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Abstract

By application of case-based learning (CBL) various effects can be analyzed and demonstrated more easily. In the area of medicine
one rapidly reaches boundaries in the visualization of complex information [J.L.M. Poiseuille, Recherches experimentales sur le
mouvement des liquids dans les tubes de tres petits diametres, Memoires Savant des Etrangers 9 (1846) 433–544]. Learning and
teaching without recourse to patients is difficult. Consequently the use of models and simulations are useful. In this paper the
authors report about experiences gained with HAEMOSIM, a web-based project in medical education. The goal of this project is
the design and development of interactive simulations in local hemodynamics by the application of mathematical–physiological
models. These include the modelling of arterial blood flow dependent on the pressure gradient, radius and bifurcations, as well as
blood flow profiles in dependency of viscosity, density and radius and finally pulse-wave dynamics with regard to local and global
compliance.
© 2008 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In vessel surgery indications like arterial bypasses or arterio-venous shunts are widespread and their effective
medical treatment require experienced surgeons. Looking at internal statistical data, the average life expectancy of an
arterio-venous shunt for example is about 4 years. This data already consider the preserving effects of radiological
intervention. The situation regarding bypasses is not even better. Relevant international literature reports that 6 out
of 10 new bypasses have to be renewed after 5 years. Nevertheless there are shunts/bypasses that last. One reason
therefore may be an optimized treatment planning. The challenge thereby is to capture all the relevant information
needed and to synthesize it with applied fluid dynamics/hemodynamics. To manage this by guess is nearly impossible
even for experienced medicines.

To promote the synthesis of actual emerging medical techniques which are computer based like 3D Angiography,
Ultrasound Doppler or Invasive Flow meter with “bed side” applied hemodynamics we developed a course for students
on an interactive web basis. The intention is to provide both a better understanding of the underlying physics and the
meanings and power of modern medical tools and their application on hemodynamics to improve life expectancy of
bypasses and shunts. Unlike most technical applications human blood flow is unsteady and the tubes are compliant.
Furthermore the investigator has to consider reflected and re-reflected pressure waves too. Out of this, the current
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work provides web-based simulation models which give a stepwise and interactive introduction to steady and unsteady
pressure and flow relations in compliant tubes. We develop several learning modules and within each step we introduce
new concepts and its limits.

2. Educational principles and background

The principles behind the pedagogy include learner-centred design, which integrates self-exploration, active and
meaningful learning strategies, motivational media, and visual teaching. The content is designed for an end-user
to visualize principles, make predictions, learn problem-solving skills with a ‘hands-on’ approach, apply and test
scientific methodologies, and see immediate outcomes from their manipulations. This approach can effectively increase
comprehension of the material.

However, the amount and the complexity of data available are constantly increasing as a result of technology
advancements in computer performance and storage capacity. Due to well-known cognitive and perceptual limitations,
the quantity of information an end-user can examine and handle at a given instant is very limited. Answers to these
problems are a central theme of study and development in the rapidly growing area of information visualization.

3. Modelling and simulation

The learning structure is organised in the following sections:

• Basic laws for steady flow in tubes.
• Unsteady (pulsatile) flow in straight elastic tubes under homeostatic conditions.
• Transient blood flow in arteries.

The movement of fluids or gas over time, the so-called volume flow (cm3/s), is always associated with pressure,
more precisely with a pressure gradient. As there is a trend to compensate such gradients by nature, fluids masses
stream from high pressure areas to ones with low pressure to reach an equilibrium, blood in arteries behave alike.
Within the medical domain blood pressure is one of the most popular forces. Pressure is defined as force/area and
popular measuring units are mmHg or dyne/cm2. Force itself can be defined for our purposes as mass (g) × acceleration
(cm/s2), what subsequently implies that there is the necessity of kinetic energy to produce pressure. In environmental
systems like rivers this energy is provided by gravitation. As gravitation is constant on earth the resulting pressure is
called hydrostatic. Based on this both Hagen and Poiseuille independently started to investigate the behaviour of flow
in small rigid tubes. Finally Poiseuille [14] has found a formula which describes that flow in the desired pipes is subject
to the pressure difference (∂P), pipe length (L), radius (R), and fluid viscosity (μ)

volume flow = πR4∂P

8μL
.

As a result we can observe parabolic flow profiles in the tube. This implies that flow velocity (cm/s) is not constant
along the radius. Dividing the upper formula by the area of a circle (R2π) we can derive an expression for both the
mean as well as the max flow velocity within the pipe

mean flow velocity = R2∂P

8μL
,

max flow velocity = R2∂P

4μL
.

