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Abstract

The numerical flow simulation has become an indispensable tool in all fields of
academic research as well as industrial design and development. Despite the rapid
increase of the available computational resources, the concept of resolving directly
all relevant physical/chemical effects will remain an unfeasible approach due to its
unaffordable computational costs. There remains a substantial need for a reliable
modeling of the numerically unresolved, small-scale phenomena. The present
work exemplarily considers the simulation and modeling of two highly complex
flows with strong relevance for many engineering devices involving the conversion
and transmission of energy: the Large-Eddy Simulation (LES) of non-premixed
combustion and the modeling of subcooled boiling flow. For both cases, several
well-established model approaches are reviewed. The underlying strategies are
outlined, and their ranges of applicability, predictive capabilities, major limitations,
and possible further developments are commented on.

It is shown that in the field of LES of non-premixed combustion the state-
of-the-art combustion models have already reached a very advanced level. Using
comprehensive combustion models involving more than one quantity to param-
eterize the flame, produces very accurate predictions for the reactive species
concentrations. Highly unsteady phenomena like extinction and re-ignition can
be captured as well. An efficient mapping between the flame structure in the
parameter space and the reactive flow field in the physical space represents a major
issue for further development in this field.

In the case of subcooled boiling flow, there is still much uncertainty about
the underlying physics, especially concerning the process of bubble nucleation.
Today’s widely used model correlations, which are discussed in the present work,
involve therefore much empiricism in terms of adjustable constants. This leads to a
loss of generality of the individual correlations. Providing mostly global information
on the resulting wall heat transfer rates, the applicability of most approaches in the
numerical simulation of subcooled boiling flow is limited, as this requires a more
local description.

Key words: Large-Eddy Simulation, non-premixed combustion, subcooled
boiling flow.
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1 General Introduction

During the last decades the numerical flow simulation, commonly termed Computational
Fluid Dynamics (CFD), has become an indispensable tool in the design and development
of engineering devices. The steady improvements and further refinements of the employed
numerical methods together with the substantial increase in the available computer power
made ever more complex problems accessible to the numerical approach. The considered
problems may involve complicated flow geometries, physically complex flow phenomena
such as turbulence, shocks and contact surface discontinuities, or thermodynamic pro-
cesses such as phase change, or chemical reactions. Despite all the advances which have
been made in the numerical methodology and the rapid increase of the computational
resources, the high complexity of most configurations precludes the - from a numerical
point of view certainly most generic - concept of resolving directly all relevant effects in
space and time. To date, the application of this concept termed Direct Numerical Simula-
tion (DNS) has been largely restricted to incompressible, non-reacting, single-phase flow
at low Reynolds numbers. The application of this concept is not only very limited due
to exceedingly high computational costs, which arise from the need to resolve all relevant
small-scale effects, such as the convective and diffusive transport in chemical reaction
zones or at interfaces in multi-phase flows. In many cases, there exists no rigorous math-
ematical formulation describing in detail all the physical/chemical phenomena involved,
and one would have to use phenomenological correlations instead. Being generally based
on global parameters, such correlations mostly provide a very global description of the
individual effects rather than a detailed and highly accurate knowledge of the local quanti-
ties. This precludes any attempt to resolve directly all relevant small-scale characteristics.
The specification of reliable boundary conditions often represents a further open issue.
The difficulty to derive a sufficiently accurate mathematical formulation for the governing
equations, together with the tremendous computational costs to solve them numerically,
makes evident that the computation of complex technical flows will keep relying on ap-
propriate models to capture all physically relevant, but numerically unresolved effects. In
most cases there exist numerous model approaches, and there is no “best model”. An
adequate approach can be found by appraising the available models on various attributes
which may be highly relevant to the considered problem, or demanded by the user. Pope
(2000) suggested a catalogue of important criteria which may be used to assess different
approaches, namely

- accuracy of the predictions,
- level of description,
- completeness,
- computational costs,
- ease of use, and
- the range of applicability.

The method of DNS would match here the first three of these criteria best. Due to
its high resolution DNS by definition provides a very accurate and detailed description
of the flow, and it represents a very complete method, as it requires no case-dependent
modifications of the formulation, such as empirical model coefficients to be adjusted from
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case to case. On the other hand, it is the two last criteria, the computational costs and
the range of applicability, which preclude DNS from a use in typical engineering flow as
already outlined above. An appraisal of models based on empirical correlations would give
a very different picture. While empirical models tend to be computationally cheap, they
are mostly incomplete and in general provide a very low level of description. Their accu-
racy is strongly related to the criterion of completeness, which means that the accuracy
of the predictions depends on the appropriate setting of the adjustable model parame-
ters. Since most large size simulations are run on multi-processor architectures today, the
criterion of a good scalability should not be overlooked as well. Basically, this criterion
favours explicit formulations to keep the amount of node-to-node communication low, as
well as numerical procedures which allow for a most evenly distributed work load among
the individual processors.

The present work surveys the computation of two very complex phenomena, which are
both highly relevant in numerous engineering devices involving the conversion and trans-
mission of energy. The first is associated with the numerical simulation of non-premixed
turbulent combustion, the second with the computation of subcooled boiling flow. From
an application point of view, the internal combustion engine may serve as a very illus-
trative example, as its working cycle involves both processes considered here. Inside the
engine’s combustion chamber, chemical energy is converted into heat via an exothermic
chemical reaction of fuel with oxidizer. The underlying turbulent flow of the reactants
can have a significant effect on the chemistry and vice versa. Acceptably accurate pre-
dictions for the heat release as well as for the composition of the exhaust-gas combustion
products require a reliable modeling of the turbulent flames. The increasing demand
on predictive accuracy as the emission limits have been getting tighter, together with
the expanding computational capabilities have set the ground to replace the formerly
used zero-dimensional flame models by three-dimensional simulations including appro-
priate combustion submodels. Thereby, the reactive turbulent flow field is commonly
simulated using the statistical approach of the Reynolds Averaged Navier-Stokes calcula-
tion (RANS), or using the increasingly popular approach of Large-Eddy Simulation (LES).

The intense release of heat within a confined space naturally leads to high thermal loads
on the walls of the combustion chamber. The increasing output of power aimed at by
the design of modern internal combustion engines is ever more challenging the cooling
system. Inside the water-cooled jackets, the onset of nucleate boiling in high temperature
wall regions is a long known phenomenon. Contrary to the traditional design generally
attempting to avoid the two-phase regime, modern cooling concepts often deliberately
provide for a transition to nucleate boiling. Following such a strategy, the onset of nucle-
ate boiling is even desired to enhance the local heat transfer rates leading to more uniform
wall temperatures and, hence, lower thermal stresses, which may finally result in longer
material life times. Aside from this automotive application the concept to enhance the
heat transfer rates by nucleate boiling is also seen in many other highly efficient compact
cooling systems, such as those of microelectronic devices. The ongoing miniaturization
and increasing power of the individual processing units inevitably requires a highest pos-
sible cooling of their surface to prevent them from overheating and thermal failure.
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The method of Large-Eddy Simulation (LES) can be basically regarded as a computa-
tionally affordable extension of the DNS to high Reynolds number turbulent flow, as it
resolves the motion only on the larger scales, while it models the contribution from the
small, unresolved scales. An appraisal of the method on the five criteria mentioned above
would assign to LES a much wider range of applicability than DNS, however, at the sac-
rifice of a lower level of description. Compared to the statistical approach of RANS, LES
provides basically a higher level of completeness, in that the small-scale motion tends to
be more universal than the resolved large-scale motion, which allows for a more general
modeling with no need for various case-dependent adjustable parameters. Contrary to
the RANS method, LES has not become the method of choice in the simulation of engi-
neering applications, because its computational costs are still comparatively high and the
posture of appropriate, unsteady boundary conditions is more difficult as well. However,
in the scientific research of non-premixed turbulent combustion, LES has already become
highly appreciated as a very powerful tool to simulate the underlying flow of the reac-
tants. Most of the combustion models proposed to date have been originally developed
in the context of RANS, from where they have been adopted and further modified for
use in LES. Resolving the instantaneous large scale mixing characteristics, LES is capable
to supply valuable input parameters to the combustion models. As such LES basically
pathed the way to a realistic coupling of the chemistry with the unsteady turbulent flow
field, which is particularly beneficial for swirling flames or bluff-body flames, where large-
scale motion plays a dominant role. Until recently, due to its substantial computational
requirements, LES was mostly used with rather simple combustion submodels, such as
one-parametric approaches assuming fast, purely mixing controlled chemistry. More com-
prehensive submodels, which parameterize the flame in terms of two or more parameters,
are being introduced. Using these multi-parametric combustion submodels, encouraging
results could be achieved in the LES of non-premixed single-phase combustion, involving
gaseous fuel and oxidizer feeds. On the other hand, comparatively small advances have
been made in the case of multi-phase combustion, where a liquid fuel feed is injected into
a gaseous oxidizer. The presence of a second phase introduces a great deal of additional
complexity associated with the dynamics of the gas/liquid interfaces such as liquid break-
up, or evaporation. Especially, the region of the primary break-up of the liquid feed stream
is still not fully understood. The state-of-the-art models for the primary break-up are es-
sentially based on empirical parameters rather than on a physically rigorous description.
In the case of premixed combustion, where the turbulent flame is propagated through a
gaseous premixture of fuel and oxidizer, the progress lags behind that of the non-premixed
case as well. This is mainly due to the stronger coupling between the chemistry and the
turbulence, as well as the ongoing controversy on the validity of the assumption of certain
regimes, such as the thin flame sheet regime or the thickened flame regime, and on the
appropriate parameterization of those regimes. The scope of the present work is restricted
to the non-premixed single-phase case, although the combustion of a liquid fuel sprays
in ambient gaseous oxidizer is certainly of high practical importance. Various types of
non-premixed combustion submodels which have been proposed for use in LES will be
discussed in section 2. Thereby, the focus will lie on those concepts, which parameterize
the flame essentially dependent on the mixing related conditions of the reactants.
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While the modeling of turbulent combustion during the last twenty years was strongly
directed toward an application of the proposed approaches to CFD of reacting flow, the
modeling of nuceate boiling flow followed very different guidelines. The conditions in nu-
cleate boiling flow are determined by a variety of vapor-liquid-heated surface interactions,
where many of the involved sub-processes cannot be parameterized adequately, or are not
even fully understood yet. This high level of complexity made an appropriate numerical
treatment an almost impossible task. The application to CFD was therefore generally not
a primary issue, and the focus was rather laid on a reliable prediction of the total heat
flux from the superheated surface. In most approaches the underlying flow is considered
in a strongly simplified way via empirical correlations for the convective single-phase heat
transfer based on bulk flow conditions. The boiling contribution to the total heat flux
is mostly computed from correlations developed for pool boiling, i.e., boiling with the
bulk liquid at rest, and it is incorporated as multiplicative or additive enhancement of the
single-phase base convection. Beginning from the early fifties of the last century with the
fundamental work by Rohsenow (1952), numerous models for nucleate boiling have been
proposed. All these approaches involve a lot of empiricism, and especially for boiling on
technical surfaces a well calibrated set of parameters is a pre-requisite to obtain accept-
ably accurate predictions.

Much effort to model nucleate boiling flow was motivated by the design and develop-
ment of steam generators for thermal power plants as well as the design of evaporators
used in refrigeration machinery. As such, the investigation of the boiling heat transfer
was essentially carried out within the framework of the heat exchanger research. During
the last years the need for most compact and efficient cooling systems has become an
important stimulus to advance the state-of-the-art models not only with respect to their
accuracy, but also to their applicability in CFD, as CFD has been established as an im-
portant tool in the modern design of cooling systems as well. Much attention was paid
here to the regime of subcooled boiling flow, which emerges from the contact between
highly superheated wall regions and a bulk liquid being well below the saturation temper-
ature. In this regime, the onset of nucleate boiling enhances the local total heat tranfer
rates significantly as compared to pure single-phase convection, and there is practically
no undesired net production of vapor, as the bubbles condense immediately after their de-
parture from the superheated wall layer. Several different modeling concepts, which have
been proposed to predict the total wall heat flux and are today widely used in technical
applications, will be presented in section 3. The survey will comprise the basic model
assumptions, the mathematical formulations, as well as the required parameters. There
will be also outlined the limitations in accuracy which are basically faced by any of the
state-of-the-art models, when applied to typical engineering applications.
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2 Large-Eddy Simulation of non-premixed flames

2.1 Introduction

The worldwide growing demand on energy accompanied by an increasing environmen-
tal pollution makes high efficiency as well as low emissions to be important objectives
in the research and development of modern combustion devices. The discussion on the
Greenhouse effect has particularely emphasized the issue how to reduce the output of
CO2, which represents the main part of the exhaust gas in the combustion of fossil fuels.
The development and design of machinery which meets all the economical and ecological
demands requires detailed knowledge of the chemical kinetics, especially when focussing
on pollutant formation. Experimental research has provided a large amount of reliable
kinetic data and the complete, mostly multi-step, reaction mechanisms can be described
in much detail now. At the same time, in pace with the rapid gain in computational
capacity, the numerical simulation techniques have been advanced to a level such that
they can be seen as a well-established powerful tool in combustion research. Since many
combustion devices like turbo-engine combustors, directly injected diesel engines, furnaces
fired with swirl burners, etc., involve highly turbulent flows, the simulation of turbulent
flames is of particular interest. The quality of the numerical predictions for such turbulent
reactive flows crucially depends on a realistic modeling of the interactions between the
chemistry and the turbulent fluctuations. However, many combustion models would get
computationally too expensive when using the full kinetic mechanisms for the considered
chemistry. In this case an appropriate reduction to a simplified, but still realistic mecha-
nism is an important issue as well.

Various turbulent combustion models have been proposed, and, alike in the modeling
of non-reacting turbulent flows, it cannot be said which modeling strategy is superior to
all the others. From the viewpoint of the technical application, two different regimes of
turbulent combustion are commonly distinguished: premixed and non-premixed combus-
tion. In premixed combustion the turbulent flame is propagated through an already well
mixed region of fuel and oxidizer. Thereby, the turbulent flame brush separates the region
of unburned fuel-oxidizer mixture lying ahead of the flame from the region of burned re-
actants lying behind the flame. The main challenge to numerical simulations of premixed
flames is to track the turbulent flame front correctly. This requires an appropriate mod-
eling of the turbulent flame speed, at which the strongly wrinkled front is propagated in
the turbulent flow field. Premixed flame regimes are typically found in Bunsen burners,
or in spark ignition engines. In non-premixed combustion the fuel and the oxidizer are fed
into the combustion chamber separately. There, they have to get mixed before they can
react, and the reactive process is essentially controlled by the turbulent mixing. Hence,
it is a basic requirement for any numerical simulation of non-premixed flames to capture
the turbulent mixing process accurately. The turbulent reacting flow in a combustor of a
gas turbine represents a typical non-premixed configuration.

Since its first introduction into the computation of meteorological flows in the late 1960s,
the method of Large-Eddy Simulation (LES) has been receiving rising attention in the
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simulation of turbulent flows. The use of LES in non-premixed combustion is particularly
reasonable, because this technique has the very attractive feature that it captures the
unsteady turbulent large scale motion. Thus, LES it is capable to track the local instan-
taneous mixing state providing valuable information for the prediction of highly unsteady
local effects like flame quenching, auto-ignition or acoustic combustion instabilities.

2.2 Formulation in LES

The basic idea of LES is that it resolves directly only the large scale motion, while it models
the effect of the unresolved small scale motion. It represents an attractive compromise be-
tween the Direct Numerical Simulation (DNS) and the Reynolds-Averaged Navier-Stokes
(RANS) calculation for mainly two reasons. Since LES requires a significantly coarser re-
solution than DNS, it does not exceed any available computational capacities also in high
Reynolds number flows, while it still captures most part of the instananeous turbulent
motion. On the other hand, the unresolved turbulent small scale motion tends to be more
universal which facilitates the modeling of these small scale, or subgrid-scale, structures.
From this point of view LES can be regarded as conceptually superior to RANS-type
simulations, which have to capture the full turbulent spectrum from the smallest to the
largest scales. For that reason RANS models tend to be rather inaccurate in flows gov-
erned by non-universal, geometry dependent, unsteady turbulent large scale motion, e.g.,
in separating, or vortex shedding flows. Nevertheless, it is noted that in industrial en-
gineering applications the computational fluid dynamics (CFD) mainly relies on RANS
calculations. The mostly very complex geometries and the high resolution necessary near
the walls require big computational meshes for LES which makes this technique in many
cases prohibitively expensive compared to RANS. However, the increasing computational
power strongly favours the application of LES also in engineering flows in the near future.
Mathematically, LES sifts out the large scale structures by applying a low-pass filtering
operation to all flow variables. Since the density can strongly vary in combustion flows
due to the reactive heat release, a mass-weighted, or Favre, filter, is mostly used. For an
arbitrary turbulent fluctuating quantity F (x, t) the Favre filter operation reads

F̃ (x, t) =
ρF

ρ̄
=

1

ρ̄

∫
∞

−∞

ρ (ξ, t) F (ξ, t) G(ξ − x) dξ, (2.1)

with x, ξ and t being independent space and time variables, respectively. The filter func-
tion G depends on the the filter width ∆, which is proportional to the computational
grid spacing ∆x such that the resulting filtered quantities F̃ can be well resolved on the
computational mesh. Ideally, the filter width ∆ should be smaller than lEI , which is the
length scale of the smallest energy containing eddies and represents the upper limit of the
inertial range of the turbulent energy spectrum in wave number space. Since about 80%
of the total turbulent energy is made up by eddies of a size larger than lEI , the condition
∆ < lEI ensures that most part of the energy is captured and the effect of the modeling
of the small scale structures on the LES results is of minor importance. However, in re-
gions which are dominated by small scale structures like near-wall regions this condition
would allow only for a very small filter width which is associated with a computationally
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expensive fine grid resolution. Using in this case a coarser grid implies a significantly
higher portion of unresolved motion which requires a higher modeling effort to predict
accurately the contribution of the unresolved, subgrid-scale, transport (Pope, 2000).

Analogously to the Reynolds decomposition used in the RANS-type modeling, which
splits any instantaneous quantity into a statistical mean (ensemble average) and a fluc-
tuating component, any local intantaneous quantity can be decomposed into a (resolved)
Favre filtered mean and a (unresolved) subgrid-scale component

F = F̃ + F ′′, (2.2)

where the filtered mass-weighted subgrid-scale fluctuation is zero, ̺F ′′ = 0, by definition.
Applying the mass-weighted filtering (2.1) to the differential conservation equations of
mass, momentum, reactive species and energy yields the LES transport equations for the
corresponding filtered quantities:

mass:

∂ρ̄

∂t
+

∂ρ̄ũl

∂xl
= 0 (2.3)

momentum:

∂ρ̄ũk

∂t
+

∂ρ̄ũkũl

∂xl

= −
∂p̄

∂xk

+
∂

∂xl

[
µ̃mol

(
∂ũk

∂xl

+
∂ũl

∂xk

)
−

2

3
µ̃mol

∂ũi

∂xi

δkl

]

−
∂

∂xl
[ρ̄(ũkul − ũkũl)︸ ︷︷ ︸

τkl

] (2.4)

species:

∂ρ̄ỸJ

∂t
+

∂ρ̄ũlỸJ

∂xl
=

∂

∂xl

(
ρ̄D̃mol,J

∂ỸJ

∂xl

)
+ ρΩ̇J

−
∂

∂xl

[ ρ̄(ũlYJ − ũlỸJ)︸ ︷︷ ︸
σJ,l

] (2.5)

energy:

∂ρ̄T̃

∂t
+

∂ρ̄ũlT̃

∂xl
=

1

cp

∂

∂xl

(
κ̃mol

∂T̃

∂xl

)
+

(
nJ∑

J=1

ρDmol,J
∂ỸJ

∂xl

)
∂T̃

∂xl
−

1

cp

nJ∑

J=1

(
ρΩ̇J h0,J

)

−
∂

∂xl
[ ρ̄(ũlT − ũlT̃ )︸ ︷︷ ︸

σT,l

] (2.6)

Here, ρ, p, ũ, and T̃ are the filtered density, pressure, velocity vector and temperature,
respectively. ỸJ is the filtered mass fraction of species J , h0,J is the enthalpy of formation
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of species J . The specific heat capacities were assumed equal and constant for all nJ

species, cp,J = cp. The diffusive transport terms involve the molecular viscosity, µmol, the
molecular diffusivity of the species J , Dmol,J , and the thermal conductivity κmol. Since
the total diffusive fluxes are generally very small in comparison to the corresponding
turbulent convective fluxes especially in high Reynolds number flows, the corresponding
subgrid diffusive transport terms were ignored in the derivation of the Eqs. (2.3)-(2.6),
and, hence, the filtered diffusive flux terms were assumed here as

µmol
∂uk

∂xl
≈ µ̃mol

∂ũk

∂xl
, ρDmol,J

∂YJ

∂xl
≈ ρ̄D̃mol,J

∂ỸJ

∂xl
, κmol

∂T

∂xl
≈ κ̃mol

∂T̃

∂xl
.

If, for simplicity, equal molecular diffusivities are assumed for all species, Dmol,J = Dmol,
the second term on the RHS of the energy equation (2.6) becomes zero, as

nJ∑

J=1

ρDmol,J
∂ỸJ

∂xl
= ρDmol

nJ∑

J=1

∂ỸJ

∂xl
= 0.

Rather than applying the filtering operation (2.1) to the differential conservation equa-
tions to obtain an explicitly filtered set of equations it has become common praxis to use
the concept of implicit filtering. This concept is based on the fact that the numerical
discretization of the differential equations represents already implicitly a filtering opera-
tion. It was analytically shown for the one-dimensional case that a second-order central
difference approximation of a first-order derivative is equivalent to an explicit filtering
of the derivative using a top-hat filter (Rogallo & Moin, 1984). The implicit filtering is
determined by the accuracy of the numerical discretization scheme and the mesh size,
and, as no explicit filtering is required, the mathematical formulation is simpler. On the
other hand, employing mostly three dimensional higher-order discretization shemes makes
it practically impossible to determine analytically the corresponding equivalent explicit
filter function G. The mathematical formulation of the actually applied filter function G
and, hence, the exact filter width ∆ are basically unknown. Being implicitly dependent
on the mesh size, the filter width ∆ will also become space-dependent in the case of local
grid refinement which conflicts with a basic requirement for the filter’s commutation with
spatial derivation, i.e., (

∂F

∂xk

)
=

∂F

∂xk
.

The resulting commutation errors would have to be accounted for by additional correction
terms in the discretized formulation. However, since the magnitude of these commutation
errors does in general not exceed the magnitude of the dicretization errors of the applied
numerical schemes, they are mostly neglected (Ghosal & Moin, 1995; Vasilyev et al., 1998).
The closure for the convective subgrid momentum transport is commonly based on the
eddy-viscosity concept

τkl −
1

3
τiiδkl = − ¯̺νt

[(
∂ũk

∂xl
+

∂ũl

∂xk

)
−

2

3

(
∂ũi

∂xi

)
δkl

]
, (2.7)
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where the eddy-viscosity is mostly computed with the Smagorinsky model as base model
(Smagorinsky, 1963)

νt = C∆2|S̃|, S̃kl =
∂ũk

∂xl
+

∂ũl

∂xk
, |S̃| =

(
2S̃klS̃kl

) 1

2

,

whose model coefficient C is calculated using a dynamic procedure due to Germano et al.
(1991). The dynamic procedure relies on the idea of a scale similarity between the turbu-
lent motion on the unresolved scales (represented by τkl) and the motion on the smallest
resolved scales. The latter comprises the motion of those eddies which are a little bit
larger than the length scale associated with the filter width (∆). The dynamic concept
was later extended to variable density flows and to the subgrid scalar transports, σJ,l and
σT,l in Eqs. (2.5)-(2.6) by Moin et al. (1991) in order to obtain the eddy-diffusivities Dt,J

and κt occurring in the gradient transport formulations for the unclosed convective scalar
fluxes

σJ,l = −ρ̄Dt,J
∂ỸJ

∂xl

and σT,l = −κt
∂T̃

∂xl

. (2.8)

Thereby, the transport coefficients are rewritten in terms of turbulent Schmidt numbers
Sct,J and the turbulent Prandtl number Prt

Dt,J =
νt

Sct,J
, κt = ¯̺cp

νt

Prt
,

respectively, which are provided by the dynamic model. To date, the dynamic procedure
has been extensively used and tested in many turbulent flow configurations, see, e.g.,
Zang et al. (1993), Yang & Ferziger (1993), Zhao & Voke (1996), Wu & Squires (1997),
Wu & Squires (1998), where it generally performed very well. LES of non-reacting flow
with special emphasis on the modeling of the turbulent subgrid-scale transport has been
subject of numerous reviews in the LES literature (Lesieur & Métais, 1996; Moin, 1997;
Meneveau & Katz, 2000; Sagaut, 2001; Breuer, 2002).

