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Lattice Boltzmann Models (LBM) are widely used to solve fluid mechanical problems in engineering applications. In this work a brief
introduction of LBM is given and a new boundary condition is proposed for the cardiovascular domain to support elastic walls in order to
simulate blood flow in elastic vessels. The flow field is calculated in two spatial dimensions revealing characteristic flow patterns and
geometrical changes of the arterial walls for different time dependent input contours of pressure and flow. For steady flow the results are
compared to the predictions of the model proposed by Fung which is an extension of Poiseuille’s theory. For unsteady flow themodel was
validated with the solution given by Womersley. The results are very promising for relevant Reynolds and Womersley numbers.
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Ein Lattice-Boltzmann-Modell für pulsierenden Blutfluss in elastischen Gefäßen.

Lattice-Boltzmann-Modelle (LBM) finden in der Strömungsmechanik Verwendung. In dieser Arbeit soll ein kurzer Überblick über LBM
gegeben werden. Es wird eine neue Randbedingung vorgestellt, die es erlaubt, elastische Wände effektiv für Blutflusssimulationen zu
modellieren. Dabei wird die Strömung zweidimensional im Ort als auch über die Zeit berechnet, was charakteristische Flussprofile sowie
geometrische Veränderungen der Arterienwände für verschiedene Fluss- und Druckverhältnisse aufzeigt. Für stetigen Fluss werden die
Ergebnisse mit einem analytischen Modell von Fung verglichen, das auf die Theorie von Poiseuille zurückgeht. Für pulsierenden Fluss
wurde dasModell mit der Lösung vonWomersley validiert. Die Ergebnisse sind sehr zufrieden stellend im Bereich der relevanten Reynolds-
und Womersley-Zahlen.

Schlüsselwörter: Lattice-Boltzmann-Modelle; zelluläre Automaten; Blutflusssimulation; Elastizität

1. Introduction

In the western industrial countries cardiovascular diseases are the

most frequent cause of death. Therefore a lot of research is done to

get a better understanding of the cardiovascular system (CVS). To

simulate the CVS various models of different accuracy are used and

often coupled together to describe the circulation on different spa-

tial and temporal scales (Leitner et al., 2005).

In this work a LBM is used to simulate the blood flow in two spatial

dimensions, solving the Navier-Stokes equation with the Lattice

Bhatnagar-Gross-Krook (LBGK) method (Succi, 2001; Wolf-Gladrow,

2002). The main advantages of the LBGK method are that it is simple

to implement and to parallize which enables an efficient computation.

Further it is a bottom up approach. Thus the algorithm can be inter-

preted physically in every step, which makes this method very intuitive.

2. The D2Q9 LBGK Model for blood flow simulation

For simulating the flow field we use a LBGK model (Succi, 2001;

Wolf-Gladrow, 2002) which is proved to be capable of dealing with

pulsative flow within the range of Reynolds and Womersley number

existing in large arteries (Artoli et al., 2004; Artoli et al., 2003).

The LBGK Model is based on a statistical description of a fluid in

terms of the Boltzmann equation. The Boltzmann equation with

single relaxation time is given by

@f

@t
þ � � rf ¼ � 1

�
ðf � feqÞ ð1Þ

and is discretised in the spatial domain, in velocity space and in time,

yielding

fiðx þ c � ei�t; t þ�tÞ � fiðx; tÞ ¼ � 1

�
ðfiðx; tÞ � f eqi ðx; tÞÞ ð2Þ

where c ¼ �x=�t;�x is the lattice grid spacing and �t the time

step. The particle distribution functions fi evolve on a regular grid

and represent particles traveling on the link ei (Fig. 1), thus fiðx; tÞ
refers to the particle distribution on the lattice node x at time t on

the link ci .

