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Abstract

Bubble flows in non-Newtonian fluids were analyzed using first-principles methods with the aim to compute 

and predict mass transfer coefficients in such fermentation media. The method we used is a Direct Numerical 

Simulation (DNS) of the reactive multiphase flow with deformable boundaries and interfaces. With this 

method we are able for the first time to calculate mass transfer coefficients in non-Newtonian liquids of 

different rheologies without any experimental data. In the current paper shear-thinning fluids are considered. 

However, the results provide the basis for further investigations, such as the study of viscoelastic fluids.
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1 Introduction

Scale-up of bioreactors for the production of biopharmaceuticals, such as recombinant proteins, anti-

infectives or vaccines, is known to be a challenging problem, due to a lack of general scaling laws for complex 

non-Newtonian media. The rheology of such fluids often exhibits strongly non-Newtonian behavior (Curtis, 

1993; Doran, 1999; Kieran et al., 1997; Leduy et al., 1974; Rodriguez-Monroy et al., 1999, 2000; Sánchez et 

al., 2002). Furthermore, mass-transfer rates, which are needed for the prediction of oxygen supply, are not 

known a priori, since no general mass-transfer correlation exists for non-Newtonian fluids. Similar 

observations can be made for the properties needed to precisely predict transport of metabolites, nutrients or 

CO2.

Most data on non-Newtonian liquids are derived from experimental studies, which are usually interpreted with 

simple theoretical models (Doran, 1999; Jin et al., 2005; Kawase and Hashimoto, 1996; Kieran et al., 1997; Li 

et al., 2004; Sánchez et al., 2002). However, so far there have been no reports on the prediction of mass 

transfer coefficients in non-Newtonian fluids based on first-principles methods. Thus, it is the aim of this 

contribution to present a new Direct Numerical Simulation (DNS) method that allows us to investigate in detail 

the micro-effects in non-Newtonian fluids, including the computation of mass transfer coefficients.  

In addition to mass transfer and transport coefficients, knowledge of shear rates and the resulting stress 

distribution in aerated non-Newtonian liquids are important to determine whether a bioreactor is suitable to 

handle shear-sensitive biosystems (Al-Masry, 1999). Damage to fragile microorganisms, biofilms and 

immobilized biocatalysts due to high shear rates have been reported (Duddridge et al., 1982; Gjaltema et al., 

1995, 1997; Kieran, 1993; Lau and Liu, 1993; Leenen et al., 1996; Martins dos Santos et al., 1997). However, 

even sub-critical shear stresses found in the hydrodynamic environment of large-scale reactors may reduce 

cell productivity by impacting transcription, translation, secretion and other mechanisms (Choi et al., 2006).  

Clearly, a better understanding of the underlying micro-processes will have a positive effect on bioreactor 

technology (Kieran et al., 1997). For example, external circulating loop airlift (ECL-AL) bioreactors are 

increasingly used in the biochemical industry. However, the design equations are mostly based on simple 

macro-scale models using empirical correlation. As a consequence optimization strategies are restricted to a 

limited number of variables. Another example includes high-density cell systems, which are increasingly used 

and where oxygen and nutrient supply are critical parameters (Choi et al., 2006).
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In order to perform realistic macro-scale simulations (equipment size) of a turbulent bio-reactive flow, 

models of the micro-scale effects are required to capture all scales of the process, including the smallest 

eddies, bubble-cell interactions and oxygen transport. Such micro-scale models need to be assumption-free, 

i.e., one needs to use first-principle tools, such as Direct Numerical Simulation (DNS) methods.  

Using DNS it is now possible to fully resolve the interface of a bubble in all three dimensions and even to 

predict the interaction of many deformable bubbles (Tryggvason et al., 2001). The inclusion of species 

conservation, however, has been a persistent problem, because of the high Schmidt numbers that require a 

large number of grid points needed to resolve the concentration field. For the first time, Koynov et al. (2005) 

performed DNS of this challenging problem and provided detailed results on mass transfer and chemical 

reactions in fully deformable bubble swarms. Our contributing is to extend their method to non-Newtonian 

flows, such as the ones encountered in biotechnological applications. 