2.3 Subgrid-scale modeling of non-premixed combustion

Besides the realistic modeling of the convective subgrid-scale fluxes, the closure of the
filtered chemical source terms occurring in Eqs. (2.5) and (2.6) is still the crucial point in
the simulation of turbulent combustion. These unclosed chemical source terms

ρΩ̇J = WJ

nK∑

K=1

(ν ′′

JK − ν ′

JK) ω̇K (2.9)

involve phenomenological expressions of chemical kinetics

ω̇K = AK T αK exp

(
−

EK

R T

) nJ∏

I=1

(
ρ YI

WI

)ν′

IK

, (2.10)

which are highly nonlinear functions of the temperature T , density ρ and the participating
reactive species mass fractions YI . WI is the molecular weight of species I, the exponents
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ν ′

IK and ν ′′

IK are the stoichiometric coefficients of species I in reaction K in forward and
backward direction, respectively. AK is the frequency factor, αK is the pre-exponential
temperature exponent, and EK is the activation energy of reaction K. nK is the total
number of elementary reactions, and R is the universal gas constant. Due to the strong
nonlinearity of Eq. (2.10), a simple first-order moment closure, which approximates the
filtered reaction rates ω̇K by evaluating Eq. (2.10) with the spatially filtered quantities

ρ, ỸJ and T̃ as inputs
ω̇K ≈ ω̇K(ρ, ỸJ , T̃ ) + εωK

(2.11)

will generally lead to unacceptably large errors εωK
. Borghi (1974) demonstrated ana-

lytically the inaccuracy of the approximation (2.11) for a Reynolds-averaged first-order
moment closure applied to irreversible one-step chemistry (nK = 1) involving two re-
active species, fuel (YF ) and oxidizer (YO). Assuming unity stoichiometric coefficients,
ν ′

F = ν ′

O = 1, the non-averaged representation of Eqs. (2.9)-(2.10) for the reactive source
term of the fuel mass fraction can then be simply written as

̺Ω̇F = −A ̺2 YF YO T α exp

(
−

E

RT

)
. (2.12)

Splitting the instantaneous input quantities into a statistical mean (Reynolds-average)
and a fluctuating component

YF = ỸF + Y ′′

F , YO = ỸO + Y ′′

O , T = T̃ + T ′′

and expanding the nonlinear expressions in (2.12) into Taylor series of the relative fluc-

tuations T ′′

eT
,

Y ′′

F

eYF
and

Y ′′

O

eYO
, finally yields after averaging

̺Ω̇F = −A ¯̺2 ỸF ỸO T̃ α exp

(
−

E

RT̃

)[
1 +

Ỹ ′′

F Y ′′

O

ỸF ỸO

+ (P1 + Q1)

(
Ỹ ′′

F T ′′

ỸF T̃
+

Ỹ ′′

OT ′′

ỸOT̃

)
+ (P1Q1 + P2 + Q2)

T̃ ′′2

T̃ 2
+ . . .

]
. (2.13)

The coefficients of this series which is shown here up to the second-order terms emerge
from the expansion of the temperature T = T̃ (1 + T ′′

eT
) occuring in the pre-exponential

term and in the argument of the exponential function itself. They are written as

P1 = α, P2 =
α(α − 1)

2
, . . . Pn =

α(α − 1) · · · (α − n + 1)

n!
,

Q1 =
TA

T̃
, Q2 = −

TA

T̃
+

1

2

(
TA

T̃

)2

, . . . Qn =
n∑

k=1

(−1)n−k(n − 1)!

(n − k)![(n − k)!]2k

(
TA

T̃

)k

with TA = E
R

. In real flames the activation energies are generally that high, that the

magnitude of the ratio TA

eT
is of the order of 10 or more, and, hence, the related coeffi-

cients Q1, Q2, . . . , Qn are large (e.g., Q1 = 10, Q2 = 40 for TA

eT
= 10). As a consequence

10



the Taylor series (2.13) converges very slowly, and the truncation error of the first-order
approximation, which is obtained upon omission of all nonlinear fluctuation terms, is sig-
nificant. It becomes very evident that an appropriate model must be provided for the

closure of the (statistically or spatially) averaged chemical source terms ρΩ̇J .

A model based on a Taylor series expansion as shown in (2.13) does not represent a
feasible closure method. Due to the very slow convergence of the series one would have to
include third-order or even fourth-order terms to obtain fairly accurate predictions, which

requires additional modeling for various nonlinear higher-order moments Ỹ ′′

J T ′′n and T̃ ′′m.
A dynamic modeling strategy based on the similarity between the resolved and unresolved
structures which is successfully used for the modeling of the subgrid-scale momentum and
scalar transports in non-reacting LES, is hardly applicable to chemical closure as well.
Chemical reactions are typically determined by very small scale transport processes, e.g.,
thermal diffusion, and, it has to be doubted, if these small scale phenomena can be sim-
ply extrapolated from the resolved large scale fields to give accurate results. Therefore,
the dynamic procedure proposed by Jaberi & James (1998), which computes the filtered
reactive source terms based on a scale similarity assumption, is scarcely used in LES of
combustion.

To date, several different closure strategies, which are for the most part applicable to
RANS calculations (most approaches were originally derived in a RANS context) as well
as to LES have been proposed and further developed. They are well documented in
the turbulent combustion literature - see, e.g., Borghi (1988), Libby & Williams (1994),
Peters (2000), Veynante & Vervisch (2002).

The Probability Density Function (PDF) transport approach proposed by Pope (1985)
solves for the evolution of the joint pdf of all the dependent fluctuating flow quantities as
random variables. In the pdf transport equation the chemical source terms occur in closed
form and no closure model is needed for them. This very attractive feature is however
somehow counterpoised by the need for a model of the unclosed diffusion term commonly
known as micromixing term. In addition, the high dimensionality of the formulation -
each velocity component and reactive scalar represents a further dimension in random
variable space - basically restricts the method to strongly reduced chemistry for compu-
tational economy. The mathematical formulation combining the PDF method with LES
was first introduced by Gao & O’Brien (1993). Colucci et al. (1998) incorporated the LES
inherent concept of spatial filtering into the PDF approach by defining a “filtered density
function” (fdf) and assessed their model in a LES of a spatially developing planar jet for
the reacting as well as for non-reacting case. A dynamic procedure for the micromixing
term was proposed by Réveillon & Vervisch (1998).

Kerstein (1988) developed the concept of the Linear-Eddy Model (LEM) to capture the
subgrid-scale mixing at first and extended later his approach to reacting flow (Kerstein,
1992a,b). Calhoon & Menon (1996) and Desjardin & Frankel (1996) investigated the LEM
approach for use in LES of reacting mixing layers. The basic idea of LEM is to couple the
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Figure 2.1: Non-premixed reacting jet flow configuration.

LES with a spatially one-dimensional direct numerical simulation (1D-DNS) of a reactive
diffusion equation. The 1D-DNS solution is simultaneously computed to provide the re-
quired subgrid-scale contributions to the three-dimensional LES field. The advantage of
LEM is that the transport equations for the reactive scalars involving the reactive source
terms and probably strongly differing diffusivities can be fully, one-dimensionally though,
resolved. The difficulties of LEM lie mainly in mimicking realistically the subgrid-scale in-
nercellular turbulent stirring, which is generally done via stochastic rearrangement events,
and in the appropriate coupling of the one-dimensional DNS with the LES. In addition,
applying a more detailed multi-step chemistry may still lead to prohibitively high com-
putational costs of the DNS part.

In the case of non-premixed combustion, where the fuel feed and the oxidizer feed en-
ter separately the combustor, the reactive process is essentially controlled by mixing.
Figure 2.1 shows a typical non-premixed jet flow configuration. The local mixedness can
be described appropriately by the so-called mixture fraction Z. The mixture fraction can
be defined as the local mass fraction of an inert tracer introduced with the fuel, which is
in the case of insignificant differential diffusion equal to the local ratio between the mass
flux originating from the fuel feed and the total mass flux, Z = ṁF/ṁtot. By definition,
Z = 1 in the fuel feed, Z = 0 in the oxidizer feed, and 0 < Z < 1 in the mixing layer. The
flame is located at the surface of stoichiometric mixture, Z(x1, x2, x3) = Zst, where the
fuel-to-oxidizer ratio is such that there remains neither redundant fuel nor oxidizer after
their complete combustion to products. The importance of the mixture fraction Z as a key
parameter of non-premixed combustion was also confirmed by Bilger’s observations mak-
ing evident that the fluctuations in the temperature and the reactive scalars are strongly
coupled with the fluctuations in mixture fraction (Bilger, 1993b). Therefore, several of
the proposed non-premixed combustion models are based on the mixture fraction as key
parameter. The Laminar Flamelet Model (LFM) and the Conditional Moment Closure
(CMC) are the two most prominent representatives of this type of models.

2.4 Mixture fraction based models

The fundamental idea of all mixture fraction based models is that they solve for the
chemistry in mixture fraction space (Z-space) and map the results to the resolved physical
space. Figure 2.2 shows exemplarily the non-premixed flame structure in mixture fraction
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space for a simple one-step chemistry, where only two reactants, fuel [F] and oxidizer [O],
are reacted to the product [P]:

[F] + [O] → [P]. (2.14)

In each graph displaying the mass fractions, YF, YO and YP, versus Z, respectively, the grey
shaded regions denote all possible states accessible to the reactants and product in the Z-
space. The straight solid bounding lines denoted by ©a represent chemically inert mixing,
where no reaction occurs. The other boundary of the accessible region which is denoted
by the dashed straight lines, labeled by ©b , represents the case of infinitely fast irreversible
chemistry, known as the Burke-Schumann solution. The typical structure of a real flame,
exemplarily shown here as curved lines denoted by ©c may lie somewhere between these
limits. Most of the by now well-established mixture fraction models differ mainly in their
assumptions on the interactions between reaction kinetics and the underlying turbulent
flow field, in particular, how the flame responds to instantaneous changes in the local scalar
composition due to convective and diffusive transports. Several widely used approaches
shall be outlined in the following.

2.4.1 Chemical equilibrium models

The chemical equilibrium models assume infinitely fast reaction rates, which implies that
at any given mixing condition the flame reaches immediately the corresponding chemi-
cal equilibrium state. Since the resulting chemical compostion does not depend on any
specific time scale associated with the reaction mechanism, the structure of the flame is
determined completely by the mixing state described in terms of mixture fraction. Basi-
cally, two types of chemical equilibrium models can be distinguished, one with infinitely
fast irreversible chemistry and the other with infinitely fast reversible chemistry.

Infinitely fast irreversible chemistry:

This approach assumes that the chemical equilibrium is reached immediately only via
irreversible reactions. It is commonly termed “mixed = burned”-regime and also known
as the Burke-Schumann solution, where the flame evolves as an infinitely thin sheet repre-
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Figure 2.2: Accessible domains for fuel, oxidizer and product in mixing space (Z-space).
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sented by the surface of stoichiometric mixture Z = Zst. Considering only infinitely fast
forward and no backward reactions, fuel and oxidizer cannot coexist. As shown in Fig-
ure 2.2 by the dashed lines denoted by ©b , the chemical compositions, and consequently
the temperature being equivalent to the product species (T ∼ YP), are fully determined as
piecewise linear functions of Z. The assumption of infinitely fast irreversible chemistry is
certainly one of the simplest approaches in describing the flame structure in mixing space
(Z-space). Nontheless, it has been proven to give acceptably accurate results in cases,
where the chemistry acts on time scales which are significantly smaller than the relevant
flow time scales (Cook & Riley, 1994; Jiménez et al., 1997).

Infinitely fast reversible chemistry:

The assumption “mixed = burned” inherent in the concept of infinitely fast irreversible
chemistry rules out the possibility to capture the formation of any intermediate species.
To avoid this shortcoming one can assume chemical equilibrium including reversible re-
actions. Under this assumption the reactions are still considered as infinitely fast, but,
unlike in the irreversible Burke-Schumann limit, the chemical mechanism involves both
forward as well as backward reactions, kf and kb, balancing each other:

[A] + [B]
kf

⇋

kb

[C] + [D], with kf = kb = ∞ . (2.15)

Due to the underlying equilibrium assumption the temperature as well as the total chem-
ical composition are still entirely determined by the mixture fraction Z. However, in
contrast to the Burke-Schumann solutions, the reversibility of the chemistry allows for a
co-existence of fuel and oxidizer, as well as intermediate species, being all in an equilib-
rium state of steady formation and consumption.

Concerning the accuracy of this model, basically the same restrictions apply as in the
case with irreversible chemistry. If the considered chemical mechanisms are very fast
compared to the relevant flow time scales, the equilibrium assumption with reversible
chemistry was proven to give fairly accurate results, as it was demonstrated in a LES of
a hydrogen-air flame by Branley & Jones (2001). On the other hand, in the case of com-
paratively slow chemical kinetics, real turbulent flames are generally not in equilibrium.
In methane-air diffusion flames it is, for example, a known deficiency of the equilibrium
assumption that it excessively overpredicts the formation of CO on the fuel-rich side of
the reaction zone.

Mapping of the flame structures to the physical space:

Since in the chemical equilibrium models, either with irreversible or with reversible re-
actions, the chemical compostion is only dependent on the mixing state, the structure
of the flame in Z-space can be priorily determined independently from the underlying
reactive flow field. As such, the flow-independent solutions for the flame structure in
Z-space, they shall be generally denoted here by φ(Z), are incorporated into the LES by
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convolving them with the local filtered density function (fdf), P̃(Z;x, t), to finally obtain

the corresponding filtered counterparts in the resolved physical space φ̃. The convolution
generally reads

φ̃(x, t) =

∫ 1

0

φ(Z) P̃(Z;x, t)dZ , where φ(Z) = YJ(Z), T (Z). (2.16)

The filtered density function P̃, which is defined as the spatially filtered representation
of Dirac’s delta, or fine-grain, function δ

(
Z − ζ(x, t)

)

P̃(Z;x, t) =
1

ρ̄

∫
∞

−∞

ρ(ξ, t) δ
(
Z − ζ(ξ, t)

)
G(ξ − x) dξ , (2.17)

accounts for the unresolved subgrid-scale fluctuations of the mixture fraction ζ(ξ, t) with

respect to its resolved filtered mean ζ̃ in the physical space. Being dependent on the

resolved Favre mean and variance, ζ̃ and ζ̃ ′′2, respectively, the fdf P̃ decribes the state of
mixedness within each computational cell of the LES, as schematically shown in Figure 2.3.
It has become common practice to use a β-function

P̃(Z; ζ̃ , ζ̃ ′′2) =
Za−1 (1 − Z)b−1

∫ 1

0
xa−1 (1 − x)b−1 dx

(2.18)

with a = ζ̃

[
ζ̃(1 − ζ̃)

ζ̃ ′′2
− 1

]
, b = a

(
1

ζ̃
− 1

)
,

for the shape of the local fdf. The required moments ζ̃(x, t) and ζ̃ ′′2(x, t) to determine
the fdf according to (2.18) can be obtained from the corresponding filtered transport
equations

∂ρ̄ ζ̃

∂t
+

∂ρ̄ ũl ζ̃

∂xl
=

∂

∂xl

(
ρ̄D̃mol,ζ

∂ζ̃

∂xl

)
−

∂

∂xl

(
ρ̄ ũ′′

l ζ
′′

)
(2.19)

and

∂ρ̄ ζ̃ ′′2

∂t
+

∂ρ̄ ũl ζ̃ ′′2

∂xl

= −
∂

∂xl

(
ρ̄ ũ′′

l ζ
′′2
)
− 2 ρ̄ ũ′′

l ζ
′′

∂ζ̃

∂xl

− 2̺Dmol,ζ
∂ζ ′′

∂xl

∂ζ ′′

∂xl

. (2.20)

In most LES the Eq. (2.19) is solved for ζ̃ using a gradient transport assumption for the
unclosed subgrid-scale flux analogously to (2.8)

ρ̄ ũ′′

l ζ
′′ = −ρ̄ Dt,ζ

∂ζ̃

∂xl

,

with the eddy-diffusivity Dt,ζ obtained from a Smagorinsky-type dynamic subgrid-scale
model in terms of a dynamically computed turbulent Schmidt number Sct,ζ = νt/Dt,ζ .

Rather than solving a transport equation for ζ̃ ′′2, Eq. (2.20), which requires closure for
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(a) ζ̃ ′′2 = ζ̃ ′′2
max

(b) 0 < ζ̃ ′′2 < ζ̃ ′′2
max

(c) ζ̃ ′′2 = 0

P̃(Z) LES cell

Z
 =

Z0 1

ζ

Figure 2.3: Three different states of subgrid-scale mixedness within a LES-cell, where the
filtered mean mixture fraction ζ̃ has always the same value: (a) unmixed, (b) partially
mixed, (c) totally mixed. The black areas denote pure fuel, the white areas denote pure
oxidizer, the grey areas represent mixed regions. The maximum variance is given by

ζ̃ ′′2
max = ζ̃(1 − ζ̃).

two further unresolved subgrid-scale terms on its rhs, the variance is frequently modeled
directly as

ρ̄ ζ̃ ′′2 = ρ̄ Cζ
∂ζ̃

∂xl

∂ζ̃

∂xl

using again a dynamic procedure for the coefficient Cζ (Pierce & Moin, 1998).

The chemical equilibrium models certainly greatly benefit from the capability of LES
to capture the unsteady turbulent mixing motion very accurately providing them with
reliable inputs needed to specify the local fdfs P̃. It is, however, conceivable that the
chemical equilibrium models will hit their limits, as soon as the underlying unsteady tur-
bulent mixing motion acts on a time scale of comparable size to that of the principal
chemical reactions. The then possible interactions between turbulent motion and chem-
istry may prevent the flame from reaching a chemical equilibrium. In such cases, at least
one further parameter is needed to determine the real non-equilibrium flame structure
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oxidizer fuel
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Figure 2.4: Non-premixed planar flame: (a) configuration, the turbulent flame is located
inside the zones 2 and 3; (b) scatter plot of the instantaneous fuel mass fractions YF vs
the instantaneous mixture fractions Z.

in the mixing space. The deviations of a turbulent diffusion flame located in a planar
mixing layer from the equilibrium state are exemplarily demonstrated in Figure 2.4. The
presented data are obtained from a DNS data base computed for a planar turbulent flame
in the middle of a periodic box as shown on the left hand side. The DNS was carried
out by Vervisch (1992) applying a simple one-step irreversible model mechanism for the
chemistry as given by Eq. (2.14) with the stoichiometric point at Zst = 0.5. The instanta-
neous values of the fuel mass fraction plotted over the correponding instantaneous values
of mixture fraction considerably scatter away from the Burke-Schumann limit towards
the non-reacting mixing diagonal line. This indicates that there is a lot of extinction
present in this particular flame. The considerable scatter especially in the region around
the stoichiometric point, Zst = 0.5, underlines again that the mixture fraction only may
be not sufficient to describe the real structure of the flame.

2.4.2 Laminar Flamelet Model

The Laminar Flamelet Model (LFM) allows for an extension from equilibrium to non-
equilibrium chemistry including also very detailed kinetic mechanisms. It considers the
flame as an ensemble of laminar flamelets strained by the turbulent flow field, as it is
schematically sketched in Figure 2.5. The chemical reaction rates are assumed as finite
but sufficiently fast to ensure that the reactive layer is thinner than the smallest turbulent
length scale, the Kolmogorov scale η, such that lR ≪ η. Within the reaction layer, the
flow field can therefore be considered as quasi-laminar, where the smallest turbulent eddies
do not penetrate into. The laminar flamelet equations can be derived by a coordinate
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Figure 2.5: Thin flamelet stretched by turbulent eddies (two-dimensional illustration in
the coordinates x1 and x2 for simplicity).

transformation into a coordinate system attached to the surface of stoichiometric mixture,
Z(x1, x2, x3) = Zst (Peters, 1984). The transformation written as

(
t, x1, x2, x3

)
→

(
τ, Z(x1, x2, x3), ξ2, ξ3

)
, (2.21)

where τ = t, ξ2 = x2 and ξ3 = x3, basically consists in a simple replacement of the
coordinate x1 by the new coordinate Z defining thereby the original coordinate system
such that the direction x1 does not lie within the surface Z = Zst to ensure uniqueness.
As seen from Figure 2.5, the new principal direction Z is by definition locally orthogonal
to the surface of stoichiometry Z = Zst. Neglecting all the transports into the directions
other than Z, such that

∂

∂ξ2
,

∂

∂ξ3
≪

∂

∂Z
and

∂2

∂ξ2∂ξ3
,

∂2

∂ξ2
2

,
∂2

∂ξ2
3

≪
∂2

∂Z2
,

and assuming the molecular diffusivities of all species J as equal to the thermal diffusivity
(unity Lewis numbers assumption), such that

LeJ =
κmol

̺cpDmol,J

=
DT

Dmol,J

= 1 ,

leads to the so-called laminar flamelet equations

∂YJ

∂τ
−

χst

2

∂2YJ

∂Z2
= Ω̇J , (2.22)

∂T

∂τ
−

χst

2

∂2T

∂Z2
= −

1

cp

∑

J

Ω̇Jh0,J , (2.23)
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which are basically valid in the vicinity of stoichiometric mixture Z = Zst. The coefficient
in front of the diffusion terms involves the scalar dissipation rate, here occurring as a
statistical (ensemble) average conditioned on Z = Zst

χst =

〈
2 DT

∂Z

∂xl

∂Z

∂xl

∣∣∣∣ Z = Zst

〉
. (2.24)

χst represents the diffusive and convective transports normal to the surface of stoichio-
metric mixture, Z = Zst, and it can be regarded as an external parameter which is
imposed on the structure of the flamelet by the underlying strained flow field. As such,
it incorporates the flow-induced deviation of the flame from the equilibrium state, and
is therefore generally used as the second quantity to parameterize the flame structure
in addition to Z. Being a turbulent fluctuating unresolved quantity, the determination
of the average scalar dissipation rate, be it conditional or unconditional, needs appropri-
ate closure models (Girimaji & Zhou, 1996; Pierce & Moin, 1998; Pitsch & Steiner, 2000b).

Omitting the transient terms in (2.22)-(2.23) finally gives the constitutive equations for
the Stationary Laminar Flamelet Model (SLFM), which has become a very popular ap-
proach in the numerical computation of turbulent combustion in the context of RANS as
well as of LES. Cook et al. (1997), Cook & Riley (1998) and De Bruyn Kops et al. (1998)
investigated the SLFM approach for use in LES carrying out early a priori tests, where
the LES results obtained with the assessed subgrid-scale model are compared against fil-
tered DNS results. From a computational point of view, the SLFM concept offers the very
attractive feature that the complete chemistry can be computed off-line in advance and
stored in a so-called flamelet library. The separate solution of the chemistry independently
from the considered flow field allows for the use of a very detailed kinetic mechanism. The
flamelet library comprises a set of stationary flamelet solutions obtained for varying the
parameter χst up to a certain “quenching” limit χq, beyond which no steady state burning
solutions of (2.22)-(2.23) exist for the given chemistry. Be these steady laminar flamelet
solutions generally written here as φ(Z, χst), they are mapped to the physical flow domain

analogously to Eq. (2.16) by a convolution with the local joint fdf P̃ accounting for the
subgrid-scale fluctuations of Z and χst. This convolution can be generally written as

φ̃(x, t) =

∫ 1

0

φ(Z, χst) P̃(Z, χst;x, t)dZ , with φ = YJ , T. (2.25)

The omission of the transient terms in the SLFM inherently assumes that the scalar dis-
sipation rate changes on a time scale which is much longer than the time scales of the
reactive processes, such that χst can be assumed to be in a quasi-steady state relative to
the rate determining chemical reactions. The SLFM comprises, therefore, only steadily
burning solutions associated each with a certain constant value for the scalar dissipation
rate lying always below the upper (quenching) limit, χst < χq. It follows that the SLFM
is basically not capable to capture typical burning/nonburning transition phenomena like
extinction, or reignition, which are both strongly related to unsteady fluctuations in χst.
Sripakagorn et al. (2004) investigated extinction and reignition viewed as the most fun-
damental deviations from the steady laminar flamelet burning solutions by carrying out
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an a priori test of DNS data of a non-premixed combustion in homogeneous turbulence
with a simple one-step fuel-oxidizer mechanism. Their study gave evidence that, while
the scalar dissipation rate was on average always below the quenching limit, 〈χst〉 < χq, it
is essentially the instantaneous unsteady fluctuations beyond this limit, χst > χq, which
cause local extinction.

Besides missing the unsteady transitions between the burning and nonburning state, the
predictions of the SLFM tend to become inaccurate, if the considered chemistry involves
elementary reactions, which are slow in comparison with the transient changes in χst, as
it is, for instance, the case in the formation of NOx. This shortcoming motivated the
development of the so-called Lagrangian Laminar Flamelet Model (LLFM), which was
first tested for use in LES of a reacting jet by Pitsch & Steiner (2000a). The LLFM rep-
resents an unsteady laminar flamelet concept which is capable to account, to some extent,
for transient effects on the flame structure in mixture fraction space (Z-space). In this
approach the flame structure in Z-space is assumed as dependent of the axial distance
downstream from the nozzle of the jet. The downstream distance, x, is thereby related
to a Lagrangian type flamelet time τ by the integral

τ(x) =

∫ x

0

dx′

〈u|Z = Zst〉
, (2.26)

where 〈u|Z = Zst〉 is the mean downstream velocity component conditionally averaged on
Z = Zst. According to its definition (2.26), τ(x) represents the average time needed by a
flamelet to get convected from the nozzle downstream to the axial distance x. Along this
path the laminar flamelet is subject to the downstream-varying conditially averaged scalar
dissipation rate χst = χst(τ(x)), which has to be extracted from the resolved mixture frac-
tion field by an appropriate model. The unsteadyness is thus incorporated by mapping the
spatial evolution of the conditionally averaged scalar dissipation rate to a temporal evolu-
tion in a Lagrangian-type time frame as defined by Eq. (2.26). The integration of the un-
steady laminar flamelet equations (2.22)-(2.23) imposing the Lagrangian time-dependent
χst(τ(x)) gives for each Lagrangian time τ , and, hence, each downstream position x, an
individual flamelet solution φ(Z, x) = φ(Z, τ(x)). Analogously to Eq. (2.16), the convolu-
tion of these Lagrangian time-dependent, i.e., downstream distance x-dependent flamelet
solutions φ(Z, τ(x)) with the local fdf P̃(Z;x, t) yields the corresponding filtered chemical
composition vector and temperature in physical space. The Lagrangian laminar flamelet
model evidently accounts for the history of the flamelets in a statistical sense, i.e., in terms
of their mean residence time in the flow field. Therefore, it does not capture any local
unsteadiness impacting the flamelet structure, e.g., imposed by an instantaneous change
of the local strain in the flow field. However, as it was shown in the study of Pitsch &
Steiner (2000a), it gives considerably more accurate predictions for the formation of NOx

and OH compared to the stationary laminar flamelet model. It should be noted at this
point that LES accompanied by a simultaneous integration of the complete set of the
unsteady laminar flamelet equations (2.22)-(2.23) would theoretically make it possible
to capture all transient effects, but is computationally unfeasible. Since the Lagrangian
flamelet model relates the Lagrangian time to the motion downstream, it is restricted to
parabolic flow configurations. It is therefore not applicable in cases with significant re-
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versed flow like swirling jets. The Eulerian Particle Flamelet Model introduced by Barths
et al. (1998) was devised to consider non-parabolic cases as well. This approach solves
for the concentration fields of several classes of marker particles representing an indivi-
dual unsteady flamelet each. It was applied by Coelho & Peters (2001) to a RANS-type
calculation of a combustor with strong recirculation flow, where it gave good predictions
for NO emissions. A rigorous application of the model in a predictive LES has not been
done so far.