The equilibrium density distribution f eqðx; tÞ depends solely on the

density �ðx; tÞ and the velocity uðx; tÞ of a lattice node x. The density
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Fig. 1. The velocity directions in the D2Q9 LBGK model
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� and the velocity u are obtained from the density distribution

function fi

�ðx; tÞ ¼
X
i

fiðx; tÞ; ð3Þ

�ðx; tÞuðx; tÞ ¼
X
i

cei fiðx; tÞ: ð4Þ

For �x ¼ �t the equilibrium is defined as

f eqi ð�; uÞ ¼ �

�
!i þ 3!iei � uþ 9

2
!iðei � uÞ2 �

3

2
!iu � u

�
ð5Þ

with the weight coefficients

!i ¼
4=9; i ¼ 0
1=9; i ¼ 1;2; 3; 4
1=36; i ¼ 5;6; 7; 8

:

8<
: ð6Þ

The mass and momentum equations can be derived from the model

via multiscaling expansion as

��

�t
þr � ð�uÞ ¼ 0; ð7Þ

�ð�uÞ
�t

þr � ð�uuÞ ¼ �rpþ �ðr2ð�uÞ þ rðr � ð�uÞÞÞ ð8Þ

where p ¼ c2s � is the pressure, cs ¼ c=
ffiffiffi
3

p
is the sound speed, and

� ¼ ð2� � 1Þc2�t=6 is the kinematic viscosity. The mass and

momentum equations are exactly the same as the compressible

Navier-Stokes equation if the density variation is small enough. Thus

the compressible Navier-Stokes equation is recovered in the incom-

pressible limit. If the density fluctuation is assumed to be negligible

the incompressible Navier-Stokes equation can be derived directly

via the Chapman-Enskog procedure. Because of the expansion in

the velocity term the lattice Boltzmann method is only applicable to

low Mach number hydrodynamics.

3. A boundary condition for elastic walls

In blood flow simulation it is important to consider the compliance

of vessels. Therefore a boundary condition must be developed that

describes the movement of the vessel walls in dependence of pres-

sure. In (Fang et al., 2001) a method is proposed that parameterizes

the walls and uses a special treatment for curved boundaries. Thus

the simplicity of the LBGK method is partly lost. Therefore a simpler

approach is choosen in this work, which doesn’t need parameterized

walls but uses a cellular automat (CA) (Wolfram, 1994) to update

the walls in every time step. This enables a simple implementation in

two and three dimensions. Further the proposed method doesn’t

increase the complexity of the whole algorithm because it works

strictly locally like the LBGK method.

LBM and CAs are closely related. The only difference between the

two is that LBM have continuous state variables on their lattice

nodes, while CA have discrete state variables in their cells. Appro-

priate update rules for the elastic walls boundary condition should

therefore be strictly local and should have the same discretization in

time and the spatial domain as the LBGK Model. The boundary

conditions used by the LBGK are normally defined in a separate

lattice. This lattice can be interpreted as a CA with its own update

rules which interacts with the fluid dynamical model (Fig. 2).

For the update rules of the walls we assume that the vessel is

circular and deformation is axisymmetric and that the walls h are

thin compared to the radius r, i.e. h=r � 1 and tethered in the

longitudinal direction. In this case we can use the circumferencel

tensile stress �� to establish a connection between transmural pres-

sure pe, Young Modulus E and radius r.

peðxÞ ¼
4

3

Eh

r0ðxÞ

�
1� r0ðxÞ

rðx; tÞ

�
ð9Þ

The transmural pressure peðxÞ ¼ pðxÞ � p0, where p0 is the pressure

of the surroundings, can be derived locally by measuring the pres-

sure pðxÞ in the lattice nodes next to the vessel wall. The radius r0ðxÞ
is the predefined vessel radius with transmural pressure 0.

Equation (9) can be used to determine a threshhold value tx for

every cell x in the CA. The value denotes the limit where a solid node

is displaced by sourrounding fluid. Thus to set up the CA properly

the distance from a cell x to the centerline of the vessel (rðxÞ in

Eq. (9)), the Young Modulus E, the wall thickness h is needed.

For the evolution rules of the CA describing the boundary condi-

tions the pressure pcaðx; tÞ of a node x is needed. In case the node x

is solid the pressure of the neighbouring fluid nodes are averaged.

pcaðx; tÞ ¼
pðx; tÞ; fluid node
1
#f

P4
i¼1 pðx þ ei ; tÞ; solid node

�
ð10Þ

The value #f is the number of fluid nodes sourrounding the solid

node x. The pressure pðx; tÞ of a solid node is defined to be 0. Only

Fig. 2. The LBGK Model and the CA are discretized in the same spatial and temporal domain
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the four neighbours of the Neumann neighbourhood are considered

(see Fig. 3).