Fig. 1 shows an applet that implements and interactively illustrates this behaviour considering a steal phenomenon
(reversed flow in a peripheral artery segment). The most obvious insight the law of Hagen–Poiseuille provides is the
fact that volume flow is related to the fourth power to the radius so that for example a 2× increase in radius causes
a 16× increase in volume flow. The flow velocity on the other hand is only quadratic in respect to the radius. So the
above-mentioned example would lead to an 8× increase of flow velocity.
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Fig. 1. Simulated reversed flow in bifurcation using the law of Hagen–Poiseuille.

In natural sciences nearly any law or equation usually requires certain preconditions full filled to be applicable. The
same we face here. There are many conditions which need to be satisfied to meet the validity of Hagen-Poiseuille. A
detailed discussion you can find in [17]. Within the following paragraph we want to present shortly some points why
the law of Hagen–Poiseuille cannot fully be applied to the human cardiovascular system.

• The flow has to be laminar.
• The flow has to be steady.
• The tube has to be rigid and a cylindrical shape.

Nevertheless the law of Hagen–Poiseuille is a fundamental basis and delivers qualitative insight to flow in tubes. The
consideration of elasticity requires the discussion what elasticity means in physical terms. Assuming a closed rubber
band which encloses a certain area as example, one would say that the more it is distended by applying a certain force
on it, e.g., using the fingers, the higher the elasticity. And indeed this relation is often used as measure for elasticity,
it is the so-called compliance which is defined as the cross-sectional area change of a elastic ring or tube caused by a
change of force or pressure:

compliance (C) = ∂A

∂P
,

A = area and P = pressure.
This definition is very intuitive but an indirect measure and lacks in situations where you do not have closed areas or

volumes. Therefore, a direct approach is normally used to describe elasticity, the so-called elastic or Young’s modulus.
It is a measure for the relation of change in material strain caused by external stress/pressure/force (Fig. 2). The
interpretation of Young’s or elastic modulus (YM or E) is complementary to compliance, as an increase in YM means
that the stressed material is getting stiffer and vice versa. As force relates per definition to a given area, the overall
elasticity is also determined by the material wall thickness, commonly denoted as h. The formal dependency can be
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approximated for larger arteries as

compliance (C) = 3πR3

2Eh
.

Within the human arterial system both the compliance as well as the Young’s moduls are neither constant nor is
their in-/decrease linear regarding the pressure niveau. Anyway we assume a constant YM for illustration purposes
and modifiy the Law of Hagen–Poiseuille [4] by a pressure dependent

radius (Rx) = R0

(
1 − R0Px

Eh

)
,

R0 = initial radius, Px = pressure at point x and Eh = Young’s modulus × wall thickness.
This small adaption of Poiseuille’s law is a first enhancement. As mentioned above the law of Hagen–Poiseuille

is not valid for an unsteady pressure gradient. In the 1950s Womersley [19] and McDonald [11] presented analytical
approximations to this problem, which we will introduce and discuss in this section. The first difference we want
to point out in respect to a steady pressure gradient is that the flow profile is also transient and determined by four
parameters:

• radius;
• pressure gradient and frequency;
• blood density;
• blood viscosity.

The basic idea of Womersley is that every volume flow and pressure profile can be represented by aggregated
harmonic functions (sinus and cosinus). To compose and decompose such pressure and flow waves, as illustrated in
the right hand figure, the so-called Harmonic Analysis, introduced by Fourier in 1822 is used. To calculate the wave
propagation along an elastic tube Womersleys theory uses a specialized Telegraph (wave) equation, which incorporates
important parameters like tube length and diameter as well as elasticity. As a consequence pulse wave velocity (PWV)
(Figs. 3 and 4) has to be considered intensively, because regarding unsteady flow the wall mechanics massively influence
the pulse wave velocity, which describes the propagation of the pressure waves. The fundamental relation, which is

Fig. 2. Exemplified stress/strain relation in human arteries [3].
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Fig. 3. Harmonic composition of a pulse wave [16].

called the Moens-Korteweg equation, describes primary behaviour of the pulse wave velocity (c0) in elastic tubes:

pulse wave velocity (c0) =
√

Eh

2Rρ
,

Eh = Young’s modulus × wallthickness, R = radius and ρ = blood density.
The most important implication of this is the fact that changes in diameter or Young’s modulus have a quadratic

effect on pulse wave velocity. Due to the hardening of arteries by arteriosclerosis and therefore increasing stiffness,
pulse wave velocity is used as a relevant risk indicator in clinical practice. The reader may also note that PWV rises