As an alternative to the commonly used parameterization based on the scalar dissipa-
tion rate χst, the flamelet/progress variable approach parameterizes the steady laminar
flamelet solutions in terms of a progress variable (Pierce & Moin, 2004). The progress
variable, be it denoted here by C, can be defined as the sum of several product and
intermediate species mass fractions, such as, CO2, H2O, CO, H2. The main advantage
of such an alternative parameterization, using φ(Z, C) instead of φ(Z, χst), is that all
possible values of the progress variable can be uniquely related to a steady-state laminar
flamelet solution including the nonburning, completely extinguished, states associated
with χst < χq, as well. This regime of mixing without reaction, which may arise after
extinction or before re-ignition, cannot be captured by a parameterization with the scalar
dissipation rate, which covers only the burning solution for χst < χq for uniqueness rea-
son. While being still a steady laminar flamelet model, the progress/variable approach was
proven to capture to some extent the basically unsteady phenomenom of local extinction.

2.4.3 Conditional Moment Closure

The Conditional Moment Closure (CMC) approach was independently developed by Kli-
menko (1990) and Bilger (1993a,b). In the CMC method the transport equations are
conditionally averaged with the mixture fraction Z being the conditioning variable. For
some arbitrary scalar φJ the conditional averaging procedure may be generally written as

QJ(x, t; Z) = 〈φJ(x, t) | ζ(x, t) = Z〉 =

N∑

n=1

φJ(x, t; n) δ
(

ζ(x, t; n) − Z
)

N∑

n=1

δ
(

ζ(x, t; n) − Z
) , (2.27)

where N denotes the total number of realizations within the considered sample space. δ
represents Dirac’s delta function. Applying the conditional averaging procedure to the
transport equation for an arbitrary scalar φJ yields then

∂QJ

∂t
+ 〈uk|ζ = Z〉

∂QJ

∂xk

= 〈Ω̇J |ζ = Z〉 +
∂2QJ

∂Z2

〈
Dmol,J

∂Z

∂xk

∂Z

∂xk

∣∣∣∣ ζ = Z

〉
. (2.28)

Therein, as suggested by Bilger (1993a), all terms of the order of the inverse of the tur-
bulent Reynolds number 1/Ret = νmol/u

′l0 with u′ and l0 representing the rms velocity
fluctuation and the integral length scale of the underlying trubulent flow field, respec-
tively, have been neglected. It is noted that the laminar flamelet solutions obtained from
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Eqs. (2.22)-(2.23) are basically equivalent to the conditional averages defined by Eq. (2.27).
Accordingly, the CMC-transport equations given by (2.28) essentially resemble the lam-
inar flamelet equations (2.22)-(2.23), involving also the average scalar dissipation rate
conditional on Z in front of the diffusion term. Here it appears in the second term on the
rhs of (2.28) again as an unclosed coefficient, which has to be modeled. The basic assump-
tion of the CMC method is that the fluctuations with respect to the conditional averages
are small. This assumption implies that the conditionally averaged chemical source terms
〈Ω̇J |ζ = Z〉 may be accurately obtained by evaluating the constitutive expressions for the
elementary reactions with conditionally averaged input quantities, such that

〈ω̇K |ζ = Z〉 ≈ ω̇K (〈ρ|ζ = Z〉〉, 〈YJ |ζ = Z〉, 〈T |ζ = Z〉) . (2.29)

As such this closure approach represents the conditional formulation of the unconditional
first-order closure Eq. (2.11), which would be in general unacceptably inaccurate. For
flames being away from extinction and involving reactions with not too high activation
energies it was shown that the conditional first-order moment closure yields very accurate
results (Kim & Huh, 2002; Cleary et al., 2002). The conditionally averaged scalars can
be related to their unconditional filtered counterparts in physical space by a convolution
with the mixture fraction fdf analogously to Eq. (2.16) here rewritten as

φ̃J(x, t) =

∫ 1

0

QJ(x, t; Z) P̃(Z;x, t)dZ . (2.30)

In flames with significant local extinction and local re-ignition, the conditional first-order
closure is not sufficiently accurate, as it was shown by Roomina & Bilger (2001) for the
case of a methane-air jet flame. In such a case the effect of the fluctuations with respect
to the conditional average defined as

φ′′

J(x, t) = φJ(x, t) − QJ(x, t; Z) (2.31)

is not negligible any more. A second-order closure incorporates the influence of these con-
ditional fluctuations by including higher-order terms, namely the conditional variances
and covariances, 〈φ′′ 2

J |Z = ζ〉 and 〈φ′′

Iφ
′′

J |Z = ζ〉, respectively, into the closure equa-
tion for the conditional reaction terms (2.29) (Klimenko & Bilger, 1999). The conditional
second-order moments needed here are obtained by solving corresponding transport equa-
tions. This suggests to use strongly simplified chemical reaction mechanism to keep the
number of such transport equations small, as it was done by Kronenburg et al. (1998) for
a hydrogen-air diffusion flame. Alternatively to second-order closure, the accuracy of the
conditional closure (2.29) can be improved using double conditioning. A conditioning on
the mixture fraction as well as on a further appropriate parameter, which could be the
scalar dissipation rate (Cha et al., 2001), or the sensible enthalpy (Kronenburg, 2004),
was proven to yield very accurate predictions for the conditional reaction rates also in
flames with strong local extinction and re-ignition. Despite these very promising results,
the wider application of double conditioning CMC is greatly challenged by the unclosed
doubly-conditional scalar dissipation rate occurring in the double conditioned counterpart
of the CMC transport equation (2.28). In addition, an appropriate model is also needed

22



Fuel

Σ
hom

Z=Zst

Z=1

Z=0
Oxidizer

hom
Σ

Figure 2.6: Planar reactive mixing layer: Fuel and oxidizer feeds are separated by a
splitter plate, Σhom denote surfaces, where homogeneity can be assumed, Z = Zst denotes
an instantaneous position of the flame.

for the two-parametric joint fdf occurring in the convolution (2.30) when recast into a
double conditioned formulation. To overcome this problem Klimenko & Pope (2003) pro-
posed the multiple mapping conditioning (MMC) approach, which brings together the
CMC and PDF approaches. The method introduces a set of “reference variables” as con-
ditioning variables, and it solves for a consistent set of modelled transport equations for
the averages conditional on these reference variables. The required multiple-variable joint-
pdf is constructed based on the assumption that the reference variables are stochastically
independent having all Gaussian distributions. The first test of this concept considering a
three-stream mixing problem gave promising results. A key issue for its future application
to turbulent flames will be the development of accurate and efficient numerical algorithms
to ensure a computationally feasible solution procedure, especially when extending to a
higher dimensionality of the reference variable space.

Since the CMC method adds at least one further dimension (in the single conditioning
case it is normally the mixture fraction Z) to the time and the three spatial dimensions,
its use as a combustion model for LES of inhomogeneous reacting flows would lead to
excessively high computational costs. This problem could be circumvented by the Condi-
tional Source-term Estimation (CSE) method proposed by Bushe & Steiner (1999). The
CSE approach still utilizes the CMC first-order hypothesis (2.29) to obtain closure for
the spatially filtered reaction terms. However, it does not need to solve for the evolution
equations of the conditional averages, Eq. (2.28), as it is required in the original CMC
method. The basic assumption of the CSE approach is that inside the physical flow
domain, there can be identified stastistically homogeneous surfaces Σhom, on which the
conditional averages can be assumed to be invariant. As exemplarily shown in Figure 2.6
for the case of a planar reacting mixing layer, planes perpendicular to the surface, where
the flame is on average located, can be assumed as statistically homogeneous. For each
surface of homogeneity the conditional averages 〈φJ |ζ = Z〉 can then be approximated by
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inverting the convolution

φ̃J(xn, t) =

∫ 1

0

〈φJ |ζ = Z〉 P̃(Z;xn, t)dZ with xn ∈ Σhom (2.32)

for an ensemble of n = 1, . . . , N unconditional filtered scalars φ̃J(xn, t), which are sampled
on the considered homogenous surface Σhom at the points xn. As such the inversion of
the integral equation (2.32) serves to map the flame conditions from the physical space

(φ̃J) to the parameter space (〈φJ |ζ = Z〉). Bushe & Steiner (1999) validated the CSE
method first in an a priori test based on DNS results of a reactive mixing layer, where
a simple one-step model mechanism had been applied (Chen et al., 1992). This a priori
test made also evident that a second conditioning variable is needed to capture local ex-
tinction which was significant in the considered model flame. Accordingly, applying the
CMC closure Eq. (2.29) with averages conditioned on two variables, the mixture fraction
Z and the scalar dissipation rate χ, considerably improved the predictions of the model.
In a successive work, Steiner & Bushe (2001) investigated the predictive capability of
CSE for use in a real flame. They considered a piloted methane-air jet flame which had
been investigated in experiments by Barlow & Frank (1998). A reduced two-step kinetic
mechanism introduced by Williams (1991) was used for the methane-air chemistry. The
LES results obtained with the CSE method showed very good agreement with the mea-
surements. The instantaneous contours of the temperature as well as the instantaneous
position of the stoichiometric surface, Z = Zst, can be seen from Figure 2.7. For this
jet flame configuration, planes normal to the axis of the jet were assumed as surfaces of
homogeneity for the conditional averages, Σhom.

The attractive features of the CSE approach are that it basically does not need to assume
very fast, i.e., close-to-equilibrium chemistry, or a steady-state flame structure like SLFM.
In addition, since CSE relates the conditional averages to the instantaneous resolved flow
field provided by the LES equations, it is capable to capture unsteady effects of the
turbulent motion on the chemical reactions. The CSE method has, however, still some
limitations. First, the method requires the assumption of the existence of homogeneous
surfaces, where the conditional averages practically do not change. Especially in strongly
non-parabolic configurations, e.g., in cases with significant reversed flow, it may become
very difficult to identify such statistically homogenous surfaces, on which the conditional
averages do not vary markedly. This issue will certainly have to be addressed in the fur-
ther development of the model. Second, the conditional averages are obtained as solutions
of an integral equation as given by Eq. (2.32). Thereby, a linear regularization is applied
to suppress the occurrence of unphysical maxima and minima in the resulting curves for
〈φJ |ζ = Z〉, which, on the other hand, may lead to overly diffusive solutions. Third, in
case of extinction or re-ignition a second conditioning variable, most suitably the scalar
dissipation rate χ, has to be introduced, which requires some additional assumptions on
the fdf of χ. Moreover, having to solve for doubly conditioned averages increases the
computational costs for the solution of the integral equation (2.32) considerably. The
latter two constraints motivated to develop the CSE method further to the CSE-Laminar
Flamelet Decomposition method (CSEFD) as proposed by Bushe & Steiner (2003). It
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Figure 2.7: LES of a non-premixed reacting piloted jet flow: instantaneous temperature
contours. The white line denotes the instantaneous position of the stoichiometric surface,
Z = Zst. (Reprinted from Steiner & Bushe (2001)).

can be regarded as a hybrid between the Laminar Flamelet method (LFM) and CSE. In
the CSEFD method the conditional averages are estimated as a superposition of a set of
unsteady laminar flamelet solutions φm(Z)

〈φ |ζ = Z〉 ≈

M∑

m=1

am φm(Z). (2.33)

The weighting coefficients am are obtained analogously to the original CSE approach upon
the inversion of an integral equation

φ̃(xn, t) =

∫ 1

0

M∑

m=1

am φm(Z) P̃(Z;xn, t)dZ (2.34)

for n = 1, . . . , N sample points on a homogeneous surface. The unsteady laminar flamelet
solutions φm(Z) can represent a typical spectrum of physically realizable conditions for

25



the flame including solutions which arise from re-ignition or extinction and, hence, no
additional conditioning variable might be needed to capture these effects. Alike in the
Steady Laminar Flamelet Model (SLFM) highly complex multi-step kinetic mechanism
can be used to predict the formation of intermediate species and pollutants. Bushe &
Steiner (2003) carried out an a priori test using a DNS data base. It turned out that
the most accurate results could be achieved with the computationally least expensive
procedure which solves the integral equation (2.34) only for the temperature, such that

φ̃ = T̃ . The thereby obtained coefficient vector am is then used to compute the condi-
tionally averaged reaction rates directly as a linear combination of the reaction rates from
the unsteady flamelet library for the elementary reaction rates ωK,m(Z)

〈ω̇K |ζ = Z〉 ≈

M∑

m=1

am ω̇K,m(Z). (2.35)

Although the CSEFD method does not require a regularization technique to obtain
smooth solutions alike the original CSE, it has to cut-off negativ coefficients of am, which
might eventually occur but are physically meaningless and therefore discarded. In a sense
the weighting coefficient vector am plays the role of the fdf of the scalar dissipation rate
χ getting involved in the case of double-condition CSE with conditioning on Z and χ.
From this viewpoint the method can be practically regarded as a promising candidate for
unsteady flamelet modeling with the great benefit of having not to model a fdf of χ. It
is noted, however, that alike in the original CSE approach the assumption of surfaces of
statistical homogeneity is still a basic requirement of the model. With this respect, as
it was already pointed out above, there is scope for a further developments of the model
especially when dealing with very complex flow configurations inside the combustor.

2.5 Concluding remarks

During the last decade LES has become increasingly acknowledged as a powerful sim-
ulation tool for its potential of providing valuable instantaneous information especially
needed as input for a reliable modeling of turbulent combustion. The typically applied
approaches mostly still resemble equilibrium or close-to-equilibrium chemistry concepts,
which were originally derived for use in RANS-type simulations. When applying more
comprehensive combustion models to LES, the major part of the considered configura-
tions were of academic type, such as jet flows, or plane mixing layer flows, rather than real
engineering problems. Nonetheless, important advancements have been made towards a
realistic modeling of non-equilibrium flames, where the turbulent fluctuating, instanta-
neous local strain may strongly affect the reactions. In the case of non-premixed com-
bustion, the Conditional Moment Closure, the unsteady laminar flamelet models, and the
transported filtered density function method were proven as most promising approaches.
The incorporation of these approaches into predictive LES still raises many open issues,
though, such as a most efficient computation of the flame structure in parameter space,
the appropriate mapping of the flame structure from the parameter space to the physical
space, the substantial computational costs added by the models, or the closure for the
unresolved micromixing terms. Even the basic resolution requirements for LES, which are
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generally determined by the criterion that the energy contained in the unresolved subgrid
scales is small compared to the resolved part, may need revision. In contrast to the non-
reacting case, combustion brings in an important part of energy especially on the small,
unresolved, subgrid scales. The significant contribution from these unresolved scales puts
the same fundamental problem of insufficient resolution to LES as it does to RANS.
In summary, there are evidently many practical as well as very fundamental aspects,
which need further investigation to pave the way for a use of LES as a standard tool in
technical combustion.
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3 Modeling of subcooled boiling flow

3.1 Introduction

In the modern design and layout of highly efficient cooling systems, investigations on
subcooled boiling flow have been gaining much attention. Especially in thermally highly
loaded wall regions, where highest possible heat transfer rates are required to keep the
local surface temperatures on an acceptable level regarding material lifetime, the cooling
power which can be achieved with pure single-phase forced convection is often limited and
insufficient. The limitations of the convective single-phase cooling may be due to a very
compact space- and weight-saving design of the individual cooling system components,
which often leads to small cooling surface areas as well as unfavorable flow conditions for
the convective transport of heat. There may be also restrictions on the available magni-
tude of the coolant feed into the cooling system. In all such cases the concept of utilizing
the strongly enhanced heat transfer associated with nucleate boiling represents an attrac-
tive approach. It offers a great potential for application in many energy conversion and
heat exchange systems, ranging from the cooling of electronic components to the thermal
management of modern internal combustion engines. The application of this novel con-
cept in today’s design of cooling systems requires, however, reliable mathematical models
which predict the convective boiling heat transfer with acceptable accuracy. Furthermore,
these models should be well suited for use in CFD of coolant flows.

Nucleate boiling flow is a highly complex phenomenon, which involves numerous types of
interactions between the liquid, the vapor phase, and the solid heater, as schematically
shown in Figure 3.1. The interaction between the liquid bulk flow and the non-boiling
part of the heated surface, denoted by 1, represents basically the convective single-phase
heat transfer, generally termed macroconvection. The interaction between the bulk flow
and the vapor bubbles, denoted by 2, comprises the hydrodynamic forces of the flow act-
ing on the bubbles and vice versa. These flow induced forces can strongly influence the
bubble growth, the bubble detachment from the nucleation sites, as well as the paths of
the rising bubbles. Moreover, a densely populated heated surface may change the near-
wall flow conditions significantly. The bubble-liquid phase interaction, denoted by 3, is
often subsumed as the so-called microconvection. It includes the entrainment of liquid
into the wake of a rising bubble immediately after detachment, which mixes portions
of cool liquid from the - mostly subcooled - outer flow region into the superheated wall
layer. This bubble lift-off induced transport of cool bulk liquid towards the heated surface
increases instantaneously the local convective heat transfer. At the same time, it cools
down the area around the nucleation sites below the critical temperature for nucleation.
This cooling down of the nucleation sites immediately after bubble lift-off is generally
termed “surface quenching”. A quenched nucleation site needs some period of time to be
re-heated beyond a critical temperature, where bubble nucleation is initiated again. The
required heat is supplied by the solid heater via conductive heat transfer, denoted by 4.
Aside from the hydrodynamical effect of the bubble motion on the liquid, the bubble-liquid
interaction also includes the thermal effect of condensation at the vapor-liquid interface.
This process occurs at the top of the bubbles, once the interface reaches a zone where
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Figure 3.1: Interactions between liquid phase, the vapor bubbles and the solid heater.

the local temperature is below the saturation level. The evaporative counterpart of this
mechanism of latent heat transport is realized by the interaction between the bubble foot
and heated surface, denoted by 5. While the bubble is growing on its nucleation site, the
latent heat needed for evaporation is continuously removed from the solid heater mate-
rial, which causes a local drop of the temperature on the heated surface structure. The
local cooling due to the removal of heat of evaporation during bubble growth, as well as
the local cooling associated with the surface quenching after bubble detachment, are the
main reasons why the surface temperature is highly non-uniform in time and space. This
non-uniformity of the surface temperature also leads to considerable thermal interactions
(conductive heat exchange) between the individual nucleation sites inside the solid heater,
denoted by 6. It is noted that most of the boiling models used today do not account for
these spatial and temporal fluctuations in the surface temperature assuming in general
a stationary and uniform wall temperature. For denser bubble populations occurring at
higher wall superheats the bubble-bubble interactions, denoted by 7, such as coalescence
or formation of columns, can play an important role. It is conceivable that this type of
interaction makes simple single bubble considerations, on which many boiling models are
based, highly questionable. The complexity shown in Figure 3.1 still does not give the
complete picture. Contact surface related aspects associated with surface tension, wetta-
bility, surface roughness, and porosity are known to have an important influence on the
number of active nucleation sites needed for the formation of vapor bubbles. The so-called
surface aging, which can be caused by chemical depositions on the heater surface leading
to a long term deactivation of nucleation sites, also falls into this group. It is especially
these surface related properties which impair a rigorous parameterization, such that the
theoretical boiling models proposed to date involve many empirical constants, which have
to be adjusted from case to case.

Despite the numerous and physically complex effects which can be relevant in nucleate
boiling, it is generally agreed that the marked increase in the heat transfer rate relative
to the single-phase convection essentially results from two basic mechanisms:
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- the microconvection induced by the motion of the bubbles and

- the latent heat transport to and from the bubbles.

However, in many cases no consensus has been reached on the quantitative contribution
of each mechanism to the total heat flux.

3.2 Basic model considerations

Boiling is a very complex and elusive process, whose underlying physics is still not fully
understood. No rigorous theoretical model has yet been developed to predict the heat
transfer rate as a function of the wall superheat. The difficulty to develop a mathematical
formalism to capture all the relevant mechanisms is not only due to the highly complex
interactions between the numerous sub-processes involved in nucleate boiling. The mod-
eling also faces the arduous problem of measuring all the properties which are essential
for the physics of the interfacial contact between the vapor, liquid, and the solid (heater)
phases. In view of the fact that for technical surfaces it is practically impossible to mea-
sure rigorously contact physics related properties, such as roughness, wettability or aging
conditions, it is even doubted if deterministic modeling is an appropriate approach at
all to describe the nucleate boiling process. Following such an argument, boiling should
be considered rather as a chaotic process subject to strongly nonlinear interactions. The
non-deterministic approach to model the so-called “boiling chaos”, whose basic ideas and
critical issues were discussed in much detail in a review by Shoji (2004), particularly
focuses on the nucleation site problem as the most relevant sub-process. The current
research in this field primarily aims at a better unterstanding of the non-linear physics
of boiling rather than yielding most accurate quantitative predictions in particular con-
figurations. It is expected that a better understanding of the real phenomena will finally
lead to more reliable theoretical models also in a quantitative sense. Mosdorf & Shoji
(2004) presented a simple nonlinear model which mimicks the temporal chaotic changes
in the surface temperature at a given active nucleation site. The authors attribute the
chaotic fluctuations in the surface temperature, which are also observed in experiments,
to the temporal changes in the heat flux absorbed by the bubbles. The approach based on
the nonlinear analysis will certainly give more insight into the real physical phenomena
governing the nucleate boiling process, however, much theoretical as well as experimental
work has still to be done to finally yield predictive boiling models for an application in
technical flows.

In pace with the steady increase of computer power, the use of Computational Fluid
Dynamics (CFD) has become state-of-the-art in the modern design of energy conversion
and transmission devices. The model-free CFD method, which solves directly all relevant
transport processes, as it is done in the Direct Numerical Simulation (DNS) of turbulent
flow at low Reynolds numbers, has to be ruled out for real-life boiling configurations on
technical surfaces due to its prohibitively high computational costs. At the most, di-
rect numerical simulations can be carried out in strongly simplified configurations, such
as boiling from a predefined small number of nucleation sites on an otherwise perfectly
smooth surface (Mei et al., 1995a,b; Shin et al., 2005). This limitation will apply at least
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in the foreseeable future, despite the ongoing increase of the available computational re-
sources. CFD of boiling flow will therefore keep relying heavily on the modeling of the
interfacial heat and mass transfer.

Today’s commonly used approaches involve a lot of empiricism built into the various
model correlations, which limits their general applicabilty considerably. The generation
of a vapor phase at the incipience of nucleate boiling basically suggests a two-fluids sim-
ulation, where the discretized Eulerian transport equations are numerically solved both
for the liquid and the vapor phase (Končar et al., 2004; Xu et al., 2005). Since technical
flows are mostly turbulent, one in general solves the Reynolds averaged formulations of
the transport equations, which requires appropriate turbulence models for the unclosed
averages of the nonlinear transport terms, as it is already the case in turbulent single-
phase flow. The complex nature of the liquid/vapor interactions as well as the difficulty
in defining adequate wall boundary conditions for the void fraction makes the two-fluids
simulations reliant on many - partly questionable - modeling assumptions, which again
introduce much empiricism and may finally lead to a loss of general applicability and
accuracy. It has therefore become a frequently adopted praxis to use only a single-phase
formulation neglecting completely the dynamics associated with the motion of the vapor
phase. In the case of subcooled boiling flow the simplification to simulate only the motion
of the liquid carrier phase can certainly be reasoned by the zero net production of vapor,
because the bubbles condense immediately, once they escape from the very confined su-
perheated wall layer with the temperature within being T > Ts. It can then be argued
that the vapor phase exists only inside a very thin layer next to the superheated wall,
while the other, much larger part of the flow domain is occupied by liquid phase only,
such that the dynamical effect of vapor phase can be neglected. Concerning the total wall
heat flux, the single-fluid modeling does account for the presence of the vapor phase near
the wall by imposing thermal wall boundary conditions, which include nucleate boiling
heat transfer through corresponding boiling models. As such, the single-fluid modeling,
which includes the boiling wall heat transfer, certainly represents a very simple way to
capture the strongly enhanced heat transfer associated with nucleate boiling. However,
in the presence of a significant void fraction at the heated wall, the single-fluid concept
inherently misses several important features typically found in the bubble-laden near-wall
flow, such as retarded mean velocities, or an enhanced turbulence in the liquid phase.
The effects of the vapor bubbles on the flow of the liquid were investigated in a number
of experimental studies (Maurus, 2003; Ramstorfer et al., 2005). It is expected that the
results of these experimental studies will help to improve the modeling of the fluid/vapor
interactions in the two-fluids simulations. To some extent these studies may also be very
useful in the single-fluid modeling to account for the presence of the vapor bubbles by
modifying the wall boundary conditions for the velocity as well.