Every node in the CA has a certain threshold value tx which is

determined from Eq. (9) which leads to the condition

pcaðx; tÞ ¼
true; pcaðx; tÞ � tx
false; pcaðx; tÞ< tx

:

�
ð11Þ

The update rule is divided into two steps. First the cell’s state is set to

‘fluid node’ if pcaðx; tÞ is true and set to ‘solid node’ if pcaðx; tÞ is

false. In the second step the following scheme is applied (Fig. 3). The

rules are chosen in a way that artefacts are reduced and holes (solid

nodes in fluid nodes or the other way around) are closed.

The LBM uses the cells of the CA as boundary conditions. For solid

cells the bounce back on link (BBL) boundary condition is used (see

(Succi, 2001)), for fluid nodes the normal LBGK evolution is applied

(Eq. (2)). When the LBM switches from ‘solid node’ to ‘fluid node’

the fluid node is set to feqð�; uÞ, where u is 0 and � is determined

from the threshhold value tx .

4. Grid refinement

In order to get good results with the method the resolution of the

lattice must be very high. To avoid lengthy computation times the

grid can be refined locally at the walls, while a coarser resolution is

chosen inside the fluid. The usual way to implement grid refinement

for LBM (see Fig. 4) is to keep the speed of sound constant on all grid

levels. This leads to a nested time stepping scheme (van Treeck et al.,

2005). For a detailed description of the procedure we refer to (Yu,

Mei, Shyy). The CA calculating the boundary conditions must have

the same refinement of cells and nested time steps as the grid of the

LBM. The rules stay the same due to the simplicity of the Neumann

neighbourhood.

An easier way of increasing the resolution without having the walls

parameterized (in this case curved boundaries could be used) is to use

the Fillipova-Hänel (FH) treatment in special cases. The FH treatment

has been examined in (Mei, Luo, Shyy, 1999). A simple update rule

has to be added to the CA supporting rotated walls (Fig. 5).

The new node type is treated as a ‘fluid node’ in the CA with the

update rules given in Fig. 3. This simple approach avoids turbulence

that could be caused by the edge and enables the usage of coarser

resolution without the need of parameterizing the walls.

5. Results

For steady flow a simulation in an elastic tube has been performed.

The tube has a length of 2 cm and radius of 0.225 cm at a trans-

mural pressure of 0. The velocity field is simulated in two dimensions

with a resolution of 400�70 lattice nodes, where one lattice node

equals 0.01mm2. On the inlet and the outlet a pressure gradient of

1mmHg is applied. The elastic boundaries evolve to a steady state

during, which leads to a state velocity field (Fig. 6).

For the analytical solution of the steady flow we assume a linear

pressure radius relationship:

rðzÞ ¼ r0 þ
1

2
�pðzÞ; ð12Þ

where z is distance from the inlet, r0 is the radius when the trans-

mural pressure is 0 and � is a compliance constant. If we assume

Fig. 3. Rules of the boundary conditions CA, the given rules are
rotational symmetric

Fig. 4. Local regular grid refinement

Fig. 5. Special treatment of edges, the given rule is rotational
symmetric

Fig. 6. Velocity field in an elastic tube
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that the flow is laminar the flow field will have a parabolic profile

(Hagen Poiseuille flow) and the flow rate QðzÞ is consequently con-

stant for every z.

This assumption and Eq. (12) lead to the expression (see (Fung,

1984)):

rðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrðLÞ4 � rð0Þ4Þ z

L
þ rð0Þ4:4

r
ð13Þ

The analytical result of the radius is compared to the simulation

result (see Fig. 7). Note that rðLÞ and rð0Þ are not predetermined

in the simulation but result from the applied pressure difference.

The lower Figures (8) illustrate the behaviour of the extended

LBGK method under transient pressure and flow conditions. The

calculated profiles show a good agreement to the solution proposed

by Womersley (Womersley, 1957). The reader may further notice

displacement of the vessel wall in respect to the pressure gradient.

This is represented by different vertical magnitudes of time depen-

dent zero velocities in horizontal direction.

6. Summary

A new boundary condition for LBM models is introduced describing

elastic walls. The model is tested for blood flow simulation with

compliant artery walls. The walls are not parameterized but are

updated with a CA. The rules of this new CA are chosen to avoid

artefacts and to fill holes in order to simulate the wall movement

without any parameterization. The current model was implemented

in two dimensions but the basic approach is very promising for three

dimensional application because of the easy handling of the bound-

aries in a separate grid. The LBM for blood flow is examined for

steady flow and shows good accordance with the exact solution.
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