Fig. 4. Measured pulse wave propagation along the aorta [10].
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along the arterial tree. As stated before using the Moens-Korteweg equation the decreasing diameters as well as the
naturally higher Young’s modulus in peripheral arteries are responsible for this behaviour. One may also look at the
pressure curves plotted on the right figure. The pressure curve gets smoothened by the hardening tubes and becomes
also slimmer in shape with decreasing values for the vessel diameter along the arterial tree. As already mentioned
above the Womersley solution depends on harmonics. Each harmonic has a different frequency, whereas the important
ones are usually those under 50 Hz. Depending on the frequency and radius flow waves follow pressure waves in a
certain way. To calculate this behaviour we utilize a Bessel function (FJ) which is also used to determine the skin
effect in classical electro-technical applications. The function is parameterized with the so-called Womersley number
(α) which is dimensionless and normalises the above-mentioned influence of radius and frequencies.

Womersley number (α) =
√

Rω

v
,

R = radius, ω = angular frequency and v = kinematic viscosity (μ/ρ).
As stated in the previous paragraph both the arterial radius and elasticity have major influence on pulse wave velocity.

Cumulating all our considerations into one relation between radius, elasticity and frequency yields in a resulting term
referenced as

complex wave-propagation velocity (c) =
√

πR2(1 − FJ(α))

ρC
.

Based on the above-introduced relation we are able to calculate the transmission of pulse and flow waves at any
point x along a cylindrical tube using the following equations:

flow wave Q(x, ω) = a cos
(ωx

c

)
+ b sin

(ωx

c

)
,

pressure wave P(x, ω) = i

√
ρ

Cππ2(1 − FJ(α))

(
−a cos

(ωx

c

)
+ b sin

(ωx

c

))
.

Using the above formalism the pulse and pressure waves within the arterial system can be described well [12]. The
major effects on wave transmission can be demonstrated using the applet shown in Fig. 5. All influences of radius, wall
elasticity, blood density and blood viscosity can be illustrated interactively. As the solution is explicit the calculations
are very fast as well as small in memory usage and therefore its suitability for the use in web-based applications is
obvious.

Nevertheless there are shortcomings for the application in real life. There are two major drawbacks. First the method
uses the frequency domain and subsequently only periodic behaviour can be investigated. Second the influence of vessel
geometry is very limited because symmetric constraints need to be considered. This has no major effect on qualitative
pulse and flow wave transmission in long vessels but considerations on local fluid mechanics in bifurcations and
tapered anastomoses cannot be calculated in a satisfying way. To feature such demand some advanced mathematical
models are needed. The Modelling approaches presented up to now are all special cases or simplifications of the
well-known Navier–Stokes equations. Thus all of them are restricted in their application. Actually the solution of the
full Navier–Stokes equation can only be established by numerical algorithms [13,15,9]. Unfortunately these methods
require a lot of computing effort and are therefore not really suitable for Internet applications. To overcome these
problems we want to introduce a discrete solution of the Navier–Stokes equations which is based on the Boltzmann
equation. This equation is well known within the domain of statistical mechanics and has been adapted for the use in
fluid mechanics [6].

∂f

∂t
+ ξ∇f = −1/λ(f − f (0))

This extension is fully discrete and called lattice-Boltzmann BGK method [8,1]. Furthermore this method does not
increase the calculation effort by time dependent boundary conditions [7,5] and the computations can be parallelised
easily. Through multi scaling expansion and on the assumptions of small Mach numbers and nearly homogeneous
density it has been shown that this method converges against the Navier–Stokes equations. In 2D geometry each point
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Fig. 5. Simulated 1D pulse wave propagation in an elastic tube using the Womersley method.

has eight neighbours with a certain distance (Fig. 6). Within the model the vector eα describes the geometrical condition.

fα(x + eαδt, t + δt) − fα(x, t) = −1

λ
(fα(x, t) − f (eq)

α (x, t))

The idea is that every discrete point on a lattice tends to reach a given equilibrium and is influenced by its neighbours
in time and space

f (eq)
α = ρω

(
1 + 3

c2
s

eαu + 9

2c4
s

(eαu)2 − 3

2c2
s

uu

)
, ωα =

⎧⎪⎨
⎪⎩

4/9, α = 0

1/9, α = 1, 3, 5, 7

1/36, α = 2, 4, 6, 8

.

Fig. 6. LB-LBK grid.
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Fig. 7. Simulated 2D flow in bifurcation using the lattice Boltzmann LBK method.