Figure 3.2a shows a typical subcooled boiling flow configuration. Basically, the sub-
cooled boiling flow regime is characterized by a superheated wall with Tw > Ts, and a
bulk temperature, which is lower than the saturation temperature, Tb < Ts. The forma-
tion of vapor bubbles starts once the heated wall has reached the onset of nucleate boiling
(ONB) temperature, Tw = TONB at point B. Figure 3.2b shows three boiling curves de-
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Figure 3.2: Subcooled boiling flow: (a) variation of bulk and wall temperatures into
the streamwise direction; (b) boiling curves for different velocities of the bulk liquid; the
dashed line, −−, denotes the highest velocity case, the dotted line, · · · , denotes the zero
velocity, i.e. the pool boiling case.

picting the wall heat fluxes qw versus the wall temperatures Tw for three different bulk
velocities with zero velocity - representing the pool boiling case - being the lowest. Two
subranges can be distinguished in the subcooled boiling region: in the partially developed
boiling (PDB) regime at lower wall superheats, the bulk flow rate affects the heat trans-
fer significantly. So the onset of nucleate boiling is shifted to higher wall superheats for
higher flow rates (B→B’), as shown in Figure 3.2b. In the fully developed boiling (FDB)
regime at higher wall superheats, the boiling curves converge towards the pool boiling
curve, which indicates that the flow rate becomes insignificant once the wall superheat is
sufficiently high.

3.2.1 Onset of nucleate boiling (ONB)

The determination of the point of the incipience of boiling, ONB-point, was the subject
of many studies, as it provides a criterion for the minimum wall superheat

Tw − Ts = TONB − Ts,

which is required for the formation of vapor bubbles. As such, it specifies the lower
limit above which the nucleate boiling heat transfer has to be accounted for through
corresponding boiling models. Hsu (1962) was the first to develop an analytical condition
for the onset of nucleate boiling at a given cavity. Hsu’s analysis starts from a vapor bubble
of radius rb in equilibrium with its surrounding liquid of temperature Tl and pressure pl.
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The pressure inside the bubble pg is given by the Young-Laplace equation as

pg = pl +
2σ

rb
(3.1)

with σ being the surface tension at the interface. Assuming the vapor phase as perfect
gas and a small vapor/liquid-phase density ratio, ̺v/̺l ≪ 1, the overpressure pg − pl can
be related to the corresponding superheat using the Clausius-Clapeyron equation written
as

dp

dT
=

hlg

T
(

1
̺v

+ 1
̺l

) ≈
hlg̺v

T
=

hlg p

RT 2
, (3.2)

where hlg represents the latent heat of evaporation and R is the specific gas constant. The
integration of (3.2) from pl to pg yields the saturation temperature of the vapor inside the
bubble written as

Tg = Ts +
R Ts Tg

hlg
ln

(
1 +

2σ

rb pl

)
, (3.3)

where Ts = Ts(pl) refers to the saturation temperature of the liquid outside the bubble
having the pressure pl.
Eq. (3.3) can be further simplified assuming 2σ

rbpl
≪ 1 and pl

RTg
≈ pg

RTg
= ̺v. Thereafter,

applied to a truncated spherical bubble, as shown in Figure 3.3a, the saturation tempera-
ture Tg can be rewritten as a function of the wall normal distance at the tip of the bubble,
y = yb = rb(1 + cosβ),

Tg(yb) = Ts +
Ts

̺vhlg

(
2σ
yb

1+cosβ

)
. (3.4)

Hsu postulated for the ONB condition that the temperature at the tip of the bubble is at
least equal to the saturation temperature inside the bubble given by Eq.(3.4), such that

Tg(yb) = Tl(yb), (3.5)

where the temperature of the liquid phase is assumed as a linear function of the wall
distance as

Tl(yb) = Tw −
qw

λl
yb, (3.6)

whose gradient is determined by the wall heat flux qw and the thermal conductivity of
the liquid phase λl. As shown in Figure 3.3b, the solution of Eq. (3.5) corresponds to
the intersection points between the curved line for Tg and the straight line for the liquid
temperature Tl, given by Eqs. (3.4) and (3.6), respectively, where the height of the bubble,
yb, has been rewritten in terms of the cavity mouth radius

rc =
yb sinβ

1 + cosβ
.

Both lenghts are equal, rc = yb, in the case of a hemispherical bubble, which is associated
with a contact angle β = 90◦. The two intersection points at

rcmin, max
=

Tw − Ts

2

λl

qw

sinβ

1 + cosβ

[
1 ±

√
1 −

8qwTsσ(1 + cosβ)

λl̺vhlg(Tw − Ts)2)

]
(3.7)
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rc,min rc,tan

y

r

b

c

rb
β

p

pg

l

r

T

w,minT

rc,max c

Tw

Ts

(a) (b)

Eq.(3.6)

Eq.(3.4)

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

Figure 3.3: Onset of nucleate boiling: (a) bubble nucleus at the incipience of boiling
(ONB); (b) superheat criterion for the ONB, tangency condition rc = rc,tan.

represent the limits of the range of effective cavity radii for a given wall superheat Tw−Ts,
because only cavities inside the interval rcmin

≤ rc ≤ rcmax
satisfy the condition Tl(yb) ≥ Tg

for the incipience of boiling. It can be further concluded from Eq. (3.7) that effective
cavities only exist for a non-negative discriminant. The limit of a zero discriminant
provides a minimum superheat criterion for the incipience of boiling generally termed
“tangency condition for the ONB”, which relates the wall heat flux at the ONB to the
minimum wall superheat as

qONB =
λl̺vhlg(Tw,min − Ts)

2

8Tsσ(1 + cosβ)
. (3.8)

Furthermore, invoking the tangency condition for a given cavity size rc, such that

rc = rc,tan =
Tw,min − Ts

2

λl

qONB

sinβ

1 + cosβ
,

yields an expression for the minimum wall superheat

Tw,min − Ts =
4 Ts σ sinβ

̺v hlg rc
. (3.9)

Bergles & Rohsenow (1964) applied Hsu’s analysis to a hemispherical bubble (β = 90◦).
However, they considered the full equation (3.3) and not the approximation (3.4), which
finally leads to no explicit formulation for the incipient heat flux alike Eq. (3.8) when
invoking the tangency condition. Based on experimental data they provided a graphical
solution

qONB = 1082p1.156 [1.8(Tw − Ts)]
2.16

p0.0234 (3.10)

instead, where p is the pressure of the liquid measured in atmospheres.
It is known that for well wetting fluids, the flooding of cavities reduces markedly the
probability of finding an unflooded cavity of the size rc,tan corresponding to the minimum
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Figure 3.4: Location of the transition from partially developed boiling (PDB) to fully
developed boiling (FDB).

superheat criterion, as shown in Figure 3.3b. As a consequence, the minimum superheat
criterion (3.9) based on the tangency condition proposed by Hsu in general underpredicts
the minimum superheat, which is required for the inception of boiling. In order to ac-
count for the wettability of the surface, Basu et al. (2002) introduced a correlation for an
effectively available cavity size, which reads

rc,eff = rc,tan F . (3.11)

The correction factor F introduced here varies between zero and unity, and is computed
as an empirical function of the contact angle β. For increasing wettability associated with
β → 0, more and more cavities are flooded, and hence F → 0. The resulting decrease in
the effective cavity size consequently leads to higher minimum wall superheats, as seen
from the criterion (3.9) when using rc,eff for the cavity size in the nominator.

Newly developed three-dimensional techniques to measure surface topologies have made
it possible to obtain more detailed information on the shape and the distribution of the
available cavities. Based on such high-resolution scanning techniques Luke (2004) deter-
mined the spatial distribution of cavities on different technical heated surfaces using the
so-called envelope method. In this method an envelope area is created by a roller ball of
a certain diameter, which is virtually rolled over the measured surface topography. The
three nearest contact points of the envelope area and the heated surface beneath always
form a cavity, which represents a potential nucleation site. Repeating this method with
varying diameters of the virtual roller makes it possible to measure the whole spectrum
of cavity sizes on the considered technical surface.

3.2.2 Transition from partially developed (PDB) to fully developed boiling
(FDB)

For the specification of the condition, where fully developed boiling begins, the model
proposed by Bowring (1962) is widely used. As seen from Figure 3.4, this model locates
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the beginning of the FDB regime by intersecting the extension of the straight single-phase
line (A-B) with the fully developed boiling curve (dashed curve qFDB), which majorily
depends on the wall superheat Tw − Ts and only little on the mass flow rate. Multiplying
the heat flux at the intersection point “F” by a factor of 1.4 gives then the heat flux at
the transition to the FDB region

qPF = qE = 1.4 qF . (3.12)

Shah (1977) assumed the demarcation between PDB and FDB essentially dependent on
the subcooling and proposed

TPF = Ts +
1

2
(Ts − Tb)︸ ︷︷ ︸

∆Tsub

(3.13)

There is evidently much of arbitrariness involved in (3.12) and (3.13), which has not
much impact though. Most of the models proposed for the wall heat flux do not explicitly
distinguish between the PDB and the FDB region, as they are in general devised to span
both regions.

3.3 Models for the wall heat flux

A great variety of wall heat flux models has been developed for a use in engineering
applications, and basically all of them adhere to the deterministic approach. The proposed
models can be broadly grouped into two categories:

- General empirical correlations, which describe the wall heat transfer rates mostly
as general power functions of non-dimensional groups.

- Mechanistic models, which attempt to capture the basic relevant mechanisms for the
total heat flux, i.e., the hydrodynamic convective transport and the thermal heat
transport associated with evaporation.

While the first concept relies completely on experimental data in deriving the non-
dimensional model correlations, the latter is more analytical in that it accounts explicitly
for the different physical mechanisms contributing to the total heat flux. Therefore, the
mechanistic models in general perform better in transition regimes, where the relative
contribution of the individual mechanisms may change substantially. Despite their more
physical basis, the mechanistic models still involve a good deal of empiricism in the mod-
eling of the individual mechanisms.

3.3.1 General empirical correlations

In the FDB region, most empirical correlations model the total heat flux as a power
function of the wall superheat

qw = K(Tw − Ts)
m = K∆Tm

sat (3.14)
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with K being some empirically determined model parameter. The correlation proposed
by McAdams et al. (1949) for water

qw = 4.77 ∆T 3.86
sat (3.15)

shall be quoted here as a typical representative. Some authors additionally consider the
influence of the pressure p, as it is the case in the correlations due to Thom et al. (1965)

∆Tsat = 22.65 q0.5
w exp

( p

87

)
(3.16)

and Labuntzov (1972)

∆Tsat =
1 − 0.0045 p

3.4 p0.18
q2/3
w (3.17)

with the pressure p always measured in bars. Another group of models assumes the total
wall heat flux in the FDB region as an enhanced convective transfer by multiplying the
heat transfer coefficient for forced single-phase convection, αfc, with some enhancement
factor. In the correlation proposed by Shah (1977)

qw = αfc 230 Bo0.5∆Tsat (3.18)

this enhancement factor involves the boiling number

Bo =
(qw/̺lhlg)

ub

(3.19)

which relates the contribution of nucleate boiling, represented by the “boiling velocity”
qw/̺lhlg, to the contribution of forced convection, represented by the velocity of the
bulk liquid ub. In Shah’s approach the forced convection heat transfer coefficient αfc is
computed from the Dittus-Boelter equation

Nufc =
αfcDh

λl

= 0.023 Re0.8
l Pr0.4, (3.20)

which represents a well-established correlation for hydraulically and thermally fully de-
veloped channel flow. It writes the Nusselt number Nufc as a simple power function of
the liquid phase Reynolds number Rel = ̺lubDh/µl and Prandtl number Prl = µlcp,l/λl

with µl, cp,l, and λl being the dynamic viscosity, the specific heat at constant pressure,
and the thermal conductivity of the liquid phase, respectively. The characteristic length
scale Dh = 4A/U , generally termed hydraulic diameter, depends on the cross-sectional
area A and the perimeter U of the channel.
The approach proposed by Kandlikar (1998b) for the FDB region is written as

qw = αfc 1058 Ffl Bo0.7∆Tsat. (3.21)

In extension to Shah’s model this correlation introduces a fluid-surface parameter Ffl

representing the surface fraction covered by the liquid phase.

Only a few attempts have been made to provide specific correlations for the PDB regime.

37



This is mainly due to the considerable uncertainty in estimating the upper limit of the
PDB regime, beyond which the influence of the bulk flow convection becomes insignifi-
cant. The proposed models are mostly devised to assure a smooth transition from the
single-phase region to the PDB region, and then to the FDB region. Among these, the
correlation suggested by Bergles & Rohsenow (1964) reads

qw = qfc

{
1 +

[
qFDB

qfc

(
1 −

qONB

qFDB

)]2
} 1

2

. (3.22)

Therein, as seen from Figure 3.4, qfc represents the single-phase convection line A-B-F,
qFDB the fully developed boiling curve F − E, and qONB the total wall heat flux at the
incipience of boiling located at B. Later Kandlikar (1998b) suggested for the PDB region
the equation

qw = a + b (Tw − Ts)
m (3.23)

with the model parameters a, b and m being defined as functions of qw and Tw − Ts

evaluated at the points B, F and E, as shown in Figure 3.4. Aside from these interpolation
models, Shah (1977) presented a correlation which fitted best the empirical data base
underlying his analysis

∆Tsat =
qw

αfc

(
Ψ0 + ∆Tsub

∆Tsat

) (3.24)

with Ψ0 being a function of the boiling number Bo defined in (3.19).

Among the empirical correlations which have been developed to cover both the PDB
and the FDB region, the approach due to Moles & Shaw (1972) correlates the - relative
to the single-phase coefficient αfc - enhanced two-phase heat transfer coefficient αtp as

αtp

αfc
= 78.5 Bo0.67Ja−0.5

sub

(
̺v

̺l

)0.03

Pr0.45 . (3.25)

This correlation is based on experimental data from 10 different sources including both or-
ganic and inorganic liquids. It introduces a modified Jakob number Jasub = cp,l∆Tsub/hlg,
where the wall superheat ∆Tsat has been replaced by ∆Tsub, to capture effect of sub-
cooling, which is typically very strong in the PDB region. In a later study the model
constants in Moles’ approach (3.25) were modified by Prodanovic et al. (2002) to improve
the overall agreement of the model predictions with the data base used in their study.

3.3.2 Mechanistic models

The basic strategy of mechanistic models is to identify and to model the essential physical
mechanisms which contribute to the total wall heat flux. They mostly assume the heat
flux to be composed of three components, namely, the single-phase convection qfc, the
evaporation heat flux needed directly for the phase change qev, and the sensible heating
of the portion of liquid which fills the volume vacated by a departing or collapsing bubble
qqu. The total wall heat flux can then be written as

qw = qfc + qev + qqu. (3.26)
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The forced convection component is commonly obtained as

qfc = αfcAsp (Tw − Tb), (3.27)

where the heat transfer coefficient αfc is frequently computed from correlations proposed
by Petukhov (1970) and Gnielinski (1976), or simply from the classical textbook corre-
lation by Dittus-Boelter (3.20). The explicit distinction between the area fraction only
influenced by single-phase convection, Asp, and the fraction only influenced by the nucle-
ate bubbles Anb = 1 − Asp is frequently omitted.

The evaporation heat flux can be basically obtained as

qev = Na f
d3

Dπ

6
̺v hlg, (3.28)

where Na is the number of the active nucleation sites per unit wall area, f is the bubble
frequency, and dD the average bubble diameter at the departure from the heated surface.
The frequency f is mostly computed based on the empirically observed relationship with
diameter dD raised to the power γ (the empirical exponent γ is of the order of unity)

f d γ
D = const. (3.29)

leading to correlations such as

f =

√
4

3

g(̺l − ̺v)

dD̺l
, (3.30)

as suggested by Ivey (1967). To date, there is no theoretically based formulation available
for the specification of the nucleation site density on technical surfaces. It is generally
assumed as a power function of the wall superheat

Na = [m (Tw − Ts)]
n (3.31)

involving two empirical constants, m and n (Lemmert & Chawla, 1977). Their values are
frequently set to m = 185 and n = 1.805 following a proposal by Kurul & Podowski (1990).

It is noted that the explicit modeling of the evaporation heat flux also plays an important
role in the two-fluids simulations. They require the specification of source terms for the
vapor phase at the superheated walls which is practically equivalent to the modeling of
the evaporative heat flux. This is also the reason why the general empirical correlations
discussed in the former section are a priorily not applicable in two-fluids simulations, as
they do not involve any separate modeling of the evaporative heat flux.

The quenching heat flux can be computed based on the transient conduction problem
of the heat-up of a semi-infinite liquid adjacent to the heated wall. As shown by Victor
et al. (1985), the solution of this transient problem finally provides for the quenching heat
flux, which is written as

qqu = αqu Anb (Tw − Ts), (3.32)
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the required transfer coefficient

αqu = 2

√
λl ̺l cp,l

πτqu
τqu f. (3.33)

Therein, the bubble influenced area fraction is computed from

Anb = min( 1, KNa πd2
D/4) with K = 4, (3.34)

and the quenching period is assumed as proportional to the inverse of the bubble frequency

τqu =
Cqu

f
(3.35)

with the parameter Cqu ranging from 0.5 to 1. As an alternative to the direct modeling,
as given by Eqs.(3.32)-(3.35), Bowring (1962) proposed to compute qqu from the ratio
εqu = qqu/qev by rewriting Eq.(3.26) as

qw = qfc + qev(1 + εqu). (3.36)

Bowring assumed the ratio εqu in dependence of the considered pressure range as

εqu =
qqu

qev

=





3.2
̺lcp,l∆Tsub

̺vhlg

, 1 ≤ p ≤ 9.5

2.3, 9.5 ≤ p ≤ 50

2.6, p > 50 [bars] .

(3.37)

For low-pressure subcooled flow boiling Hainoun et al. (1996) proposed to correlate the
ratio εqu as

εqu =
1

2 Cqu

(
1 +

∆Tsub

∆Tsat

)2

− 1 (3.38)

with the parameter Cqu being about 0.5.

Most mechanistic models do not account for the quenching heat flux separately. They
rather combine the quenching contribution with the evaporation component to one single
“pool boiling”, or “nucleate boiling” term, qnb, such that Eq.(3.26) is rewritten as

qw = qfc + qnb. (3.39)

There have been proposed a large number of models falling into this category. In contrast
to the boiling number based methods discussed above (Shah, 1977; Kandlikar, 1998b),
the distinction between a convective and a nucleate boiling contribution brings about
much freedom in selecting an appropriate model for each component. It also provides
by definition the right asymptotical behavior when approaching the limits of single-phase
convection, where the nucleate boiling composition becomes zero, qnb → 0, as well as the
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limit of pool boiling, where the forced convection contribution goes to zero, qfc → 0. The
latter limit is particularly troublesome for the boiling number based empirical correlations,
because, as seen from its definition in (3.19), the boiling number goes to infinity for
vanishing bulk velocity ub → 0, which makes this type of models uncapable to provide
a smooth transition from the flow boiling to the pool boiling regime and vice versa.
The superposition concept includes further the possibility of a non-linear combination,
as suggested first by Kutateladze (1963), who superimposed the individual contributions
squared

qw =
(
q2
fc + q2

nb

) 1

2 . (3.40)

The introduction of this quadratic addition was mainly motivated by the fact, that such
a power-additive formulation intrinsically captures the vanishing influence of the forced
convection term qfc in the limit of the fully developed boiling (FDB), as it is indicated
by the convergence of the boiling curves in the FDB region in Figure 3.2b. Kutateladze’s
quadratic concept was later generalized by Steiner & Taborek (1992). Their approach
will be described in more detail later in this section.

One of the simplest methods to compute the nucleate boiling component was proposed by
Maroti (1977). Assuming a linear temperature profile in the liquid and the boiling con-
tribution as proportional to the superheated part of the thermal wall layer, he obtained

qnb = qw

(
∆Tsat

∆Tsat + ∆Tsub

)2

. (3.41)

Other more sophisticated approaches mostly model qnb based on correlations (empirical
and semi-empirical), which were originally developed for typical pool boiling configura-
tions. Among these, rather than combining the heat fluxes themselves, most approaches
superimpose the corresponding heat transfer coefficients to obtain a coefficient for the
total wall heat flux. A pioneering superposition model, whose underlying concept is still
widely used, was proposed by Chen (1963). Chen defined the total heat flux coefficient
as composed of a “macroconvection” coefficient of the two-phase flow and a “microcon-
vection” coefficient associated with nucleate boiling written as

α = αmac + αmic = αlF + αnbS. (3.42)

The macroconvection coefficient is obtained from the Dittus-Boelter Eq.(3.20) as

αmac = F αl =
λl

Dh
0.023 F Re0.8

l︸ ︷︷ ︸
Re0.8

tp

Pr0.4 (3.43)

involving a two-phase Reynolds number Retp. As such, Eq. (3.43) basically represents an
extension of the Dittus-Boelter equation from pure liquid-phase to two-phase convective
flow, where the factor F = (Retp/Rel)

0.8 is introduced to account for the enhanced convec-
tive heat transport caused by the vapor bubble agitation in terms of a higher, two-phase
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Reynolds number. Chen correlated the factor F as a function of the Martinelli parameter,
F = fct(Xtt), which by its definition

Xtt =

(
1 − x

x

)0.9(
̺v

̺l

)0.5(
µl

µv

)0.1

(3.44)

strongly varies with the vapor mass fraction x. The microconvection coefficient is obtained
from the Forster and Zuber correlation (Forster & Zuber, 1955)

αnb = 0.00122
λ0.79

l c0.45
p,l ρ0.49

l

σ0.5µ0.29
l h0.24

lg ρ0.24
v

∆T 0.25
sat ∆p0.75

sat , (3.45)

where ∆psat denotes the saturation pressure difference corresponding to the wall superheat

∆ps = ps(Tw) − ps(Ts).

The introduction of the suppression factor S is needed in (3.42) to reflect the observed
decrease in the nucleate boiling with increasing flow rates. Chen correlated S as an
empirical function of the two-phase flow Reynolds number Retp. In later work Butterworth
(1979) provided the following best-fit functions for both factors F (Xtt) and S(Retp):

x > 0.1 : F = 2.35

(
1

Xtt
+ 0.213

)0.736

, (3.46)

x ≤ 0.1 : F = 1,

S =
1

1 + 2.53 · 10−6 Re1.17
tp

. (3.47)

Gungor & Winterton (1986) modified Chen’s approach including also the boiling number
in the enhancement factor, which reads

F = 1 + 24000Bo1.16 + 1.37X−0.86
tt , (3.48)

and rewriting S as

S =
1

1 + 1.15 · 10−6F 2 Re1.17
l

. (3.49)

For the computation of the nucleate boiling coefficient they suggested Cooper’s method
(Cooper, 1984)

αnb = 55 q0.67
nb p(0.12−0.2 log10Ra)

r (−log10 pr)
−0.55 M−0.5 (3.50)

involving the reduced pressure pr = p/pcrit with the critical pressure pcrit. Ra is the aver-
age roughness height in µm (DIN 4762), and M is the molecular weight in g/mol.

Especially at higher heat fluxes and moderate mass flow rates, it was generally observed
that the Chen-type simple additive composition using a function for S in the form (3.47)
or (3.49) does not suppress sufficiently the nucleate boiling component. The resulting
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overpredictions for the total heat flux motivated Liu & Winterton (1991) to adopt Ku-
tateladze’s power-additive concept (Kutateladze, 1963) instead of a simple linear addition.
They proposed a quadratic superposition for the total heat flux coefficient written as

α =
[
(αlF )2 + (αnbS)2] 1

2 , (3.51)

which provides - relative to a simple linear addition - further suppression once the con-
vective component αlF is appreciately larger than αnbS. The nucleate pool boiling heat
transfer coefficient αnb is again obtained with Cooper’s method (Cooper, 1984), which is
modified by the suppression factor written as

S =
1

1 + 0.055 · F 0.1 Re0.16
l

. (3.52)

The convection enhancement factor correlated as

F =

[
1 + xPrl

(
̺l

̺v
− 1

)]0.35

(3.53)

depends on the vapor mass fraction, the density ratio, as well as the liquid phase Prandtl
number. While Liu and Winterton proposed the addition of the squares of the two heat
transfer coefficients, Steiner & Taborek (1992) introduced a more general power-additive
formulation concerning the choice of the exponent. They proposed

α = [(αlF )n + (αnbFnb)
n]

1

n , (3.54)

where a regression analysis of the data base available to the authors gave the best agree-
ment for the exponent n ≈ 3. F represents again a convection enhancement factor
associated with two-phase flow. The factor Fnb compensates for the differences between
pool and flow boiling. However, contrarily to the Chen-type models as well as to the
quadratic approach by Liu and Winterton shown above in Eq. (3.51), the factor Fnb in
(3.54) does not account for any flow-induced suppression of nucleate boiling. Questioning
the relevance of a suppression of nucleate boiling with increasing flow rate, Steiner and
Taborek correlate the factor Fnb including only the parameters pressure, heat flux, tube
diameter, surface roughness, and molecular weight. As such, Fnb does not depend on the
flow rate. The nucleate pool boiling coefficient αnb is modeled using Gorenflo’s method
(Gorenflo, 1988):

αnb = αnb,0 Fpn

(
qnb

qnb,0

)m(
Ra

Ra,0

)0.133

. (3.55)

Herein, αnb,0 denotes a reference pool boiling heat transfer coefficient obtained for a cer-
tain reference heat flux qnb,0 and wall roughness Ra,0. Gorenflo recommended to estimate
the reference value αnb,0 with the method proposed by Stephan & Abdelsalam (1980).
The parameters Fpn and m are modeled as empirical functions of the reduced pressure pr.
As for the choice of the exponent n, which determines the power-addition in Eq.(3.54),
it should be noted that for increasing values of n > 1 the power-additive formulation
inherently gives more weight to the convective heat transfer at low superheats, where
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αl ≫ αnb, while it gives more weight to the nucleate boiling at high superheats, where
αnb ≫ αl. This assymptotic weighting, which becomes more and more pronounced as
the value of the exponent n is chosen higher, is attractive especially in the FDB region.
Since it intrinsically produces converging flow boiling curves with increasing superheat, it
nicely reflects the vanishing influence of the mass flow rate on the total heat flux, as it is
observed in the FDB region.