2 Method

In our study reactive DNS of bubbly flows in non-Newtonian liquids have been performed in order to predict 

mass transfer coefficients without use of any correlations. The method is based on a fully resolved simulation 

of the fluid dynamics and the concentration field around a single bubble on a grid containing more than 

3,000,000 nodes. A modified 2D front-tracking/front-capturing method based on a code developed by 

Tryggvason et al. (2001) is used to simulate the motion of deformable gas bubbles. A newly developed scheme 

has been employed for the solution of the species conservation equations.  

Fluid dynamics 

In order to obtain the velocity field around deformable bubbles, the linear momentum equations, as well as 

the mass conservation equation have to be solved. For multiphase flows various techniques exist. In our 

method, the front of the bubble is directly tracked, and the material properties (density and viscosity) can 

then be reconstructed on a fixed grid. The jump in the material properties and the interphase momentum 

exchange at the phase boundary are directly captured that way. Therefore, we do not need any additional 

modeling. The linear momentum equation and the species conservation equation are solved in the entire 

domain, treating the multiphase system as a single fluid with changing properties, while accounting for 

surface tension forces. The governing equations can then be written as: 
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The two equations are solved simultaneously for the time step n+1 in the computational domain using a two-

step method. In the first step (prediction step) the pressure gradient in the momentum equations is 

neglected, and an intermediate velocity field u* is generated: 
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In Equation 3 the subscript h denotes the numerical approximation of the spatial derivative. For this step a 

Crank-Nicholson scheme was used to solve the implicit equation. Thus, in contrast to the former code (Koynov 

et al., 2005), no stability criterion has to be satisfied and the code is significantly faster. In the second step 

the pressure gradient is added, resulting in a Poisson equation that is solved with an SOR algorithm.  

Constitutive equation for the continuous phase 

A power law model (Eq. 4) and a Carreau-Yasuda (Eq. 5) shear-thinning model have been implemented. Once 

the local shear rate has been calculated at each nodal point of the domain, the apparent viscosity can be 

reconstructed. For the presented simulations a power law model with a low shear rate cutoff was used, 

because of its frequent use. However, any other model on the basis of a generalized Newtonian fluid can be 

used in the simulation. 
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Species Conservation Equation 

The equation describing the transport of species  can be written as: 
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For the mass transfer simulations the reaction rates rj were set to zero. The solution of this partial 

differential equation (PDE) with direct discretization typically leads to inaccurate results because of the 

numerical diffusion introduced by the discretization of the convection term. In our simulation a novel semi-

Lagrangian (SL) advection scheme was used that was initially developed for the application in atmospheric 

modeling (Staniforth and Côté, 1991). Since the Pèclet number of the problems is high (1,000 – 10,000 for the 

flow of air bubbles in an aqueous medium), the advection term is dominating the diffusion term. Therefore, 

the use of an accurate advection scheme producing no or an insignificant amount of numerical diffusion is 

critical. This was realized by the use of an operator splitting – SL – scheme that first advects the 

concentration directly from the departure point to the current grid point. Then, the algorithm carries out the 

diffusion and reaction step (Radl, Diploma Thesis, Graz University of Technology, 2006).  

3 Results and Discussion

Enhancement of Numerical Algorithms  

The implemented Crank-Nicholson scheme enabled us to reduce the computational time at low Re-numbers by 

about 90% due to the increased time-step size. Furthermore, it improved the stability of the non-Newtonian 

fluid simulations, enabling us to run simulations with a low power law index (strongly shear-thinning fluids). 

The SL-Advection scheme proved to result in low numerical diffusion. Thus, we are able to fully resolve the 

concentration boundary layer close to the bubble interface, even at the bubble roof. The computational cost 

of this scheme (interpolation at the departure point) was mostly absorbed by an adaptive algorithm that skips 

points where the advection terms can be neglected. 

Validation of the Models 

To validate the Semi-Lagrangian advection scheme, different tests were conducted. One test was to compare 

the experimentally and theoretically predicted mass-transfer rates in Newtonian fluids. In Fig. 1 the Sherwood 

number was plotted against the Reynolds-number. The comparison of the available data with the simulation 

results demonstrates the accuracy of the model. It can be seen from Fig. 1 that the results match other data 

in the range of their applicability very well. The validation of the power-law fluid model was based on the 

comparison of drag coefficients (Radl, Diploma Thesis, Graz University of Technology, 2006) and showed good 

agreement with correlations taken from the literature (see for example Margaritis et al., 1999). 
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Mass Transfer Coefficients as a function of the flow index n 