In our case the equilibrium function needs to consider mass and momentum conservation [18] with cs denoting the
pulse wave velocity and the following velocity function

u(x, t) ≡ Σeαfα(x, t)

Σfα(x, t)

which converges quadratic in space and linear in time against the Navier–Stokes equations [2], provided that the Mach
number is sufficiently small{|u|/cs � 1. Finally Fig. 7 shows an applet that simulates a realistic flow pattern within a
bifurcation using the above-introduced lattice-Boltzmann method.

4. Conclusion

Using the above-introduced mathematical models we can simulate the behaviour of arterial hemodynamics quite
well for teaching purposes. The web implementations work very satisfying and provide fast and qualitative calculations.
The use of various modelling approaches allows us to consider a wide range of hemodynamic cases, especially the
effects of tapered and pathological arteries. The fact of in cooperating complex numerical PDE models in our project
marks a milestone in teaching as well as in applied web engineering.

References

[1] P.L. Bhatnagar, E.P. Gross, M. Krook, A model for collision processes in gases. Part I. Small amplitude processes in charged and neutral one
component system, Phys. Rev. A 94 (1954) S.511.

[2] S. Chen, H. Chen, D.O. Martinez, W.H. Matthaeus, Phys. Rev. Lett. 67 (1991) 3776.
[3] P.B. Dobrin, Mechanical properties of arteries, Phys. Rev. 58 (1978) 397–460.
[4] Y.C. Fung, Biodynamics: Biomechanics Circulation, 2nd ed., Springer-Verlag, New York, 1997, XVII, 571 p. 298 illus., Hardcover ISBN:

978-0-387-94384-8.



Author's personal copy

M. Hessinger et al. / Mathematics and Computers in Simulation 79 (2008) 1039–1047 1047

[5] F. Haiping, W. Zuowei, L. Zhifang, M. Liu, Lattice Boltzmann method for simulating the viscous flow in large distensible blood vessels, Phys.
Rev. E 65 (5) (2002).

[6] X. He, L.-S. Luo, Lattice Boltzmann model for the incompressible Navier–Stokes equation, J. Stat. Phys. 88 (1997) S.927–S.944.
[7] A.G. Hoeksta, Jos van’t Hoff, A.M. Artoli, P.M.A. Sloot, Unsteady flow in a 2D elastic tube with the LBGK method, Future Generation

Computer Systems, Int. J. Grid Comput.: Theory Methods Appl. 20 (2004) S.917–S.924.
[8] M. Junk, W.A. Yong, Rigorous Navier–Stokes limit of the Lattice Boltzmann Equation, Technical Report, IWR, Universität Heidelberg, 2003.
[9] J. Kropf, M. Wibmer, S. Wassertheurer, J. Krocza, An Identifiable Model for Dynamic Simulation of the Human Cardiovascular System, Proc.

Eurosim, Paris, 2004.
[10] R.D. Latham, et al., Regional wave travel and reflections along the human aorta: a study with six simultaneous micromonometric pressures,

Circulation 72 (1985) 1257–1269.
[11] D.A. McDonald, The relation of pulsatile pressure to flow in arteries, J. Physiol. 127 (1955) 533–552.
[12] S.O. Mette, Structured tree outflow condition for blood flow in larger systemic arteries., Am. J. Physiol., Heart Circ. Physiol. 276 (1999)

H257–H268.
[13] T. Pedley, The Fluid Mechanics of Large Blood Vessels, Cambridge University Press, 1980.
[14] J.L.M. Poiseuille, Recherches experimentales sur le mouvement des liquids dans les tubes de tres petits diameters, Memoires Savant des

Etrangers 9 (1846) 433–544.
[15] N. Stergiopulos, et al., Computer simulation for arterial flow with applications to arterial and aortic stenoses, J. Biomech. 25 (12) (1992)

1477–1488.
[16] Westerhof, et al., Arterial impedance, in: H.C. Hwang et al. (Eds.), Quantitative Cardiovascular Studies, University Park Press, Baltimore,

1979.
[17] W.N. Wilmer, F.O’Rourcke Michael, McDonald’s blood flow in arteries, Arnold, 1998.
[18] A. Wolf-Gladrow Dieter, Lattice-Gas Cellular Automata and Lattice Boltzmann Models—An Introduction, Lecture Notes in Mathematics

1725, Springer (2002) S.159–189.
[19] J.R. Womersley, Method for the calculation of velocity, rage of flow and viscous drag in arteries when the pressure gradient is known, J. Physiol.

127 (1955) 553–563.