Both concepts, the Chen-type simple linear addition as well as the power-additive com-
bination have become well-established mechanistic approaches for the modeling of sub-
cooled boiling flow. Their application in the CFD of coolant flows in engineering devices
is rather limited though. This is largely due to modeling of the suppression factor, which
is generally written in the form

S = (1 + a · F m Ren
l )−1 , (3.56)

as it has been shown above by the correlations (3.47) and (3.52). In addition to the
drawback that this formulation tends to give insufficient suppression at moderate flow
rates combined with higher heat fluxes, the dependence on the bulk flow Reynolds number
is troublesome to CFD for mainly two reasons. First, especially in CFD of geometrically
complex flow configurations it is practically not possible to define a Reynolds number
based on bulk flow conditions in a meaningful way. Second, the suppression is basically a
local effect, it should therefore be modeled dependent of local flow quantities, which may
be readily provided by the CFD solution. A modeling solely based on bulk flow quantities
is certainly not appropriate. These obvious deficiencies motivated Kobor (2003) to develop
a Chen-type model using an alternative correlation for the flow-induced suppression. He
proposed a model, termed Boiling Departure Lift-off (BDL) model, which considers the
dynamic effect of the near-wall flow field on the bubble detachment from the heated
surface. The BDL model utilizes a bubble departure model proposed first by Zeng et al.
(1993), who distinguish three stages of detachment, as shown in Figure 3.5. A balance
of the flow forces acting on the bubble at the instant of departure (stage I), including
the drag force Fd, the shear-lift force Fsl, the buoyancy Fbcy, and the bubble-growth force
Fdu, as shown in Figure 3.6, is solved for the corresponding bubble departure diameter
dD. Solving analogously the force balance for the sliding bubble immediately before lift-off
(stage III) provides the corresponding bubble lift-off diameter dL. The ratio of these two
characteristic diameters is then used to measure the suppression factor

Sflow = (dD/dL)Φ (3.57)

with the exponent Φ being a model constant of the order of unity. The BDL model
was originally calibrated and validated for the boiling of liquid coolants used in internal
combustion engines. Steiner et al. (2005) extended the BDL model to the boiling of pure
water. They introduced an additional suppression factor for the nucleate pool boiling
component to capture explicitly the influence of subcooling. This further modification is
based on the concept of the so-called extrapolated thermal wall-layer thickness, which was
suggested in an experimental study on subcooled pool boiling by Wiebe & Judd (1971),
and is schematically shown in Figure 3.7. The ratio of the effective superheated wall layer
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Figure 3.5: Three stages of a vapor bubble departing from the heated surface: I, inclinated
bubble at the instant of departure from the nucleation site; II, sliding bubble; III, instant
of lift-off.
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Figure 3.6: Forces acting on a vapor bubble at the instant of departure from its nucleation
site.

thickness δe
th to the extrapolated thickness δth is used to measure the effect of subcooling,

and the corresponding correction factor is written as

Ssub =
Tw − Ts

Tw − Tb

. (3.58)

Modeling the total suppression
S = SflowSsub (3.59)

dependent of the degree of subcooling and the dynamic flow forces acting on the bub-
bles, the BDL approach can be certainly regarded as physically better grounded than
the solely bulk flow quantities dependent correlations of the type (3.56). The model,
however, clearly reaches its limits in the FDB regime at high superheats, where the un-
derlying single-bubble concept shown in Figure 3.5 becomes more questionable the more
bubble-bubble interaction comes into play. Since the model requires only local input
quantities, which are generally knowns in conventional CFD of convective flows, it is also
well applicable in numerical simulations of geometrically complex coolant flows. The BDL
approach has already been implemented in commercial software, where it exhibited a good
predictive capability as well as high robustness in various simulations of liquid coolant
jackets in automotive applications.
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Figure 3.7: Superheated thermal boundary layer in subcooled boiling.

The BDL model was basically devised for subcooled boiling flow conditions, where the
vapor bubbles typically collapse immediately after their lift-off from the heated surface.
The vapor phase practically resides only inside a very thin superheated layer next to the
heated wall, while the remaining part of the flow region is occupied by the liquid phase
only. Due to the absence of the vapor phase in the most part of the domain, the flow
is considered as single-phase flow, and all dynamical effects of the bubbles on the liquid
carrier phase are neglected by the model. As such, the BDL approach clearly falls into
the category of flow boiling models for use in single-fluid simulations omitting the influ-
ence of the bubbles on the near-wall motion of the liquid phase, which was observed in
experiments (Maurus, 2003; Ramstorfer et al., 2005). In order to account for the dynam-
ical effects of the bubbles, thereby still remaining within the framework of a single-fluid
formulation, the BDL model was further developed by introducing a bubble-equivalent
wall roughness (Ramstorfer et al., 2005). Substituting this “artifical” roughness, which is
modeled as dependent of the bubble departure diameter and the nucleate boiling activity,
into standard near-wall functions for turbulent flows, the modified model is capable to
reflect the experimentally observed main effects associated with the presence of the vapor
bubbles at the wall, such as a retarded flow into the streamwise direction, as well as an en-
hanced level of turbulence. It is certainly the most attractive feature of the modified BDL
model that it captures to a certain extent the near-wall characteristics of a bubble-laden
flow, while the simplifying assumption of single-phase flow can still be upheld. Besides
the more realistic prediction for the near-wall flow field, the predicted increase in the
near-wall turbulence associated with the bubble-equivalent roughness also enhances the
convective turbulent heat transfer from the wall to the core flow region. The so enhanced
transmission of convective heat through the superheated wall layer avoids the unphysical
heat-up of the first wall cells, which may otherwise arise in the single-fluid simulation,
as the total heat flux from the solid wall boundary becomes very high. As a result, no
unrealistically high temperatures inside the first wall cells are obtained. The predicted
temperature field is not only more realistic, the more uniform temperature distribution
near the superheated wall is also favorable for the stability of numerical solution.
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3.3.3 Accuracy limiting effects in technical flows

In general, the models proposed for the wall heat flux in nucleate boiling flow are calibrated
and validated for very specific conditions concerning working fluid, material and surface
quality of the heater, as well as flow configuration. As such, the models, be they empiri-
cal or mechanistic, involve correlations and parameter settings, which are typically based
on laboratory experiments using purified, degassed liquids, clean homogeneous surfaces
with a specified finish and a defined, uniformly heated area. The employed experimental
set-ups mostly embody closed-loop channel flow configurations with the test sections be-
ing square ducts heated from beneath, or co-annular, in general vertically oriented pipes,
where the inner pipe is heated from inside. Conducting the boiling flow experiments on
such particular set-ups gives a rather limited scope to the measured data, and hence to
the nucleate boiling models based on these data, as well. Moreover, despite the higher
effort generally made in the design of the test facilities and the experimental procedure
compared to single-phase flow investigations to ensure reproducible results, there remain
various highly complex phenomena, which are mostly not considered, but can bias the
experimental results markedly. Some of these effects, particularly those related to surface
characteristics such as wettability or surface microstructure, cannot be quantified or may
not even be fully understood yet. It is therefore often very hard if not impossible to con-
trol these effects during the measurements, and the obtained data may vary considerably
under otherwise the same imposed conditions.

Both issues, the uncertainty associated with unconsidered but eventually very relevant
effects, as well as the limited scope of the model coefficients obtained from the underlying
laboratory experiments, may severely constrain the applicability of the models, especially,
when considering real-life conditions in engineering problems. It has become best practice
to extend the available well-established standard approaches to these engineering prob-
lems using specially adapted model coefficients and/or introducing additional parameters
to capture effects of particular importance for the actually considered case. Several of
these effects shall be briefly discussed in the following.

Multi-component composition of the working fluid

The boiling of multi-component mixtures can be strongly affected by binary diffusion
as well as differing volatilities of the individual components. The latter leads to an en-
richment of the vapor/liquid interface with the less volatile component such that the local
mixture at the interface has a higher saturation temperature, Ts,int > Ts, and the evapo-
ration rate decreases. This effect is typically accounted for by incorporating a diffusion-
induced suppression factor FD into model correlations which were originally derived for
pure liquids. For mixtures of acetone, isopropanol and water, Wenzel & Müller-Steinhagen
(1994) proposed

FD =
αnb

αnb,mix
=

1

1 +
αnb,mix

qnb
(Ts,int − Ts)

, (3.60)
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where the heat transfer coefficient of the mixture is computed from the sum of the inverse
of the heat transfer coefficients of the individial components, i = 1, . . . , n, weighted with
their molar fractions Xi

αnb,mix =

(
n∑

i=1

Xi

αnb,i

)−1

.

Wenzel & Müller-Steinhagen substituted FD obtained from (3.60) as an additional sup-
pression factor of the nucleate boiling contribution into Chen’s superposition approach
(3.42), which they adopted as base model. In an analogous way, Kandlikar (1998a)
extended his boiling number based single-component correlation (3.21) by a diffusion-
induced suppression factor to cover binary mixtures as well.

Microgeometry of the heated surface

The microgeometry of technical surfaces is generally described in terms of surface rough-
ness, which is mostly expressed as an average roughness height Ra given in µm. Being
a rather crude measure, Ra certainly does not represent the effectively boiling relevant
microgeometry, which may be constituted by many different types of geometry elements
such as plateaus, peaks, valleys, cavities, etc.. It is generally accepted that only those sur-
face elements can act as stable bubble generating centers (active nucleation sites), which
are not completely filled with liquid after bubble departure. Therefore, an increase in the
average surface roughness may lead to an increase in the boiling heat transfer, only if the
higher roughness is associated with additional active and stable nucleation sites. Numer-
ous - mostly pool boiling - experiments have investigated this effect. They turned out that
the heat transfer rate in general rises as the surface roughness is increased. The quanti-
tative extent, however, strongly depends on the considered surface quality. The variation
of surface roughness affects the nucleate boiling heat transfer most pronouncedly when
considering high quality finished surfaces, where the average roughness is of the order of
Ra ≈ 1 µm and lower (Corty & Foust, 1955; Kurihara & Myers, 1960; Berenson, 1962).
For surfaces without a special high quality finish (polishing, lapping), where Ra > 1µm,
the increase of the boiling heat transfer rates with increasing surface roughness is less
pronounced.

The microstructure of the superficial layer of the heater plays an important role in the
case of the so-called enhanced surfaces. Depending on their fabrication, these specially
designed surfaces may be structured (Memory et al., 1995; Kim & Choi, 2001), e.g. with
microfins, with pores connected by subsurface gaps, or unstructured such as porous coat-
ings (Afgan et al., 1985; Rainey et al., 2001; Kim et al., 2002; Rainey et al., 2003). Using
enhanced surfaces in general provides a higher number of active nucleation sites which
leads to lower minimum wall superheats required for the onset of nucleate boiling (ONB).
Beyond the ONB, mostly higher boiling heat transfer rates are observed as compared to
the unmodified smooth surfaces. The intensified boiling activity is commonly explained by
the hypothesis that on enhanced surfaces the bubble nucleation occurs predominantly in
subsurface, hence higher superheated, microchannel-like dendritic cavities, which are also
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Figure 3.8: Flow boiling curves of a 60/40Vol% mixture of water and ethylene-glycol from
a plain cast iron surface and two coated surfaces. The subcooling and the velocity of the
bulk liquid are always ∆Tsub = Ts − Tb = 43 K and ub = 0.5 ms−1, respectively (from
Ramstorfer et al. (2006)).

more likely to entrap a gaseous rest after bubble departure than the superficial cavities
on the unmodified surfaces. The potential of this concept to enhance the boiling activity
is exemplarily shown in Figure 3.8, where the flow boiling heat flux from a plain as-cast
iron surface is compared against those from two porously coated surfaces. The first type
of coating (“coating I”) is fabricated by sintering a highly porous layer of iron particles
on the cast-iron ground body. The second type of coating (“coating II”) is produced by
spraying melted mild steel on the ground surface. The shown flow boiling curves are taken
from the experiments carried out by Ramstorfer et al. (2006) using a 60/40Vol% mixture
of water and ethylene-glycol as working fluid. The comparison of the individual flow boil-
ing curves turns out significantly higher boiling heat transfer rates for the coated surfaces,
which can be clearly observed from the markedly reduced wall superheats ranging up to
15K. It is interesting to note that coating I performs best although its porosity is much
lower than that of coating II. This can be attributed to the particular microstructure of
the coating I. The coating I is not a typical granular-porous nor a channel-porous layer,
as it consists for the most part of a solid metallic base matrix, which is penetrated by a
few, but comparatively deep cavities. These deep cavities are evidently most capable to
entrap vapor, hence, to act as bubble nucleation centers, as it was also observed by Qi
et al. (2004).

Thermophysical properties of the heated surface

Due to the spatial discreteness of the active nucleation sites being the centers of bubble

49



generation, the local heat transfer rates as well as the local temperatures may strongly
vary on the heated surface. As this spatial non-uniformity leads to a redistribution of
heat between the active boiling centers and the free non-boiling surface, the thermal con-
ductivity of the surface may affect the heat transfer rates considerably. A low thermal
conductivity impedes the conductive redistribution of local heat fluxes between the free
surface and the surface covered by active centers, and the temperature of the free surface
will rise as the heat flux increases, which implies a decreasing heat transfer coefficient
(HTC). However, this reduction in the HTC with increasing heat flux has only to be
expected, if the low-conductive surface is very smooth providing only a small number of
potential nucleation sites. If sufficient potential nucleation sites are available, e.g. on
rough or enhanced surfaces, the increase in the temperature of the free surface due to
the low conductive redistribution of heat tends to activate further nucleation sites, which
finally leads to a decrease in the surface temperature, such that the HTC increases as the
heat flux increases. For a thermally high-conductive surface the redistributive transport
supplies more heat to the active bubble generating centers lowering at the same time the
temperature of the free surface as the heat flux increases, such that the HTC becomes
higher. The decrease/increase in the HTC with increasing heat flux was illustrated by
Pioro et al. (2004) comparing experimental data obtained for nucleate boiling on smooth
plastic and on smooth copper.

Interfacial properties

The strong influence of the interfacial properties such as surface tension and contact
angle can be demonstrated very clearly on the basis of the effect of surfactants. Since sur-
face active substances by definition determine the interfacial physical properties between
the liquid, the vapor, and the solid heater phase, they strongly influence the activa-
tion/deactivation of the nucleation sites on the heated surface. Their high potential to
alter significantly the boiling behavior was highlighted by Hetsroni et al. (2001) for pool
boiling of water with additions of the surfactant Habon G. As it is seen from Figure 3.9,
for increasing Habon G concentrations the boiling heat transfer is enhanced to such an
extent that the resulting wall superheats ∆Tsat are reduced by more than 10 K. Within a
certain range of the wall heat fluxes the superheat ∆Tsat becomes even non-monotonous
with respect to qw. Sher & Hetsroni (2002) successfully modeled this non-monotonous (S-
shaped) trend in the boiling curves by deriving analytical expressions for the liquid-vapor
and the liquid-solid surface tensions, σlg and σls, respectively, and for the contact angle β
as functions of the wall heat flux. They incorporated those analytical expressions for σlg

and β into the classical nucleate boiling correlation of Rohsenow (1952)

cp,l(Tw − Ts)

hlg
= β Csf

[
qw

µlhlg

√
σlgg(̺l − ̺g)

]0.33(
cp,lµl

λl

)n

, (3.61)

which predicts then fairly accurate the non-monotonous curves observed in the experi-
ments (see Figure 3.9). The modeling strategy is here evidently again to adopt a well-
established standard approach, to introduce an additional parameter (here being β) ac-
counting for a problem-specific effect, and to determine a best-fitting set of model coeffi-
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Figure 3.9: Boiling curves of water and water with Habon G addition in different concen-
trations: ◦ - water, • - 65 ppm, � - 130 ppm, × - 260 ppm, N - 530 ppm , △ - 1060 ppm,
(from Hetsroni et al. (2001)).

cients from a validation against experimental data.

Aging

Aging is a phenomenon which may strongly affect the long-term activity of the nucle-
ation sites on the heated surface. It therefore represents a great challenge and persistent
source of inaccuracy for all boiling models. Due to its potential influence on the liquid-
vapor-solid interfacial interactions at the nucleation sites, it may be highly relevant for
the entire boiling process starting from the onset of nucleate boiling (ONB). Aging sub-
sumes the gradual, mostly slow changes of the working fluid, as well as those of the heated
surface, which in general lead to less favorable conditions for the incipience of nucleate
boiling. As such, aging is a process acting over long time scales, which is manifested in
a steady decrease in the boiling heat transfer rate observed during long periods of op-
eration time (weeks or months). Especially under technical flow conditions, it is often
impossible to clearly identify and eventually eliminate all the relevant causes for aging.
It can have many - single or multiple - causes, such as a continuous flooding of cavities,
depositions on the surface, corrosion and/or mechanical erosion of the surface material,
chemical reactions in the liquid phase, etc.. The quantitative impact of aging can be
exemplarily seen from Figure 3.10 showing the case of nucleate boiling of an automotive
coolant liquid. The series of boiling curves presented herein is taken from measurements
by Kobor (2003), who investigated nucleate boiling flow of a mixture of ethylene-glycol
and water on an as-cast aluminium surface, which resembles the conditions commonly
met in cooling jackets of modern internal combustion engines. The shown curves were
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Figure 3.10: Boiling curves of a 50/50Vol% mixture water and ethylene-glycol. The
subcooling and the velocity of the bulk liquid are always ∆Tsub = Ts − Tb = 25 K and
ub = 1 ms−1, respectively (from Kobor (2003)).

measured over a period of two weeks. The temperature, pressure and velocity of the bulk
liquid were always kept the same. Within the considered range of wall heat fluxes, the
first and the last curve differ up to 15K in wall superheat ∆Tsat. It could be shown that
the aging effect observed here is partly caused by a continuous flooding of the cavities on
the surface, which reduces the number of active nucleation sites. The other part could
be attributed to depositions on the heated surface originating from the employed coolant
liquid. The significant shift in the boiling curves exemplarily shown here strongly sug-
gests that the aging conditions of the heated surface and the working fluid should not be
overlooked in the interpretation of boiling flow measurements and in the specification of
the model parameters based on such data.

Orientation of the heated surface

Since nucleate boiling by nature involves the motion of a low-density vapor phase in
a high-density liquid carrier phase, the dynamics in the thermal boundary layer may be
strongly influenced by the buoyancy forces, especially at low flow rates of the bulk liquid.
In such a case the orientation of the superheated surface relative to the gravitational
direction is of major importance. This aspect is mostly ignored by the nucleate boiling
models though. Klausner et al. (2003) investigated the influence of buoyancy in much
detail experimentally as well as computationally. They operated their experimental facil-
ity with the perfluorocarbon liquid FC-87 varying the streamwise inclination angle of the
heated surface from 0◦ to 360◦. Their subcooled boiling flow experiments were specially
focussed on the effect of the orientation on the bubble lift-off diameters, which they found
out to be mainly dependent on two non-dimensional groups, the Jakob number and a flow
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Figure 3.11: Flow boiling curves of a 50/50Vol% mixture of water and ethylene-glycol on
a downward facing heated surface at different velocities of the bulk flow ub. The open
rings,’◦’, denote the experiments, the solid lines, ’—’, denote the predictions of the BDL
model, the dashed lines, ’- -’, denote the wall heat flux, where the formation of vapor
films sets in. The subcooling is always ∆Tsub = Ts − Tb = 25 K; (from Breitschädel &
Steiner (2006)).

rate parameter,

Ja =
̺lcp,l(Tw − Tsat)

̺vhlg

and Ψ =
ubµl

σ

̺l

̺l − ̺v

,

respectively. The non-dimensionalized representation of all their experimental data points
in the (Ja, Ψ)-plane finally yielded a two-parametric demarcation correlation F(Ψ, Ja) = 0
separating the orientation dependent/independent flow regime. Furthermore, they ob-
served in their experiments that the critical heat flux, where film boiling sets in, was
reduced by almost an order of magnitude for a certain inclination at low flow rates.
Roughly the same extent of reduction in the critical heat flux was measured by Kim et al.
(2005) for saturated pool boiling with water at atmospheric pressure, when they com-
pared an upward against downward facing heated surface. While Klausner et al. (2003)
were mainly interested in the influence of the surface orientation on the dynamics of the
bubble departure, Breitschädel & Steiner (2006) investigated the impact on the boiling
curves. Figure 3.11 shows experimental results measured with a downward facing heated
surface, where a transition from nucleate boiling to partial film boiling was observed by
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the authors. Exceeding a certain value of the wall heat flux, denoted here by qw,trans, the
wall superheats ∆Tsat = Tw −Ts turn to increase much faster than below this limit, which
indicates the formation of vapor films on the heated surface. The predictions of the BDL
model also shown in the figure strongly deviate from the measurements in this region.
At the onset of partial film boiling the BDL approach clearly reaches its limit, as it has
to be expected for any wall heat flux model which has been developed for the nucleate
boiling regime. The strong flow rate dependence of the critical limit can be seen from
Figure 3.11, as well. At the lower bulk velocities presented herein, the transitional limits
qw,trans drop down to a level which is an order of magnitude lower than the critical heat
flux in the corresponding pool boiling case on an upward facing surface. The quantitative
extent of this reduction is well in line with the findings of Klausner et al. (2003) and Kim
et al. (2005) mentioned above. As one might expect, once the buoyancy force acts rather
to keep the vapor bubbles near the superheated wall than to drive them away from it,
bubble agglomeration and finally the formation of continuous vapor films occur already
at comparatively low wall heat fluxes. The agglomeration of the vapor phase is no local
phenomenon, because it is strongly influenced by the conditions upstream. It is therefore
hardly possible to model this effect only dependent of local input parameters. Since there
are no approaches or model extensions available to capture this orientation-dependent
transition to partial film boiling accurately, it basically represents a critical upper limit to
the state-of-the-art nucleate boiling models. Wherever the buoyancy forces are directed
towards the superheated wall, the relevance of this limit should be examined. A demarca-
tion correlation similar to that introduced by Klausner et al. (2003), F(Ψ, Ja) = 0, may
serve here as an useful criterion.

3.4 Concluding remarks

Since boiling flow represents an important mechanism of heat transfer in many technical
devices, a large number of different approaches have been proposed to model this phe-
nomenon, and they are still being further developed. The present survey can clearly not
cover all of them, but it intends to outline some basic modeling concepts, which have
become well-established methods in the design and development of heating and cooling
systems.
In summary, one can say that given all the progress which has been made in the past and
will expectedly be made in the future, the modeling of boiling flow will keep relying on a
great deal of empiricism. This is specially true in boiling flow on technical surfaces, which
mostly involves a number of effects, whose determining parameters are difficult to obtain
and therefore remain unknown. The situation can even be worse if no parameters can
be specified to measure a certain effect appropriately. The so-called aging of the heated
surface and of the liquid falls into this category, because there exists no reliable measure
for this typical long-term phenomenon. Since the knowledge about the basic mechanisms
and the relevant parameters determining the aging process is vague and very limited, this
issue is mostly spared in the conventional modeling. Basically the same applies to effects
associated with the microstructure of the surface, such as the topology, or the porosity of
the surface, which have not been accessed by a rigorous modeling yet.
There is evidently much room for the further development of nucleate boiling models, be
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it improvements in defining relevant - accessible - parameters, or be it - for an applica-
tion in the farther future - the development of novel, more general concepts such as the
nonlinear chaotic approach.
As it was pointed out in a comprehensive assessment of available nucleate boiling models
by Pioro et al. (2004), the state-of-the-art modeling of the wall heat flux basically offers
two choices. The first is to use a very general approach involving only a few model co-
efficients, which do not vary from case to case. The second is to forgo a most complete
parameterization to capture all the relevant effects, but rather to introduce a set of tun-
able model coefficients, which have to be adapted in dependence of the actually considered
surface/liquid combination. While the first concept provides models which are applicable
to a wide range of different conditions, the latter yields more accurate predictions. This
higher accuracy is, however, only achievable within a very limited range of conditions,
for which the model coefficients have been specially adapted. The user has evidently to
choose between a good general applicability and a highest possible accuracy.
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4 Conclusions

The present review is intended to survey the present status and to comment on crucial
aspects in the computation and modeling of two groups of highly complex flows found in
many technical devices involving conversion and/or transmission of energy. Both prob-
lems, the simulation of turbulent non-premixed combustion as well as the computation
of subcooled boiling flow, represent typical cases, where a full numerical resolution of
all relevant effects exceeds by far the available computational capacities. In technical
flow, this limitation will apply also in the foreseeable future, even if Moore’s law (Moore,
1965), saying that the computer power increases exponentially with time, is expected to
continue. The steady increase of computer power makes it certainly possible to tackle
problems with higher complexity and larger physical size, such as complete jet flames
using multi-step chemistry. This was impressively demonstrated in large DNS of diffusion
flames (Mizobuchi et al., 2002; Pantano, 2004). In addition to the outstandingly high
computational costs of such direct simulations, the large mesh-size with hundreds of mil-
lions of grid points also raises the issue of handling the huge amount of data, especially
concerning their storage and postprocessing. From a scientific point of view these big
computations are certainly very important and insightful, as they extend our understand-
ing of the basic mechanisms acting on the smallest scales, from which greatly benefits
the modeling as well. Nonetheless, the largest and most complex problems which have
been computed with DNS thus far, are still strongly simplified as compared the real-life
applications. In the case of technical combustion almost always liquid fuel is used such
as gasoline, diesel and jet fuel, which are injected into combustors with fairly complex ge-
ometry, while the simulations mostly consider gaseous fuels to circumvent the additional
complexity of liquid break-up and evaporization associated with liquid fuels. The current
state-of-the-art of the direct numerical simulations of subcooled boiling flow is certainly
less advanced than in the case of combustion. Aside from the simulation of the nucleate
boiling from one single or a few discrete nucleation sites, no DNS has been carried out
for nucleate boiling flow from a real technical surface. Hence, Moore’s law will not spare
us from modeling also in the foreseeable future.

