace-transform
technique.

� A unit step function is used as the test function in the
local symmetric weak-form formulation. The derived
local boundary-domain integral equations are
non-singular. Nodal points spread over the analyzed
domain are introduced and the moving least squares
(MLS) interpolation scheme for approximating the
physical fields is employed. Each nodal point is sur-
rounded by a small circular sub-domain on which the
local boundary-domain integral equations are
applied. The proposed method is a truly meshless
method, wherein no elements or background cells are
involved in either the interpolation or the integration.

� The main drawback of the global boundary element
formulations in continuously nonhomogeneous solids
is the absence of fundamental solutions. The pro-
posed method leads to a simple integral formulation
and the domain-integral in the case of transient
problems doesn’t bring any difficulties when a circu-
lar shape for the sub-domains is chosen. The com-
putational accuracy of the present method is
comparable with that of FEM.

� In comparison to the conventional domain-discreti-
zation methods such as the FEM, the present method
requires more CPU-times. The main reason lies in the
fact that the computational effort for the evaluation
of the shape functions and the corresponding inte-
gration is larger than in the conventional domain-
discretization methods, since the shape functions in
meshless methods have non-polynomial forms in
contrast to that in the conventional domain-discreti-
zation methods.
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