As reported by Bhavaraju et al. (1978), the mass transfer coefficient increases with increasing pseudo 

plasticity and decreasing flow index. This finding can be confirmed as shown in Fig. 2, which shows the 

Reynolds number as a function of the flow index n. As can be seen from our simulations, the increase in the 

mass transfer rate is more pronounced in the low-Reynolds-number regime Re = 1, compared to the case of Re 

= 5. However, in the case of a recirculation wake (Re = 18) and at low flow indices a significant impact on 

mass transfer coefficients can be observed.  For this case, shear thinning effects cause an increase of the 

mass transfer rate of up to 20%. Low values of the Schmidt number (Sc = 50) weaken the influence of the 

shear thinning effects on the mass transfer at Re = 1. For low Schmidt numbers, diffusion dominates 

convective effects, which are influenced by the non-ideality of the fluid. In the case of higher Schmidt 

numbers (Sc = 400), the concentration boundary layer is thinner and therefore, is located in a region close to 

the bubble interface, where shear thinning effects lower the local viscosity and result in a higher velocity 

gradient.  

In Figure 2 we have also included an analytical correlation valid for infinite Pèclet numbers and creeping 

flows, which was derived by Hirose and Moo-Young (1969). Furthermore, experimental data for creeping flows 

by Moo-Young et al. (1970) are shown. As can be seen from Figure 2, our data for developed flows and 

realistic Sc number agree well with this theoretical analysis and the experimental study. As expected, the 

agreement improves for lower Reynolds number and higher the Schmidt numbers. 

Concentration fields around bubbles in non-Newtonian liquids 

From our simulations it can be seen that the concentration fields around bubbles in non-Newtonian liquids 

have a longer tail than those in Newtonian fluids (see Fig. 3), which is due to the lower viscosity in the wake. 

However, close to the bubble no substantial difference can be detected for low to moderate Re-numbers. 

Thus, only the reduced local viscosity close to the bubble interface and the higher viscosity in the wake of the 

bubble in non-Newtonian liquids are responsible for the increase of the mass transfer rate as illustrated in Fig. 

2.

Shear rate distribution around the bubbles 
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The velocity field u  has been used to calculate the local shear rate distribution yx, . The shear rate  is 

calculated according to: 

DD :2  (7) 

uuD T

2

1

  (8) 

To compare the results for the different setups, the shear rate was normalized by a reference shear rate 

btref dU /  to obtain the relative shear rate distribution yx,' . The results for the Newtonian and non-

Newtonian liquid are illustrated in Fig. 4. A higher relative shear rate in the vicinity of the bubble interface is 

observed for the shear thinning fluid ( 34.4'max ) compared to a Newtonian liquid ( 56.3'max ). This 

higher peak value of the shear stress may have an effect on (biological) cells that are aggregated at the 

bubble interface. 

The corresponding dimensionless viscosity field yx,'  has been obtained by normalizing the computed 

liquid viscosity field yx, with the viscosity ref  at the reference shear rate and is shown in Fig. 5. It 

clearly indicates that there exists a region in front of the bubble and two separate ones at the rear, where 

the viscosity is significantly reduced (left figure). Because of the locally higher Re-number in those areas, it 

can be expected that (especially in the front region of the bubble) the local mass transfer rate will be higher 

than in Newtonian liquids. That explains the higher overall mass-transfer coefficient that was observed in 

non-Newtonian liquids at the same Reynolds number. 

Another finding is that at higher Re-numbers (Re = 18, right figure), where a closed recirculating wake is 

formed, a confined region with high viscosity exists that influences the mass transfer from the bubble. This 

hydrodynamic effect was first observed by Ohta et al. (2005), who investigated bubble flow in a shear-

thinning fluid (Carreau-Yasuda model). In our simulations we also observed such a high-viscosity “plug”, which 

has an extent of 1/3rd of the bubble diameter (Fig. 5, right). 

Concluding Remarks 

Our study shows that the simulation of multiphase flow in non-Newtonian fluids at the micro-scale and the 

prediction of mass-transfer coefficients for arbitrary fluids are feasible.  Even concentration fields can be 

predicted for moderate Re-numbers and realistic Sc-numbers.  Implementation of the rheology of shear-
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thinning fluids is straightforward, and the resulting effects can be studied similar to those in Newtonian 

liquids. Thus, single bubbles and even bubble swarms can be investigated in unprecedented detail. The results 

of this study are the basis for further research in this area, including: 

Mass Transfer from bubble swarms in shear thinning fluids. To connect micro-scale simulations and 

macro-scale industrial applications, bubble swarms have to be considered. 