As for the simulation of non-premixed combustion, the computers as well as the models
have become mature, powerful tools in the modern design of combustion devices. The
further development of the proposed models is today strongly challenged by the tighter
emission limits which require the use of more detailed chemical kinetics as well as an
accurate prediction of local extinction and re-ignition phenomena to describe realistically
the formation of intermediate and product species. The upcoming of the method of LES
made here certainly important advancements possible, as it captures the intantaneous
mixing of the reactants providing invaluable input into the combustion models. A wider
use of comprehensive, multi-parametric flame models in LES is however still limited due
to the method’s substantial computational costs and its higher difficulty of use in CFD
of technical flows. Aside from that it is not generally agreed how many and which pa-
rameters are needed to describe a real turbulent non-equilibrium flame. An important
aspect on this question is that the multi-parametric flames models may be basically more
accurate as compared to simpler, e.g., one-parametric, approaches, but they always in-
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volve additional unclosed expressions whose closure introduces further assumptions and
uncertainty. The computational feasibility of the coupling between the multi-parametric
combustion models with the solution procedure for the underlying turbulent flow field is
another important issue which must no be overlooked as well.

The considerable accuracy of the phenomenological expressions for the elementary chem-
ical reaction rates assures a high level of description for the chemical kinetics, which is a
prerequisite for a reliable modeling of combustion. The level of description of the mech-
anisms behind subcooled boiling is much lower. Many effects are not fully understood,
vaguely described by empirical parameters, or even not amenable to a stringent parame-
terization. This uncertainty introduces much empiricism into the model correlations, and
accurate predictions in general require a well adapted set of empirical parameters. The
lack of detailed knowledge about the mechanisms associated with the bubble nucleation
on a heated surface, together with the difficulty to model strong dynamic interactions
between the vapor and the liquid phase in a two-fluids simulation, represent certainly the
major stumbling blocks for further advancements in the simulation of subcooled boiling
flows.

Given the considerable progress which has certainly been made in our capacity to com-
pute the highly complex phenomena of turbulent non-premixed combustion and nucleate
boiling flow, our understanding of the basic mechanisms behind these phenomena is still
far from complete though. Detailed experimental as well as numerical investigations are
needed to bring light to the small-scale characteristics related to the local instantaneous
flame structure or the process of micro-bubble nucleation. Among the well-established
methods to compute turbulent flow, LES will certainly approfit most from Moore’s law,
as with increasing computational power a higher numerical resolution becomes possible,
such that a more complete and accurate information from the resolved scales is available
for use as input to the modeling of unresolved subgrid-scale effects.
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P 7 F. Ramstorfer, B. Breitschädel, H. Steiner & G. Brenn 2005 Modeling
of the near-wall velocity field of the liquid in subcooled boiling flow. In ASME In-
ternational Heat Transfer Conference (Proc.), July 17th −22th, 2005, San Francisco,
USA.

67



P 1

W. K. Bushe & H. Steiner

Conditional Moment Closure for Large Eddy Simulation of

non-premixed turbulent reacting flows

Phys. Fluids 11 (1999), 1896–1906



PHYSICS OF FLUIDS VOLUME 11, NUMBER 7 JULY 1999
Conditional moment closure for large eddy simulation of nonpremixed
turbulent reacting flows
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A method for closing the chemical source terms in the filtered governing equations of motion is
proposed. Conditional filtered means of quantities appearing in the chemical reaction rate
expressions are approximated by assuming that these conditional filtered means are constant for
some ensemble of points in the resolved flow field; for such an ensemble, integral equations can be
solved for the conditional filtered means. These conditional filtered means are then used to
approximate the conditional filtered mean of the chemical source term by invoking the Conditional
Moment Closure hypothesis. The filtered means of the chemical source terms are obtained by
integrating their conditional filtered means over the filtered density function of the conditioning
variable~s!. The method is applied to direct numerical simulation results to directly compare the
prediction of the reaction rates with the actual filtered reaction rates. The results of thisa priori test
appear to show that the method is capable of predicting the filtered reaction rates with adequate
accuracy—even in the presence of heat release, and local extinction phenomena. This is especially
true for predictions obtained using two conditioning variables. ©1999 American Institute of
Physics.@S1070-6631~99!00607-8#
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I. INTRODUCTION

The potential application of large-eddy simulation~LES!
concepts to turbulent reacting flows is currently receiv
considerable attention. Many turbulent reacting flows of
terest involve significant transient effects which cannot
modeled using conventional Reynolds averaging approac
Indeed, the transient behavior is frequently the behavio
the greatest interest. The LES approach is one which pr
ises to shed light on such processes.

In LES, the governing equations are spatially filter
such that the unsteady flow at scales greater than the filte
length scale is resolved, but the transport and dissipatio
scales smaller than this scale is modeled. For a detailed
cussion of LES, the reader is directed to the reviews of
sieur and Me´tais1 and Moin.2

Applying a filter to the energy and scalar transport eq
tions results in several unclosed terms which must be m
eled. Closure for terms involving mixing and transport
small scales have been proposed and tested;3–9 these typi-
cally derive from assumptions similar in form to those ma
in closing the viscous terms in the momentum equation. C
sure for the filtered chemical source term has proven to
more difficult. Several approaches have been propo
largely based on models which were originally proposed
Reynolds averaged modeling. This paper will address m
ods applicable to the nonpremixed regime of combustion
which the fuel and oxidizer streams are initially separa
and must mix together before they can react.

There are several different closure approaches curre

a!Author to whom correspondence should be addressed. Electronic
wkb@leland.stanford.edu; Tel: 650-725-6635; Fax: 650-723-9617.
1891070-6631/99/11(7)/1896/11/$15.00

Downloaded 16 Oct 2003 to 129.27.196.77. Redistribution subject to A
-
e
es.
f
-

ng
at
is-
-

-
d-
t

e
-
e
d,
r
h-
in
d

tly

receiving attention. In fast chemistry,10 the closure problem
is circumvented by assuming that the chemical reaction r
are infinitely fast; the thermodynamic state and chemi
composition can then be completely determined as functi
of one conserved scalar, the ‘‘mixture fraction.’’ While th
approximation is valid for many flames of interest, it cann
be used to predict such fundamentally important phenom
as pollutant formation, extinction, and ignition.

In laminar flamelet approaches,11,12 the typical length
scale of the region in which chemical reaction takes pla
~the thickness of the ‘‘reaction zone’’! is assumed to be
smaller than the smallest length scale of turbulence. In
regime, the flame can be treated as an ensemble of stra
laminar flames. The laminar flamelet approach should o
be used for flames which lie in the ‘‘flamelet regime.’’ The
is considerable argument as to just how limiting this restr
tion will be, and it is not known just how inaccurate th
approach would be if used for flames not in the ‘‘flame
regime.’’

In PDF methods,7,13 rather than solving transport equa
tions for the filtered mass fractions, energy, etc., one solv
transport equation for filtered joint probability density fun
tion of these quantities; the chemical source term in t
equation is closed. As the chemical kinetic mechanism
comes more complicated—involving more species—
number of dimensions in which the transport equation m
be solved increases, making solution increasingly expens
Solution of the equation generally requires the use of Mo
Carlo type methods. Furthermore, while the need for clos
of the chemical source term is eliminated by solving in t
hyperdimensional probability space, the closure problem
effectively been commuted to the molecular mixing ter
which is unclosed in the PDF transport equation. This dra
il:
6 © 1999 American Institute of Physics
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back is somewhat offset by the fact that conventional fl
solvers also must provide models for scalar transport in L

Another approach to circumventing the closure probl
is the Linear Eddy method,5 where the Linear Eddy model o
Kerstein14 is used to model transport and chemistry at sm
scales. The Linear Eddy model is an ad hoc model for
bulence in one dimension where the turnover of turbul
eddies is represented by a simple remapping operation.
cause the Linear Eddy model is one-dimensional, it is p
sible to provide sufficient points in the one dimension
completely resolve the subgrid-scale dissipation, mixing a
reaction. Unfortunately, adding a one-dimensional Lin
Eddy at every grid point effectively adds another dimens
to the flow field, making the method computationally expe
sive for three-dimensional LES problems. Furthermore
complex chemistry is to be included, resolution constrai
could conceivably require many thousands of points in e
Linear Eddy, making the solution of the resulting syste
unfeasible.

Recently, Bilger15,16 and Klimenko17 independently pro-
posed a new approach for modeling turbulent reacting flo
called conditional moment closure~CMC!. This technique
was originally developed for Reynolds averaged model
approaches. This paper will describe a means of making
of the CMC chemical closure hypothesis for closing t
chemical source term in the filtered transport equations
use in LES.

II. FORMULATION

In the nonpremixed regime, the state of mixedness of
system can be described by the mixture fraction—a prop
which is often used to obtain closure for the chemical sou
terms. This is a conserved scalar obeying the transport e
tion

]rZ

]t
1

]ruiZ

]xi
5

]

]xi
S rDZ

]Z

]xi
D ,

and initialized so as to have a value of zero in pure oxidi
and unity in pure fuel. If the diffusivities of all species a
the equal, then the mixture fraction can be expressed
linear combination of the constituent species’ mass fractio
although the assumption of equal species’ diffusivities is
necessary for the discussion that follows.

The transport equation for the mass fractionYI of some
speciesI is

]rYI

]t
1

]ruiYI

]xi
5

]

]xi
S rDI

]YI

]xi
D1v̇ I , ~1!

whereDI is the diffusivity of speciesI and v̇ I is the mass
rate of change of this species due to chemical reaction
spatial filter is defined,

f̄ ~xk ,t !5E
V

f ~xk8 ,t !g~xk ,xk8!dxk8 , ~2!

where the functiong(xk ,xk8) is some filter function, such a
a Gaussian or tophat filter. If this filter is applied to Eq.~1!,
one obtains Eq.~3!:
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]r̄ỸI

]t
1

]r̄ũi ỸI

]xi
5

]

]xi
S r̄D̃I

]ỸI

]xi
D 1sgsconv.1sgsdiff.1v̇ I ,

~3!

wherer̄ is the spatially filteredr and

ỸI5
rYI

r̄

is the density weighted~or Favre! filtered YI .
Of the terms on the right hand side of Eq.~3!, only the

first term, representing resolved diffusion, is closed. T
other terms must be modeled. The two subgrid scale ter

sgsconv.5
]

]xi
@ r̄~ ũi ỸI2uiYĨ !#

and

sgsdiff.5
]

]xi

F r̄S D̃I

]ỸI

]xi
2DI

]YI

]xi

˜ D G
represent transport and diffusion at the unresolved scales
was mentioned above, several different models are avail
for these terms. The last term in Eq.~3!, the mean rate of
change due to chemical reaction, must also be modeled
similar source term for energy appears in the filtered tra
port equation for energy.

The main challenge faced in modeling combustion
that chemical reaction rates are usually highly nonlin
functions of temperature, density, and species mass fracti
For a system withN possible species, theKth chemical re-
action can be written as

(
J51

N

hJK8 AJ
(
J51

N

hJK9 AJ ,

whereAJ is the chemical symbol for speciesJ andhJK8 and
hJK9 are the stoichiometric coefficients for speciesJ in reac-
tion K. If M chemical reactions are to be considered, then
chemical source term for speciesI becomes18

v̇ I5WI (
K51

M

~h IK9 2h IK8 !BKTgK

3exp~2Ek/RT!)
J51

N S rYJ

WJ
D hJK8

, ~4!

whereWI is the molecular mass of speciesI, T is the tem-
perature, andR is the universal ideal gas constant. The ac
vation energyEK is a function of how much energy a colli
sion of reactant molecules must supply for reactionK to
proceed. The frequency factorBK is a function of the fre-
quency at which collisions between reactant molecules
reactionK can be expected to supply more than the acti
tion energy. The power of the pre-exponential termgK for
reactionK, accounts for nonexponential temperature dep
dence of the reaction rate.19

In LES, transport equations for spatially filtered tem
peratures, densities and mass fractions are to be solved.
chemical source terms in these equations represent li
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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combinations of the chemical reaction rates. Clearly, the
tered reaction rates cannot be modeled satisfactorily by
stituting the filtered temperature, density, and mass fract
into Eq. ~4!. This is also a problem for Reynolds averagi
approaches; it is what is known as the ‘‘chemical clos
problem,’’ and is what combustion modeling attempts to c
cumvent.

A method for closing the chemical source term~in a
Reynolds averaging context! was recently proposed b
Klimenko17 and Bilger,15,16 known as conditional momen
closure~CMC!. In the CMC method, the transport equatio
are conditionally averaged, with the condition being so
variable on which the chemical reaction rates are known
depend. For nonpremixed combustion, the mixture fractio
clearly the most appropriate conditioning variable.

The average of the mass fractionYI of a particular spe-
cies I, conditional on the mixture fractionZ having some
valuez, is

QI~xk ,t;z![^YI~xk ,t !uZ~xk ,t !5z&, ~5!

where the^a& denotes an ensemble average ofa for many
realizations of the flow field being investigated. The ‘‘sp
tially degenerate’’ form~in which both the velocity and mix-
ture fraction fields are isotropic and homogeneous! of the
conditionally averaged transport equation forYI , assuming
constant density, is20

r
]QI

]t
~z!5^v̇ I uZ5z&1r

]2QI

]z2 KD]Z

]xi

]Z

]xi
UZ5z L . ~6!

The right-hand side of Eq.~6! has two unclosed terms: th
conditionally averaged reaction rate and a mixing term
which appears the conditionally averaged scalar dissipat
^D(]Z/]xi)(]Z/]xi)uZ5z&.

The chemical source term is closed with the first ord
CMC hypothesis: the conditional average of the chem
source term of some speciesI can be modeled by evaluatin
the chemical reaction rates using the conditional average
the composition vectorQJ , temperaturêTuZ5z&, and den-
sity ^ruZ5z&. Thus,

^v̇ I~YJ ,T,r!uZ5z&'v̇ I~QJ ,^TuZ5z&,^ruZ5z&!. ~7!

Some refinements to the closure hypothesis for
chemical source term have been proposed, using eith
second conditioning variable21,22 or a second moment.20,23

These refinements are intended to extend the validity of
closure hypothesis so as to account for ignition and ext
tion phenomena and to improve the performance of
model for chemical reactions where the activation energ
are high.

III. MODEL DERIVATION

The proposed method for incorporating the CMC h
pothesis into LES will now be described. The description
broken into two parts. In the first part, the basic first mom
CMC hypothesis will be used, which will allow for predic
tion of mean reaction rates in flames far from extinction.
the second part, a second conditioning variable will be ad
Downloaded 16 Oct 2003 to 129.27.196.77. Redistribution subject to A
l-
b-
s

e
-

e
o
is

-

n
n,

r
l

of

e
a

e
-
e
s

-
s
t

d

to the method which will allow for prediction of mean rea
tion rates even in the presence of local extinction and ig
tion phenomena.

A. Singly conditional moment closure

It has been established that the CMC hypothesis, ba
on a single conditioning variable as described in the previ
section, provides adequate predictions of reaction rates
flames far from extinction.15,24 In this section, a method fo
incorporating the single conditioning variable CMC mod
into LES will be described.

To incorporate CMC into LES, one would want to mak
use of conditional filtered means of quantities such as
temperature; these conditional filtered means are defined
ing the filtered density function~FDF!,7

PZ~xk ,t;z!5E
V
d@z2Z~xk8 ,t !#g~xk ,xk8!dxk8 , ~8!

whered is the delta function. The conditional filtered mea
of some random variableu is

u~xk ,t !uz[
*Vu~xk8 ,t !d@z2Z~xk8 ,t !#g~xk ,xk8!dxk8

PZ~xk ,t;z!
. ~9!

Closure for the chemical source terms would be achieved

using conditional filtered means; that isv̇ I(YK ,T,r)uz
would be approximated by Eq.~10!,

v̇ I~YK ,T,r!uz'v̇ I~YKuz,Tuz,ruz!, ~10!

where the spatial and time dependence of the random v
ablesYK(xk ,t), T(xk ,t), r(xk ,t) and their conditional fil-
tered means is omitted for brevity. One way to obtain t
conditional filtered mean mass fractions, temperature,
density might be to explicitly solve transport equations
these conditional filtered mean quantities. Unfortunately, t
would involve adding a new independent variablez to the
system of equations being solved, which would likely lead
a prohibitively high computational cost.

An alternative might be to take advantage of some s
tial homogeneity of the conditional means. For example,
the case of a mixing layer, conditional mean properties o
flame along the interface between the fuel and oxidi
streams would surely vary in the direction of the mean flo
but they would have a very weak sensitivity in the directi
normal to the interface. Furthermore, they should have
dependency on the transverse direction, this being a direc
of statistical homogeneity in both the flow and scalar fiel
If a simulation were to be performed solving filtered tran
port equations in three dimensions, it might be possible
estimate the conditional averages of the mass fractions,
sity, and temperature on planes of constant distance do
stream of the splitter plate by assuming the conditional
erages on those planes are statistically homogeneous. A m
justifiable, but somewhat less practical suggestion might
to assume statistical homogeneity of the conditional avera
on a surface of constant convective residence time in
system.

The filtered temperatureT̄(xk ,t) can be expressed as
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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T̄~xk ,t !5E
2`

`

PZ~xk ,t;z!T~xk ,t ! u zdz. ~11!

In Eq. ~11!, the filtered temperature is known and one mig
find a reasonable approximation for the FDF of the mixtu
fraction based on known properties of the mixture fract
field; unfortunately, this equation clearly cannot be solv
for a unique conditional filtered mean of the temperature

In LES, Eq.~3! would be integrated in time for discret
points on a computational grid in space. Equation~11! would
be valid at each discrete point on that computational g
We can define the ensemble average of the conditiona
tered mean for some ensembleA of N points in the flow as

^T u z&A,t5
1

N (
n51

N

T~xk
(n) ,t ! u z. ~12!

This is not a random function of space; it is a function
time and of which discrete points in space are included in
ensembleA. If the conditional filtered mean for this en
semble of points is homogeneous, then for any pointxk

(n) in
that ensemble,

T~xk
(n) ,t ! u z5^T u z&A,t , ~13!

and Eq.~11! can be rewritten for that point as

T̄~xk
(n) ,t !5E

2`

`

PZ~xk
(n) ,t;z!^T u z&A,tdz, ~14!

which is thenth integral in an ensemble ofN integrals. If
these integrals are approximated by a numerical quadra
with M,N quadrature points inz, each of these integral
becomes a linear equation for^T u z&A,t and this set ofN
linear equations can be solved in the least-squares sens
^T u z&A,t at theM quadrature points. Put another way, E
~14! is an integral equation—a Fredholm equation of the fi
kind—which can be solved for discrete intervals inz to yield
^T u z&A,t . Similar equations can be written for the dens
and the mass fractions.

The conditional filtered mean of the chemical sour
terms can now be estimated by invoking the CMC hypo
esis and evaluating the reaction rates with the ensemble
erage of the conditional filtered means~or the approxima-
tions to these! of the temperature, the density and the ma
fractions,

^v̇ I u z&A,t'v̇ I~^YK u z&A,t ,^T u z&A,t ,^r u z&A,t!. ~15!

The filtered mean of the chemical source term at each p
in the ensemble is then

v̇ I~xk
(n) ,t !5E

2`

`

PZ~xk
(n) ,t;z!^v̇ I u z&A,tdz. ~16!

In this manner, it is possible to obtain closure for t
filtered mean reaction rate for any chemical kinetic mec
nism. No assumptions have been made regarding the th
ness of the regions in which chemical reactions are sign
cant relative to the turbulent length scales. Only t
assumption of statistical homogeneity of the conditional
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tered means of temperature, density, and pressure for an
semble of LES points—perhaps on some surface in
flow—must be made.

If the conditional filtered mean for the ensemble isnot
homogeneous, then Eq.~14! would only be an approxima
tion. Nevertheless, the solution would still yield an estima
for the ensemble average of the conditional filtered mean
the ensemble. This estimate might not be an adequate re
sentation of the conditional filtered mean for certain points
the ensemble; the resulting estimate of the conditional
tered mean of the reaction rates might be a poor approxi
tion to the local conditional filtered mean at such points. T
would be an especially important consideration in a wa
bounded flow, for example, where the conditional filter
mean of the temperature at points near the wall would
very different from that at points far away from the wa
Thus, some care—and certain global,a priori information
about the flow—must be used in selecting discrete point
include in the ensembleA. Also, it is clear that, for flows
with inhomogeneities in the conditional filtered means,
would likely be necessary to have several different e
sembles to which the process described above would be
plied.

It is necessary to provide some assumed form for
FDF of the mixture fraction. One approach that has recei
considerable attention10,16 is to approximatePZ(xk

(n) ,t;z)
with a b-PDF with the same mean and variance, as in

PZ~xk
(n) ,t;z!'zan21~12z!bn21

G~an1bn!

G~an!G~bn!
, ~17!

with

an5Z̄~xk
(n) ,t !S Z̄~xk

(n) ,t !•@12Z̄~xk
(n) ,t !#

Z82~xk
(n) ,t !

21D , ~18!

and

bn5
an

Z̄~xk
(n) ,t !

2an , ~19!

where

Z82~xk
(n) ,t !5@Z~xk

(n) ,t !2Z̄~xk
(n) ,t !#2 ~20!

is the filtered variance of the mixture fraction.
In the absence of differential diffusion, the filtered me

mixture fraction could be expressed as a linear combina
of the filtered means of the species mass fractions. The
tered variance of the mixture fraction could be approxima
using the similarity approach proposed by Jime´nez et al.4

Thus, it would only strictly be necessary to solve filter
transport equations for the filtered mass fractions, dens
and temperature in order to use this approximation for
reaction rates.

Alternatively, if a separate transport equation for the
tered mean of the mixture fraction were solved, then, so lo
as the diffusivity of the mixture fraction were chosen to
greater than those of all species~and temperature!, it would
not be necessary to make any assumption regarding diffe
species’ diffusivities. Also, if yet another transport equati
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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for the filtered mixture fraction variance were solved, t
need to make the similarity approximation could
circumvented—unfortunately, this would necessitate obta
ing closure for additional terms in the transport equation
the filtered mixture fraction variance.

B. Doubly conditional moment closure

As was mentioned in the previous section, the CMC h
pothesis with one conditioning variable has been found
give very good predictions for flames that are far from e
tinction. Thus, the closure proposed above would be
pected to provide a good prediction of the reaction rates
such flames. However, when extinction is present, it
known that the single condition is inadequate. Furthermo
ignition processes cannot be adequately predicted with o
a single conditioning variable unless a second moment
sure is used.25

As was mentioned earlier, one proposed way to impro
prediction in the presence of extinction is to introduce a s
ond conditioning variable.21,22 Since reaction rates ar
known to depend strongly on the scalar dissipation, it see
sensible that scalar dissipation—or some quantity on wh
scalar dissipation is known to depend—be added as the
ditional conditioning variable.26 In the traditional CMC ap-
proach, this has the drawback of addingtwo independent
variables to the system of equations. However, as was sh
above, the need to add independent variables may be circ
vented by taking advantage of some spatial homogeneit
the conditional filtered means.

Ideally, the second conditioning variable should be s
tistically independent of the mixture fraction; unfortunate
the local scalar dissipation

x~xk ,t !52rD
]Z

]xi

]Z

]xi
~21!

is a function of the local mixture fraction. Thus, closure f
the joint filtered density function

PZ,x~xk ,t;z,c!5E
V
d@z2Z~xk8 ,t !#

3d@c2x~xk8 ,t !#g~xk ,xk8!dxk8 , ~22!

is difficult to obtain.
A functional form of the dependence of scalar dissip

tion on mixture fraction will be assumed—that of a lamin
counterflow solution27—and the scalar dissipation will b
written as

x5x0•exp~22@erf21~Z!#2!, ~23!

wherex, x0 , andZ are random variables of space and tim
The new random variablex0 is not a strong function of the
mixture fraction and is sufficiently independent ofZ for the
purposes of the model. One drawback to usingx0 as a con-
ditioning variable is that it is undefined in the fuel and ox
dizer streams, however, since the mass fractions, temp
tures, and densities are already known in these streams
does not present a difficulty.
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Assuming that the filtered mean of the scalar dissipati
x̄(xk ,t), can be modeled~if a transport equation for the fil-
tered variance of mixture fraction is to be solved explici
then x̄(xk ,t) must be modeled!, then the filtered mean
x0(xk ,t), can be obtained by assuming thatx0 is statistically
independent ofZ. Writing the unconditional mean scalar dis
sipation as a function of its conditional mean, and substi
ing Eq. ~23!,

x̄~xk ,t !5E
2`

`

PZ~xk ,t;z!x~xk ,t ! u zdz

5x0~xk ,t !E
2`

`

PZ~xk ,t;z!

•exp~22@erf21~z!#2!dz ~24!

the estimate for the filtered mean ofx0 becomes

x0~xk ,t !5x̄~xk ,t !/Y,

with

Y5E
2`

`

PZ~xk ,t;z!•exp~22@erf21~z!#2!dz.

The FDF of the scalar dissipation is often taken to
approximately log-normal.28–30 The FDF of x0 will be as-
sumed toalso be log-normal, and the standard deviation
the logarithm ofx0 will be taken to be unity. Thus, it is
being assumed that the FDF ofx0 is

Px0
~xk ,t;c!'

1

A2pc
expF2

~ lnc2m!2

2 G ,
with

m' ln x02 1
2.

Where the mixture fraction is a scalar that is used
describe the state of mixedness of a flow,x0 can be thought
of as a measure of the cumulative effects of the straining
the flow field on that state of mixedness. Regions wherex0 is
low are well mixed, whereas regions wherex0 is high are
likely to be regions in which a high strain in the flow field
aligned with the gradient of mixture fraction, drawing th
fuel and oxidizer streams close to one another. At high v
ues ofx0 , reaction rates would be expected to be lower th
at lower values ofx0 . Regions of local extinction are likely
to occur whenx0 becomes large. Autoignition is most likel
to occur wherex0 is smallest. Usingx0 as a conditioning
variable cannot capture the entire accumulated effects of
scalar dissipation on the local flame, for example, high sc
dissipation could arise and locally extinguish a flame, th
that scalar dissipation could drop, while the flame might
main extinguished. Nevertheless, insofar as the statistica
proach underlying conditional moment closure can only p
dict mean reaction rates, addingx0 as a conditioning variable
helps to reduce the conditional variance of temperatu
mass fractions, and density, and make the chemical clo
hypothesis valid even in the presence of local extinctions
autoignition.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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For some ensembleA of N discrete points in a LES
domain~which, again, might lie on a surface in the flow su
as those suggested in the previous section!, the filtered tem-
perature at each pointxn in the ensemble can be expressed

T̄~xk
(n) ,t !5E

2`

` E
2`

`

PZ,x0
~xk

(n) ,t;z,c!T~xk
(n) ,t ! u z,cdzdc,

~25!
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PZ,x0
~xk

(n) ,t;z,c!'PZ~xk
(n) ,t;z!Px0

~xk
(n) ,t;c!

is the joint FDF ofZ andx0 at the pointxk
(n) , and
T~xk
(n) ,t ! u z,c[

E
V
T~xk8 ,t !d@z2Z~xk8 ,t !#d@c2x0~xk8 ,t !#g~xk

(n) ,xk8!dxk8

PZ,x0
~xk

(n) ,t;z,c!
~26!
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is the two-condition conditional filtered mean of the tem
perature atxk

(n) . If this conditional filtered mean of the tem
perature for the ensemble of points is homogeneous, the

T~xk
(n) ,t ! u z,c5^T u z,c&A,t ,

and Eq.~25! can be rewritten as

T̄~xk
(n) ,t !5E

2`

` E
2`

`

P~xk
(n) ,t;z,c!^T u z,c&A,tdzdc.

~27!

This is a two-dimensional integral equation which, for d
crete intervals inz andc, can be solved to yield̂T u z,c&A,t .
Similar equations can be written for the density and the m
fractions. As before, if that conditional filtered mean of t
temperature for the ensemble of points isnot homogeneous
then Eq.~27! would only be an approximation; nevertheles
the solution would still yield an estimate for ensemble av
age of the conditional filtered mean of the temperature in
ensemble.

Invoking the CMC hypothesis to predict the chemic
source term,

^v̇ I u z,c&A,t'v̇~^YK u z,c&A,t ,^T u z,c&A,t ,^r u z,c&A,t!,

~28!
the mean chemical source term becomes

v̇~xk
(n) ,t !5E

2`

` E
2`

`

P~xk
(n) ,t;z,c!^v̇ u z,c&A,tdzdc.

~29!

In a numerical implementation of the method, it would n
be necessary to integrate these integrals to infinity. The m
ture fraction is typically defined such that it is bounded
zero and unity andx0 must always be greater than or equ
to zero. Furthermore, it should be possible to truncate
upper bound of the outer integral at some very large valu
x0 beyond which the FDF would be negligible small.

By adding the second condition to the model, it shou
be possible to predict autoignition, extinction and reigniti
phenomena. As was described above, it is not necessa
make assumptions regarding the thickness of the flame
tive to turbulent length scales, nor the relative diffusivities
-

ss

,
-
e

l

t
x-

l
e

of

to
la-
f

different species, or temperature. An explicit chemic
source term can be estimated and incorporated into LES
any arbitrarily complex chemical kinetic mechanism. Unfo
tunately, the same caveats mentioned with respect to the
lection of discrete points to include in an ensemble in
previous discussion of the single conditioning variable te
nique apply as well to the two conditioning variable metho

C. Effects of density weighted filtering

Ultimately, the filtered transport equation of the ma
fraction, Eq.~3!, will be solved for the Favre filtered mean
of mass fraction and energy, since using the Favre filte
means eliminates the need to close terms involving fluct
tions in density. When the method described herein is imp
mented into a simulation where the density is allowed
vary, it must be rewritten in terms of these density weigh
filtered means. This does not present any problem to
closure hypothesis, nor to the process described above.

Equation~14! is rewritten as

T̃~xk
(n) ,t !5E

2`

`

P̃Z~xk
(n) ,t;z!^T u z&A,tdz, ~30!

where

P̃Z~xk ,t;z!5
1

r̄~xk ,t !
E

V
r~xk8 ,t !

3d@z2Z~xk8 ,t !#g~xk ,xk8!dxk8 ~31!

is the Favre filtered density function of the mixture fractio
which will be approximated using theb-PDF evaluated with
the Favre filtered mean and variance of the mixture fracti
Equation~30! is solved for the ensemble average of the co
ditional filtered mean of the temperature; a similar integ
equation is solved for that of the species mass fractions.
conditional filtered mean of the density can be estima
from the state equation by neglecting the effects of press
fluctuations within the ensemble of points being averag
together. In high Mach-number flows, this would imply
further restriction on which discrete points can be included
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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the ensembleA. The conditional reaction rates are appro
mated using Eq.~10!, and the filtered reaction rate is es
mated with

v̇~xk ,t !5 r̄~xk ,t !E
2`

`

P̃Z~xk ,t;z!^v̇ u z&A,t~^r u z&A,t!
21dz.

~32!

The two-condition method can be extended to Favre filter
in a similar fashion.

IV. RESULTS

In order to test the method described above, the ou
from several different time steps in the direct numeri
simulation ~DNS! database of Vervischet al.31,32 was fil-
tered. The simulation was of a shear-free, temporal mix
layer, with fuel and oxidizer mixing in the presence of tu
bulence. The domain was rectangular, with 128 points ac
the layer and 64 points in each direction tangential to
layer. The chemical kinetic mechanism used in creating
database was a single step,

F1O→P,

with F, O, andP being fuel, oxidizer, and product, respe
tively. The reaction rate was

v̇5B expS 2
b

a D r2YFYO expS 2b~12u!

12a~12u! D , ~33!

with a5(Tad2T0)/Tad50.8, b58, and the reduced tem
perature u5(T2T0)/(Tad2T0); all temperatures—
including T0 ~the initial temperature! andTad ~the adiabatic
flame temperature at stoichiometric conditions!—were non-
dimensionalized with the reference temperatureTref5(g
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21)T0 andg, the ratio of specific heats, was taken to be 1
The quantityB was chosen such that the Damko¨hler number
was unity.

A. Test of assumptions

The validity of the various assumptions made in obta
ing closure for the filtered chemical source term were exa
ined by comparing them directly to the DNS data. Resu
will only be shown for one time in the database—a fairly la

FIG. 1. Variations in conditional filtered means across the mixing layer;~b!
temperature,~c! reaction rate, and~d! scalar dissipation. The four lines in
~b!, ~c!, and ~d! are the conditional filtered means taken from the volum
depicted in~a!.
-
FIG. 2. Comparison of the actual FDF of mixture frac
tion within four different subgrid cells to theb-PDF
evaluated with the same mean and variance.
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time, approximately 1.6 eddy turnover times into t
simulation—however, these results were found to be rep
sentative of those obtained at all available times.

In Fig. 1, the variation in the conditional filtered mean
the temperature, reaction rate and scalar dissipation ac
the mixing layer are compared. Figure 1~a! depicts the vol-
umes in which conditional filtered means were obtained
ing a tophat filter; volumes 1 and 2 are on the lean side of
flame and volumes 3 and 4 are on the rich side. While v
umes 2 and 3 are narrow—only 16364364 points each—
they both contain a considerable fraction of the flow
which Z is not zero or unity. Figure 1~b! seems to indicate
that there is a significant variation in the temperature acr
the mixing layer, and this causes a significant variation in
conditional filtered mean of the reaction rate, shown in F
1~c!; however these variations appear to be correlated w
high scalar dissipation, shown in Fig. 1~d!. Unfortunately,
the DNS database does not provide sufficient data to ob
statistically converged conditional filtered means when t
conditions are used, thus it proved impossible to demonst
a lack of variation in two-condition conditional filtered qua
tities across the mixing layer.

Next, the filtered means and variances of the mixt
fraction were extracted from the database. The filter u
was a tophat filter with the filter width set to 163838, so
that 128 filtered means would be available. In Fig. 2,
FDF of the mixture fraction extracted from four differe
filtered discrete points is compared to theb-PDF evaluated
with the same mean and variance. Clearly, theb2PDF pro-
vides a good approximation to the actual FDF of the mixt
fraction over a wide range of conditions—similar resu
were found at all points in space.

Figure 3 shows scatter plots of the scalar dissipatiox
andx0 against mixture fraction. The dependence ofx on the
mixture fraction is evident at the extremes of mixture fra
tion, wherex tends to zero. Whilex0 does have a weak
dependence on the mixture fraction, this is much less sig
cant than the dependence ofx.

In Fig. 4, the FDF ofx0 for the entire DNS domain is
compared to a log-normal PDF evaluated with the sa
mean and variance. The log-normal PDF fails to capture
peak of the FDF ofx0 , however it does predict the tail of th
FDF very well. It was found that the exact shape of the F
of x0 has a very small effect on the prediction of the mod
This is because the FDF ofx0 is used only to establish th
effect of scalar dissipation on the mass fractions, density,
temperature, and therefore on the reaction rates. The inte
equation, Eq.~27!, effectively transforms resolved grid fil
tered values into a space described by mixture fraction
scalar dissipation; Eq.~29! transforms the chemical reactio
rates back onto the resolved grid.

B. One condition

The filtered mean mass fractions, temperatures, de
ties, and reaction rates were extracted from the databas
were the filtered means of the mixture fraction and sca
dissipation and the filtered variance of the mixture fractio
The filter used was again a tophat filter with the filter wid
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set to 163838, so that 128 filtered means would be ava
able. When the filter width was narrowed to provide a larg
sample set for the integral inversion process, the sub
sample size was found to be too small to give sufficien
converged statistics.

The first test of the method itself is to try to use th
quantitiesZ̄(xk

(n) ,t) and Z82(xk
(n) ,t) at each pointn to pre-

dict P(xk
(n) ,t;z) using theb-PDF, as described above, an

then substituter̄(xk
(n) ,t), YF(xk

(n) ,t), YO(xk
(n) ,t), T̄(xk

(n) ,t),
and P(xk

(n) ,t;z) into Eq. ~14! to predict the conditional fil-
tered means. The results of thisa priori test for the same
time in the simulation are shown in Fig. 5, where the resu
of the solution of the integral equation using a simple line
regularization method33 is compared to the actual condition
mean from the entire flow field. With the exception of
slight under-prediction of the maximum temperature, t
prediction of the conditional means is very good. Simi
results have been found for all other times at which data
available.

The next test is to invoke the CMC hypothesis, and u

FIG. 3. Scatter plots of~a! x and ~b! x0 against the mixture fraction.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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these conditional filtered means to predict the conditio
mean reaction rate by substituting the conditional filte
means of the mass fractions, density, and temperature
Eq. ~33!. Then, the filtered reaction rate is predicted from t
conditional filtered mean reaction rate using Eq.~16!. The
estimate obtained by this process is compared to the ac
filtered reaction rate for every point in Fig. 6. The standa

error in the prediction of those points wherev̇DNS is signifi-
cant~greater than 131025) is about 15%. It should be note
that there is some extinction in the DNS database, wh
cannot be predicted by the single condition version of t
method. This is made evident by the presence of sev

points wherev̇DNS is very small, butv̇est is still significant.

FIG. 4. Comparison of the actual FDF ofx0 in the entire DNS domain to
the log-normal PDF with the same mean and variance.
Downloaded 16 Oct 2003 to 129.27.196.77. Redistribution subject to A
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These are points where the tophat filter encompasses a
extinction event. Nevertheless, that the method is capabl
predicting the reaction rates with such accuracy, even in
presence of heat release and extinction, is encouraging.

C. Two conditions

As was discussed above, adding a second conditio
the method is expected to make it capable of modeling
tinction and ignition phenomena. This was tested by sim
adding the second condition and solving the two-dimensio
problem described by Eq.~27!, using the ensemble average
conditional filtered means to estimate that of the reaction

FIG. 6. Comparison of reaction rate estimated using integral equation s
tion and CMC closure hypothesis with one conditioning variable to filte
reaction rate from DNS data.
ol
FIG. 5. Result ofa priori test of integral equation so-
lution for ~a! mass fraction of fuel,~b! mass fraction of
oxidizer, ~c! nondimensional temperature,~d! nondi-
mensional density. Solid line is the DNS value, symb
is a result of the integral equation solution.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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with Eq. ~28!, and integrating Eq.~29!. The result of this
process is shown in Fig. 7. The standard error in the pre

tion of the points wherev̇DNS is significant~again, greater
than 131025) is about 10%. Not only is the error in th
prediction somewhat smaller than was found with only o
condition, the evidence of overprediction of the reaction r
for points where the tophat filter encompassed extinct
events is no longer apparent. The extinction phenomenois
captured, at least to some extent, by the inclusion of
second conditioning variable.

V. DISCUSSION

The method described herein has several significant
vantages over other closure approaches. No assumption
been made about the relative thickness of the flame to
turbulent length scales. The method can be used for a
trarily complex chemical kinetic mechanisms. No stea
state assumption has been made. The chemical source
are calculated in ‘‘mixing space,’’ rather than in real spa
therefore the chemical reactions need only be resolved
mixture fraction, which significantly eases the resoluti
constraints that are typically associated with simulations
reacting flows.26

Perhaps the most significant advantage is the potenti
predict ignition and local extinction/reignition phenomen
The effect of scalar dissipation on the rate of diffusion of t
mass fractions and temperature is resolved in real space
gions where the filtered scalar dissipation is large will s
greater rates of diffusion of the temperature and mass f
tions, and the method will detect this effect. If the tempe
ture in a region of high scalar dissipation dips below so
threshold then the chemical reactions will drop. Regio
where the filtered scalar dissipation is low will see mu
slower rates of diffusion of mass fractions and temperatu
and these conditions will likely be more favorable for ign
tion.

FIG. 7. Comparison of reaction rate estimated using integral equation s
tion and CMC closure hypothesis with two conditioning variables to
filtered reaction rate from DNS data.
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The method also has shortcomings. First and forem
among these is the need to assume homogeneity of the
ditional filtered means of mass fractions, density, and te
perature for ensembles of points in the flow. While this m
be justifiable in simple flows, such as mixing layers or fr
jets, it would be more difficult to assemble such an ensem
in flows past solid objects, where heat transfer and fla
quenching would have to be accounted for.

A second potential shortcoming is that the method
quires the solution of many integral equations, which co
be computationally expensive. Currently, the method is
ing implemented into a LES code, and it appears that us
the method results in a lower computational cost than sim
evaluating the reaction rates with resolved grid quantit
~performing the simulation without any subgrid scale mod
for the source terms!. This is because the chemical sour
terms are evaluated in mixing space, which can have m
fewer points than are needed in real space, and chem
source terms—which involve costly exponenti
evaluations—tend to be more computationally expens
than the solution of the integral equations.

A similar model is currently being developed for use
premixed reacting flows. It has also been suggested tha
method be used in Reynolds Averaged models. Finally,
potential for using second moment statistics—particula
the second moment of the temperature—to incorporate
and Bilger’s23 second moment closure hypothesis for the
action rates is being investigated. This could improve
prediction of the reaction rates, although it might prove to
too computationally expensive to be justifiable in a LES co
text, given that it would require the solution of addition
transport equations for the temperature and mass frac
variances.

VI. CONCLUSIONS

A new subgrid scale model for large-eddy simulation
combustion has been proposed and tested. The new m
makes use of the chemical closure hypothesis in conditio
moment closure to estimate the chemical source term in
filtered equations for scalar and energy transport. It is
sumed that, for some ensemble of resolved grid points
LES calculation, the conditional filtered means of the ma
fractions, density, and temperature will be homogeneo
and an integral equation is solved for those conditional
tered means. The method has been tested against DNS
and found to predict the filtered reaction rate within 15
Using a second conditioning variable, the prediction is i
proved somewhat; more importantly, it becomes possible
predict extinction and ignition phenomena.
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Large-eddy simulation of a turbulent piloted methane Õair diffusion flame
„Sandia flame D …

H. Pitscha)

Flow Physics and Computation Division, Department of Mechanical Engineering, Stanford University,
Stanford, California 94040-3030

H. Steiner
Center for Turbulence Research, Department of Mechanical Engineering, Stanford University, Stanford,
California 94040-3030

~Received 2 March 2000; accepted 16 June 2000!

The Lagrangian Flamelet Model is formulated as a combustion model for large-eddy simulations of
turbulent jet diffusion flames. The model is applied in a large-eddy simulation of a piloted partially
premixed methane/air diffusion flame~Sandia flame D!. The results of the simulation are compared
to experimental data of the mean and RMS of the axial velocity and the mixture fraction and the
unconditional and conditional averages of temperature and various species mass fractions, including
CO and NO. All quantities are in good agreement with the experiments. The results indicate in
accordance with experimental findings that regions of high strain appear in layer like structures,
which are directed inwards and tend to align with the reaction zone, where the turbulence is fully
developed. The analysis of the conditional temperature and mass fractions reveals a strong influence
of the partial premixing of the fuel. ©2000 American Institute of Physics.
@S1070-6631~00!50910-6#
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I. INTRODUCTION

While numerical simulations of turbulent flows applyin
Reynolds averaging techniques solve equations for ense
or time averaged mean quantities, Large-Eddy Simulati
~LES! have the capability of resolving the major part of t
turbulent kinetic energy of turbulent flows. Hence, only t
influence of the small turbulent scales on the resolved fi
has to be modeled. Since, in addition, the small turbul
scales fulfill the common modeling assumption of isotro
much better than the large scales, a very high accurac
predictions of the turbulent flow field can be achieved
using LES. This is particularly interesting for simulations
chemically reacting flows, where an accurate description
mixing is essential and very complex phenomena like tur
lent transition and instabilities might be of great importan

The success of LES in predictions of turbulent flows
due to the fact that the kinetic energy content of the turbu
motion decreases with increasing wave number. Thereby
major part of the Reynolds stresses is resolved. In the m
eling of the unresolved part it is still most important to re
resent the larger scales by a sub-grid scale model. Howe
since chemical reactions in nonpremixed combustion oc
only by molecular mixing of fuel and oxidizer, which i
practical applications occurs only on the dissipative turbul
scales, the combustion process occurs essentially at
smallest scales of the sub-filter level, and has to be mod
entirely. This also explains why sub-grid modeling tec
niques, which have successfully been used in prediction

a!Author to whom correspondence should be addressed; Phone:~650! 725-
6635; fax:~650! 725-7834; electronic mail: H.Pitsch@stanford.edu
2541070-6631/2000/12(10)/2541/14/$17.00
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sub-grid scale stresses and variances, might not necess
be applicable in the modeling of the chemical source ter

In recent years many studies have been devoted ta
priori testing of the applicability of combustion models
LES.1–7 Most of the proposed models have previously be
used, or could very similarly be applied, in RANS calcul
tions. Essentially, the proposed models can be divided
four categories: the direct method, the Linear-Eddy Mod
the transported probability density function~pdf! method,
and the conserved scalar method.

Similarly, as in RANS combustion models, the dire
modeling of the spatially filtered chemical source terms i
very challenging problem. Different direct closure mode
have been proposed by DesJardin and Frankel.1 They first
show that modeling the reaction term by only using the
solved scales without a sub-grid model gives very po
agreement compared with DNS results. This has also b
shown in many other studies, for instance by Colucciet al.7

In addition they propose two different direct closure mod
based on the scale similarity assumption, which considera
improve the predictions, but are still not in good agreem
with DNS data. The reason for this is obvious. The sc
similarity assumption actually implies that the smallest
solved scales are statistically similar to the largest un
solved scales. This assumption seems to be very reason
but still, it does not assist in the modeling of the chemic
source term. As mentioned earlier, in turbulent nonpremix
combustion, chemical reactions occur on the dissipa
rather than the larger unresolved scales. This problem is
herent for all models, which estimate the reaction rates
only using the resolved scales and it explains why the co
1 © 2000 American Institute of Physics
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2542 Phys. Fluids, Vol. 12, No. 10, October 2000 H. Pitsch and H. Steiner
bustion models applied in LES do not differ significant
from RANS combustion models.

The Linear-Eddy Model~LEM! has been proposed b
Kerstein.8 In this method scalar mixing is described in line
the linear eddies, which are convectively transported with
mean flow. The governing one-dimensional equations
clude molecular transport as well as turbulent convect
modeled by random flow field rearrangement events. T
model has been formulated in the frame of LES by M
Murtry et al.9 In this implementation one or more linear e
dies are solved for each computational control volume. T
convective transport of the linear eddies is modeled by
called splicing events, which randomly exchange adjac
cell linear eddies based on the LES-resolved velocity fie

The transported compositional pdf method has been
plied to turbulent reactive flows using RANS methods
many studies10–12 and has also been extended to LES
using so called filtered density functions~FDF!,7,10,13which
are pdfs of the sub-grid scale scalar quantities.

The concept of sub-grid scale pdfs has also been ado
in the application of conserved scalar methods, which
sume that the chemical state and thereby the species
fractions, can be related to a conserved scalar, typically
mixture fraction in the case of nonpremixed combustio
Then, by presuming the sub-grid scale pdf of the mixtu
fraction P̃(Z), the filtered species mass fractionsỸi in each
computational cell can be evaluated by

Ỹi5E
Z50

1

Yi~Z!P̃~Z!dZ, ~1!

provided the functional dependenceYi(Z) is known. Here
and in the following the tilde denotes density-weighted s
tial filtering.

P̃(Z) is commonly assumed to follow ab-function dis-
tribution, parametrized by the first two moments of the m
ture fraction. The filtered mixture fraction is determined
the solution of a transport equation; its sub-grid scale v
ance is typically given by a sub-grid scale model. The va
ity of the b-function representation of the pdf of the mixtu
fraction has been investigated by several authors using D
data of nonpremixed reacting flows for constant and varia
density.1,3–5,14–16 The two main conclusions are that th
b-function pdf provides an excellent estimate for the su
grid scale mixture fraction distribution and that this estim
is even much better for LES than for RANS models. This
shown to be particularly true if the mixture fraction varian
is taken from the DNS data, suggesting that theb-function as
a model for the statistical distribution of the mixture fractio
performs much better than the commonly used sub-grid s
models for the mixture fraction variance.

The mixture fraction variance can be determined
standard sub-grid scale modeling methods like the s
similarity model as proposed by Cook and Riley,3 or by us-
ing a small scale equilibrium assumption and determin
the remaining coefficient by the Dynamic Procedure follo
ing Pierce and Moin.17 However, DesJardin and Frankel,1 for
instance, have shown that their modeling results do not di
if they use ad-function instead of theb-function as sub-grid
Downloaded 16 Oct 2003 to 129.27.196.77. Redistribution subject to A
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mixture fraction pdf in a conserved scalar approach. T
conclusion depends certainly on the spatial resolution of
calculation and the turbulence intensity.

Different approaches have been used to specify the fu
tion Yi(Z) appearing in Eq.~1!. Among these are the infi
nitely fast irreversible chemistry assumption,17 the equilib-
rium assumption,3 the conditional moment closur
method,6,18 and the steady laminar flamelet model.4,5

In the present study the Lagrangian Flamelet Model19,20

is applied in a large-eddy simulation for a turbulent, pilot
methane/air diffusion flame. The results are discussed
compared with experimental data by Refs. 21–23.

II. MATHEMATICAL MODEL

A. Large-eddy simulation

The set of equations solved in the current model
study can be derived by applying a spatial, density-weigh
filter to the continuity equation, the momentum equatio
and the mixture fraction transport equation resulting in

]r̄

]t
1“•~ r̄ṽ !50, ~2!

]r̄ṽ
]t

1“•~ r̄ṽṽ !52“ p̄1“•s̃2“•~ r̄~vṽ2ṽṽ !!, ~3!