Mass Transfer from bubbles and bubble swarms in viscoelastic fluids. The effect of viscoelasticity on 

the mass transfer will be quantified in order to justify the simplifications made in the literature. 

Biochemical reactions in non-Newtonian fluids. The model will be enhanced to include chemical 

reactions in the liquid phase and at the interface between liquid and suspended particles. 

 Combined effects of mass transfer and shear rate distribution in non-Newtonian liquids. Combined 

effects of mass transfer rate and shear rate distribution will be considered to find optimal operating 

conditions.

Macro-scale simulation of bioreactors. The results of the DNS will be used in equipment-size 

simulations to provide optimization strategies for industrial applications.  
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4 Nomenclature

a Parameter of the Carreau-Yasuda model 

c  Concentration of species  (kmol/m³) 

CFD Computational Fluid Dynamics 

D Rate of strain tensor (1/s) 

D  Diffusion coefficient of species  (m²/s) 

db volume equivalent bubble diameter (m) 

DNS Direct Numerical Simulation 

ds’ Differential element of the bubble contour  

ECL-AL External Circulating Loop Airlift Bioreactors 

f  Body force (gravity; m/s²) 

F  Body forces and surface tension (N/m³) 

K Consistency index of the power law model (Pa.sn)

n Index for time step  

n Flow index of the power law model 

'n  Normal vector to the bubble interface 

nCY Parameter of the Carreau-Yasuda model 

p Pressure (Pa) 

rj reaction rate of the j-th reaction (kmol/m³.s)

PDE Partial differential equation 

Pe Pèclet number (Pe = db
.Ut/D

Re Bubble Reynolds number (Renewt = db
.Ut

.
l/µl, Repower-law = db

n.Ut
(2-n).

l/K)

Sh Sherwood number (Sh = .db/D )

Sc Schmidt number (Sc = µl/ l
.D )

t Time (s) 

u  Velocity vector (m/s) 

*u  Intermediate velocity vector (m/s) 
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Ut Terminal rise velocity (m/s) 

x  Orthogonal coordinates, position vector of a point 

'x  Orthogonal coordinate of the interface 

Greek Letters 

 Mass transfer coefficient (m/s) 

 Dirac Delta Function 

 Shear rate (1/s) 

'  Dimensionless Shear rate  

'  Curvature 

 Parameter of the Carreau-Yasuda model (s) 

 Dynamic viscosity (Pa.s)

'  Dimensionless dynamic viscosity  

 Infinite shear rate viscosity of the Carreau-Yasuda model (Pa.s)

0
 Zero shear rate viscosity of the Carreau-Yasuda model (Pa.s)

j,
 Stoichiometric coefficient of species  in reaction j 

 Density (kg/m³) 

 Surface Tension (N/m) 
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6 List of Figures

Fig. 1: Sherwood number as a function of the Re-number for Newtonian fluids (Sc = 10). Lines show 
correlations based on experimental data for cylinders (dashed line: low Re-number approximation) and 
spheres with mobile interfaces (solid line: high Re-approximation, dotted line: low to medium Re-number 
approximation), the symbols represent simulation results (diamonds: Khinast, 2001; circles: this work). 

Fig. 2: Sherwood number for power-law fluids divided by the Sherwood number for Newtonian fluids as a 
function of the flow index (circles, diamonds, boxes and crosses: simulation results, line: analytical expression 
by Hirose and Moo-Young (1969), +: experimental results for creeping flow by Moo-Young et al. (1970)) 

Fig. 3: Dimensionless concentration field around a bubble in Newtonian (left) and non-Newtonian liquids 
(right)
(Re = 5, Sc = 400, n = 0.4) 

Fig. 4: Relative shear rate distribution around a bubble in Newtonian (left) and non-Newtonian liquids (right, n 
= 0.4) (Re = 5) 

Fig. 5: Dimensionless viscosity field around bubbles rising in non-Newtonian liquids (left: Re = 5, right: Re = 
18; n = 0.4) 
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