]r̄Z̃

]t
1“•~ r̄ṽZ̃!5“•~ r̄D̃Z“Z!2“•~ r̄~vZ̃2ṽZ̃!!,

~4!

with

s̃5m̄„~“ṽ !1~“ṽ !T
…2 2

3 m̄“•ṽd. ~5!

Here,r is the density,t the time,v the velocity vector,p the
pressure,Z the mixture fraction,DZ the molecular diffusion
coefficient of the mixture fraction,d the unity tensor, andm
the dynamic viscosity.

The spatially filtered valuef̄ of a quantityf is defined
as

f̄5E
D

G~x2x8!f~x8!dx8, ~6!

whereD denotes the integration domain,x is the coordinate
vector, and given the filter sizeD, the spatial filter function is
defined as

G~x2x8!5H 1, if ux2x8u<
D

2
,

0, otherwise.

~7!

As mentioned earlier the tilde denotes the Favre filte
value, for any quantityf given by f̃5rf̄/ r̄.

The unclosed terms in Eqs.~3! and~4! are expressed by
using eddy viscosity type models, such that the sub-g
scale fluxes in the momentum equations and the mixt
fraction transport equation are given by

r̄~vṽ2ṽṽ !522r̄n tS̃, S̃5 1
2 „~“ṽ !1~“ṽ !T

… ~8!
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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and

r̄~vZ̃2ṽZ̃!52 r̄Dt“Z̃, ~9!

wheren t and Dt are the sub-grid kinematic eddy viscosi
and eddy diffusivity, respectively.

The eddy viscosityn t is given by the Smagorinsky
model as

n t5CD2uSu, ~10!

where following Moinet al.24 the Smagorinsky constantC is
determined by the Dynamic Model as a function of time a
space. This procedure needs no model constants and as
that the turbulent fluxes vanish in the limit of a laminar flo

The sub-grid diffusivityDt is determined from

Dt5n t /Sct , ~11!

assuming a constant turbulent Schmidt number. In Reyn
averaged simulations the turbulent Schmidt number is c
monly assumed to be equal to 0.7. However, in LES t
value is different. An approximation for a constant sub-g
scale Schmidt number has been obtained by evaluating
sub-grid eddy viscosityn t and the sub-grid diffusivityDt by
applying the Dynamic Model. The sub-grid Schmidt numb
can then be determined from Eq.~11!. The resulting time
averaged sub-grid Schmidt number distribution for the fl
configuration described below is shown in Fig. 1 at differe
downstream positions. The data clearly indicate that a c
stant value of Sct50.4 is a good approximation througho
the whole domain.

The sub-grid scale diffusivityDt is computed asDt

5n t /Sct assuming a constant turbulent Schmidt num
Sct50.4. This value has been found to be appropriate fr
calculations, whereDt has also been determined by the D
namic Model.

B. The Lagrangian Flamelet Model

The Lagrangian Flamelet Model~LFM! is used in this
study to describe the turbulence–chemistry interactions. T
approach has successfully been applied in RANS calc

FIG. 1. Sub-grid scale Schmidt number of methane/air jet diffusion fla
~Flame D! at different downstream positions.
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tions of turbulent jet diffusion flames.19,20The model follows
the conserved scalar approach, which has briefly been
scribed in the Introduction, and uses the flamelet ideas.25,26

Here however, the functionYi(Z) is determined by the solu
tion of the unsteady rather than the steady flamelets eq
tions.

The unsteady flamelet equations for the species m
fractionsYi and the temperatureT can be written as

r
]Yi

]t
2r

x

2

]2Yi

]Z2
2ṁi50, ~12!

r
]T

]t
2r

x

2 S ]2T

]Z2
1

1

cp

]cp

]Z

]T

]ZD
1

1

cp
S (

k51

N

hkṁk1q̇R-2HD 50. ~13!

Heret is a Lagrangian type flamelet time,hi andṁi are the
specific enthalpy and the chemical production rate per u
volume of speciesi, respectively,cp is the constant pressur
specific heat capacity, and the scalar dissipation ratex has
been introduced as

x52DZ“Z•“Z. ~14!

DZ is the diffusion coefficient of the mixture fraction andH
accounts for the enthalpy flux by mass diffusion. The ex
form for this term depends on the particular diffusion mod
and is given in Ref. 27 for the present work. In Eqs.~12! and
~13! the Lewis numbers of all chemical species have be
assumed to be unity. This assumption is discussed in g
detail in Ref. 20, where it has been argued that in turbul
combustion only a thin region around the reaction zone
governed by molecular transport, whereas turbulent trans
is predominant in the outer inert mixing region, which im
plies unity Lewis numbers. Numerical simulations have be
performed for the present configuration assuming nonu
Lewis numbers. The results show that Lewis number effe
indeed cannot explain the remaining discrepancies to the
perimental data discussed below. These simulations s
that the temperature is only influenced in the lean part of
flame. Of the major species only molecular hydrogen reve
changes on the rich side, which lead to an even stron
overprediction than the unity Lewis number results.

The radiation heat loss termq̇R- is represented by using
an optically thin gray gas approximation as given by Sm
et al.28 This model provides some basic features of the rad
tion process, for example, that the heat loss essentially
curs at the highest temperature and that the radiation pro
is slow compared to other physical time scales of the pr
lem, which has been discussed in detail in Ref. 19. The
lidity of the model has been assessed by comparing the
dicted with the measured conditionally averag
temperatures atx/D560 andx/D575, which are in very
good agreement. In contrast, calculations which neglect
influence of radiation overestimate the temperature atx/D
575 by approximately 100 K.

The consideration of the time dependence certainly a
some complexity to the problem, but it has been shown t

e

IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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it is essential to consider the unsteadiness, if for insta
radiation cannot be neglected or NO formation
considered.19

Equations~12! and ~13! can readily be solved and th
solution used to provide the remaining unknown quantit
such as the density and the temperature if the scalar dis
tion is known as a function of the mixture fraction, and t
flamelet timet can be related to the physical space coor
nates. These relations will be derived next.

The basic idea of the model is that flamelets are int
duced at the inflow boundary. These flamelets then m
downstream, essentially by convective transport. In the
lowing, for all instantaneous scalar quantitiesf, wheref
stands for the temperature or the species mass fractions,
averages over planes of equal nozzle distancex, conditioned
on the mixture fraction, will be considered. This implies th
these conditional averages, here denoted as^fuZ&(x,t) de-
pend only on one spatial coordinate, the axial nozzle dista
x, and the timet. Hence, the flamelet solution needed in E
~1! can be parametrized as a function ofx andt asYi(Z,x,t),
wherex will be expressed by the flamelet timet.

Since flamelets are actually associated with the reac
zone, which is located in the vicinity of the stoichiometr
mixture, the instantaneous local velocity of a flamelet p
ticle has to be associated with the velocity of a point on
surface of a stoichiometric mixture fraction. Followin
Gibson29 the velocity of iso-surfaces of a conserved sca
has contributions from the mean velocity and from the d
fusion of that scalar. Thereby, the velocity of the resolv
mixture fraction iso-surfaces can be expressed as

ṽ Z̃~x,t !5ṽ~x,t !2
“•~ r̄~DZ1Dt!“Z̃!

r̄u“Z̃u
iZ , ~15!

wherei Z5“Z̃/u“Z̃u is the unit vector in the direction of th
gradient of the resolved mixture fraction.

If Eq. ~15! is multiplied by the unit direction vectorex ,
then conditionally averaged over planes of equal nozzle
tancex, and written forZ̃5Zst, one obtains for the resolve
axial velocity u of the stoichiometric mixture fraction sur
face,

^ũZ̃uZ̃5Zst&~x,t !5^ũuZ̃5Zst&~x,t !

2K S“•~ r̄~DZ1Dt!“Z̃!

r̄u“Z̃u2

]Z̃

]x D UZ̃5ZstL ,

~16!

which will be written aŝ ũZ̃uZ̃st& in the following. Equation
~16! can now be used to relate the Lagrangian type flam
time t to the flamelet location in physical space as

t5E
0

x 1

^ũZ̃uZ̃st&~x8,t !
dx8. ~17!

The second term on the right hand side of Eq.~16! rep-
resents the axial component of the velocity of the stoich
metric surface caused by diffusion normal to this surfa
Hence, this term is identical to zero, if the mixture fracti
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gradient vectoriZ is normal to the nozzle axis. This indeed
a good approximation for the time averaged mixture fract
field in turbulent jet diffusion flames. Since in the prese
formulation both the conditional averaging in Eq.~16! and
also the integration in Eq.~17! introduce an average, the ne
effect of this term on the Lagrangian type flamelet timet is
also assumed to be small and is therefore neglected.

As an example, Fig. 2 shows one instantaneous rea
tion of ^ũZ̃uZ̃st& and the corresponding development of t
Lagrangian type flamelet timet as a function of the dimen
sionless nozzle distancex/D. It is very obvious that the ve-
locity ^ũZ̃uZ̃st& reveals strong turbulent fluctuations, where
these do not appear int. The reason for this can be ex
plained as follows. It is also obtained in Fig. 2 that after
transitional region at approximatelyx/D510, when the jet
becomes self-similar, the mean value of^ũZ̃uZ̃st& hardly
changes and seems to be around 20 m/s, independent ofx/D.
This independence of the axial nozzle distance can be sh
analytically30 and has also been found in experiments.31 The
integration in Eq.~17! can hence be interpreted as a tim
integration, which would, after normalization, yield the tim
averaged mean velocity at stoichiometric mixture. This
turn implies that the time average oft should not be different
from any instantaneous representation. Indeed, compa
the instantaneous representation oft with the time averaged
value, which is also given in Fig. 2, shows that these
almost identical.

Using Eqs.~12! and ~17! the resolved mass fractions o
chemical speciesYĩ are given by

Ỹi~x,t !5E
Z50

1

Yi~Z,x,t !P̃~Z,x,t !dZ. ~18!

P̃(Z,x,t) is presumed to follow ab-function, whose shape is
determined by the mean and the sub-grid scale varianc
the mixture fraction. Since no transport equation for the m
ture fraction variance is solved, this value has to be mode
Following Pierce and Moin17 the sub-grid scale mixture frac
tion variance can be expressed as

FIG. 2. Instantaneous velocity of the stoichiometric surface and insta
neous and time averaged Lagrangian type flamelet time as a function o
nozzle distance.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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r̄ Z92̃5CZD2r̄u“Z̃u2, ~19!

where the coefficientCZ is determined using the Dynami
Procedure.

Similarly, the spatially filtered scalar dissipation ra
which will be needed in the following, is expressed in term
of the eddy diffusivity and the gradient of the resolved m
ture fraction following Girimaji and Zhou32 as

x̃52~DZ1Dt!“Z̃•“Z̃, ~20!

where following Smooke33 DZ;T1.7, which is evaluated
with the mean temperature.

In Eqs. ~12! and ~13!, the temporal development of th
scalar dissipation rate is unknown and has to be related to
unconditional mean given by Eq.~20!. A common approach
is to presume the functional dependence of the scalar d
pation rate on the mixture fraction aŝxuZ&(x,t)5^xst&
3(x,t) f (Z), where different analytic expressions for th
function f (Z) have been suggested.19,25,34 Then, it is suffi-
cient to determine the value conditioned on stoichiome
mixture. This can be achieved by using this expression in
equation for the filtered scalar dissipation ratex̃, which can
be written as

x̃~x,t !5E
Z50

1

^xuZ&~x,t !P̃~Z,x,t !dZ. ~21!

However, since in the present study a piloted flame
considered, the functionf (Z) cannot be represented by th
commonly applied expressions, which will be demonstra
below.

In the present model, the conditional average of the s
lar dissipation rate as a function of the axial distance fr
the nozzle^xuZ&(x,t) is computed by the inversion of th
integral in Eq.~21!, similar to the approach used by Bush
and Steiner6 for the estimation of chemical source terms. T
details of this model are described in Ref. 35, where a
predictions for^xuZ&(x,t) close to the nozzle are present
and discussed. There, it is shown that the influence of
pilot flame on flame stabilization can be explained only
its influence on the conditional scalar dissipation rate.

It should be noted that this model also ensures that
actual flamelet does not necessarily extend over the w
mixture fraction space. This can be observed from the c
ditional mean scalar dissipation rate distributions atx/D
515, 30, and 45, which are given in Fig. 3. Atx/D515
the scalar dissipation rate still extends over the comp
mixture fraction space. This has already changed atx/D
530, where the maximum mixture fraction value with no
zero scalar dissipation rate has become smaller than u
This continues in the downstream direction, such that
x/D545 the scalar dissipation rate is zero forZ.0.65. In
the calculations of the flamelets this region is still include
However, it can easily be seen from Eqs.~12! and ~13! that
for zero scalar dissipation rate, diffusive transport in mixtu
fraction space vanishes, resulting in localized homogene
reactors at each value ofZ, which are independent from eac
other.
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In order to solve the unsteady flamelet equations,
scalar dissipation ratex(Z,t,t) appearing in Eqs.~12! and
~13!, which can be written asx(Z,x,t), has to be expresse
in terms of the conditional mean scalar dissipation r
^xuZ&(x,t) determined from Eq.~21!. The closure assump
tion here is thatx(Z,x,t) is given by the conditional mean
scalar dissipation rate,

x~Z,x,t !5^xuZ&~x,t !, ~22!

which in turn implies that also the results obtained by so
ing the flamelet equations are conditional mean values.

In this model the solution of the flamelet equatio
Yi(Z,x,t) is still a function of the timet, because the La-
grangian type flamelet timet(x,t) given by Eq.~17! and also
the model for the scalar dissipation rate given by Eq.~22!
have an implicit time dependence. However, as demonstr
in Fig. 2, the comparison of an arbitrary instantaneous r
resentation oft with its time averaged mean indicates th
the time dependence oft is very weak and will therefore be
neglected. In order to simplify the model, the time depe
dence of the scalar dissipation rate is also neglected, w
means that in the calculations presented below time avera
values are used for the scalar dissipation rate.

Note that this assumption still allows for turbulent flu
tuations of the resolved mass fractions and temperature,
cause it only neglects the influence of fluctuations of
scalar dissipation rate on the chemistry. This assumption
be justified for nonpremixed combustion far from extinctio
as discussed by Kuznetsov and Sabel’nikov.36 The reason for
this is that for lower values of the scalar dissipation rate
influence on the mass fractions of the chemical species
the temperature is weak, as for instance shown in Ref.
The validity of this assumption is demonstrated in Ref. 35
a comparison with calculations using the time dependent
stantaneous conditional scalar dissipation rate.

FIG. 3. Conditional mean scalar dissipation rate at different downstre
locations.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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III. NUMERICAL PROCEDURE

A. Algorithm

The numerical computation of the flow was carried o
with a second-order finite volume code, which has origina
been developed for the DNS of nonreacting, low Mach nu
ber turbulent jets by Boersmaet al.37 The computational
mesh is in spherical coordinates as shown in Fig. 4. It
192 cells in the radial directions, 110 points in the tangentia
directionQ, and 48 points in the azimuthal directionf.

The LES transport equations for momentum and the s
lar Z as given by Eqs.~3! and~4! are advanced in time usin
a predictor–corrector-projection scheme following Na
et al.38 The advancement of the numerical solution fro
time-level tn to tn115tn1Dtn involves the following steps

~1! The Adams–Bashford predictor-step:

~r̄ ũî!*5~r̄ũi!
n2

Dt n

2 FS21
Dtn

Dtn21D~adv.1diff. !ui

n

2
Dtn

Dtn21
~adv.1diff. !ui

n21G , ~23!

~r̄Z̃!*5~r̄Z̃!n2
Dt n

2 FS21
Dtn

Dtn21D~adv.1diff. !Z
n

2
Dtn

Dtn21
~adv.1diff. !Z

n21G , ~24!

yields the predictions denoted with the asterisk result
from the advective and diffusive fluxes, here abbrevia
as~adv.1diff.!, which are given at the time-levelstn and
tn21. Even though for the sake of a simple notation it
not indicated in Eqs.~23! and ~24! all diffusive terms,
which involve derivatives with respect tof, are treated
implicitly. A TVD scheme is applied for the advection o

FIG. 4. Schematic representation of the coordinate system used in the
lation.
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the scalarZ to avoid spurious oscillations in the vicinit
of strong gradients which occur particularly in the she
layer of the jet close to the nozzle exit, where lar
amounts of unmixed fuel meet the oxidizer from the c
flow.

~2! The predicted densityr̄* is obtained by

Z̃*5
~r̄Z̃!*

r̄n
, ~25!

1

r̄*
5E

0

1 1

r~Z,s!
P̃* ~Z,x,t !dZ, ~26!

integrating the pdf of the mixture fraction given a

P̃* (Z,x,t)5P(Z,Z̃* ,Z92̃* ). The density r(Z,s) is
given by the solution of the flamelet equations as d
scribed in the previous section. The sub-grid scale v

ance of the mixture fractionZ92̃* is evaluated usingZ̃*
in Eq. ~19!.

~3! Pressure correction: The corrected velocity field at
predictor level is computed as

~r̄ũi!*5~r̄û̃i!*2Dtn
]p*

]xi
, ~27!

where the pressure gradient is obtained from the solu
of the Poisson equation,

F]~r̄û̃i!*

]xi
1

]r̄*

]t
G5 1

Dtn
]2p*

]xi]xi
, ~28!

with the time derivative of the density being approx
mated by

]r̄*

]t
'

FS11
Dtn

Dtn21D2

21Gr̄*2S11
Dtn

Dtn21D2

r̄n1r̄n21

DtnDtn21S11
Dtn

Dtn21D . ~29!

~4! The Adams–Molton corrector-step:

~r̄û̃i!
n115~r̄ũi!

n2
Dtn

2
@~adv.1diff. !ui

n 1~adv.1diff. !ui
* #,

~30!

~r̄Z̃!n115~r̄Z̃!n2
Dtn

2
@~adv.1diff. !Z

n1~adv.1diff. !Z* #,

~31!
involves the advective and diffusive fluxe
(adv.1diff.) * , obtained with the predictor-step solutio

r̄* , ũi* , Z̃* .

~5! r̄n11 is computed by

Z̃n115
~r̄Z̃!n11

r̄*
, ~32!

1

r̄n11
5E

0

1 1

r~Z,r!
P̃~Z,x,t !n11dZ. ~33!

~6! Pressure correction:

~r̄ũi!
n115~r̄û̃i!

n112Dt n
]pn11

]xi
, ~34!

u-
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with the pressure gradient obtained from the Pois
equation:

F]~r̄û̃i!
n11

]xi
1

]~r̄!n11

]t
G5 1

Dtn
]2pn11

]xi]xi
. ~35!

B. Boundary conditions

At the inflow boundary all the required mean quantiti
are specified according to the experimental data given in R
22 for the fuel jet, pilot, and co-flowing air stream. Veloci
fluctuations are added to the measured mean profilesuin,m to
mimic turbulent inflow conditions. The perturbed axial i
flow velocity ũin is obtained by superimposing rotating he
cal and oscillating axisymmetric perturbations39 on the mean
profile as

ũin~Q,t !5uin,m1(
i 51

6

@Aisin~a i1 if1C i t !#

1 (
i 57

8

@Aisin~C i t !#. ~36!

The numerical values fora i , which determine the phas
shift of each helical mode in the azimuthal direction relat
to if, as well as the frequenciesC i are randomly chosen
The coefficientsAi are specified to match the time averag
inflow velocity RMSuin,m8 observed in the experiments. Wit
the present velocity perturbation this is achieved by set
Ai50.5•uin,m8 for all modesi 51, . . . ,8. Calculations have
also been performed without the random velocity fluctu
tions resulting in only very slight changes in the flow fie
predictions.

Following Akselvoll and Moin40 a convective boundary
condition is used for the outflow boundary ats5smax as

]ũi

]t
1Ucon

]ũi

]s
50. ~37!

Therein, the convection velocityUcon is the mean out-
flow velocity averaged over the azimuthal directionf. The
convective boundary condition convects vortical structur
which eventually approach the outflow boundary, out of
computational domain, thereby stabilizing the simulatio
Although this approach introduces an error in elliptic pro
lems, it can still be applied to flows of convective nature li
free jets without disturbing the upstream solution.37 How-
ever, the region very close to the outflow boundary has to
disregarded in the analysis of the numerical results.

A traction-free condition is used for the lateral bounda
at Q5Qmax.

41 This condition is given by

s•n50, ~38!

wheren is the unit vector normal to the boundary. Unlike th
no-slip or free-slip conditions it allows for a flux of ambie
fluid across the lateral boundary. Thus, it is well-suited
capture the entrainment in a spreading jet.
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C. Flamelet calculations

The unsteady flamelet calculations have been perform
using theFLAMEMASTER code.42 The chemical mechanism
used for the results presented in the following is the G
2.11 mechanism,43 which includes reactions among 4
chemical species. In order to reduce the computational tim
reduced version of the mechanism has been develo
which consists of 29 global reactions. The reduced chem
scheme has been kept rather large in order to avoid num
cal difficulties in the formulation of the steady state conce
trations and to yield exactly the same results as the orig
mechanism. As an example, the maximum difference in
NO mass fraction calculated using the detailed and the
duced mechanism is approximately 0.4%.

It will be discussed below that the main differences
the comparison of predictions and experiments is in the on
of chemical reactions in the very rich premixed part of t
configuration, which in the current predictions occurs t
early. In order to investigate the influence of the chemi
scheme on the computational results, unsteady flamelet
culations have been performed with different chemi
mechanisms, including GRI 3.044 and recent mechanism
from other authors.45–48 The predictions using the mecha
nism by Warnatz show large differences and a strong ov
prediction of the temperature in the rich part of the flam
because the mechanism predicts the onset of chemical r
tions in that region even earlier. The results obtained by
remaining mechanisms show some differences in the m
fractions of individual species. But only for the NO ma
fractions a stronger sensitivity to the individual chemic
scheme is observed. The GRI 3.0 mechanism, for insta
leads to substantially higher NO mass fraction than G
2.11. However, the qualitative performance of all the
chemical schemes is very similar.

IV. RESULTS AND DISCUSSION

The configuration used for the validation of the propos
models is a piloted methane/air jet diffusion flame~Sandia
Flame D!. The fuel is a 25/75% methane/air mixture. Th
fuel has been premixed with air in order to minimize t
formation of polycyclic aromatic hydrocarbons and soot. T
fuel nozzle has a diameter ofD57.2 mm and is enclosed b
a broad pilot nozzle with a diameter ofDp52.62D and an
air-co-flow. In the experiments the pilot composition a
temperature have been adjusted such that the pilot stream
the same equilibrium composition as a mixture of the m
fuel and oxidizer with a mixture fraction ofZ50.27, which
is slightly lean compared with a stoichiometric mixture fra
tion of Z50.35. In the LES the pilot can thereby be repr
sented by specifying the appropriate inlet mixture fractio
The fuel bulk velocity is 49.6 m/s, which leads to a fu
stream based Reynolds number of Re522400.

The flame has been experimentally investigated by H
selet al.,23 who provided data for the velocity field obtaine
by LDV measurements and by Barlow and Frank,21,22 who
performed Rayleigh measurements for the temperature,
Raman and LIF measurements to obtain mass fraction
chemical species and the mixture fraction.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 5. ~Color! Instantaneous temperature and strain rate distribution. The black line represents the contour of the stoichiometric mixture frac
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In the remaining part of the paper, time averaged res
from the simulation are discussed and compared with
experimental data. The averages have been obtained from
computational results by sampling over two flow-throu
times, where the flow-through time is defined as the tim
particle traveling along the centerline would reside with
the flow field. After a general discussion of the flame, t
predictions of the flow field calculation, including velocit
and mixture fraction field will be discussed. These resu
essentially serve as input quantities for the combus
model. Then, the predicted temperature and species m
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fractions will be shown and compared with unconditiona
and conditionally averaged experimental data.

A. General observations

Figure 5~a! shows an instantaneous temperature field
the computed jet and Fig. 5~b! gives an enlarged view of the
near field region at the same instance. Also shown in th
figures is the surface of the stoichiometric mixture, whi
indicates the location of the reaction zone. Figure 5~b!
clearly shows the broad pilot flame. It is also interesting
tour of a
FIG. 6. ~Color! Instantaneous temperature and strain rate distribution at a time 3.2 ms later than Fig. 5. The black line represents the con
stoichiometric mixture fraction.
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note in this figure that close to the nozzle the region aro
the reaction zone hardly shows turbulent motion and mi
be regarded as being laminar. This has been found in m
experiments and might be of great importance, since
fuels with Lewis numbers different from unity it can be th
source of strong differential diffusion effects, which can s
vive even far downstream of the transition to turbulence
has been discussed in Ref. 20. In order to give an impres
of the dynamics of the flame, Figs. 6~a! and 6~b! show the
instantaneous temperature distribution at a time appr
mately 3.2 ms later than in Fig. 5. The comparison with F
5 reveals that the jet core shows a completely different st
ture, indicating that turbulent structures have been tra
ported far downstream, while in the outer part hardly a
motion can be observed. It can also be seen that the loca
of the flame tip, indicated by the stoichiometric contour c
strongly vary with time. For the current calculation the flam
tip location moves between approximatelyx/D548 to x/D
562. In order to provide a better picture of the dynamics
the flame, animations of the computational results co
sponding to Figs. 5~a! and 5~b! are provided on the world
wide web.49

The temperature distribution given in Figs. 5 and 6 a
allows some qualitative comparison with fundamental obs
vations from experiments in jet diffusion flames. It can
observed, for instance in Fig. 6~b!, that regions of very broad
high temperature zones around the stoichiometric contour
alternating with regions of very narrow high temperature d
tribution. In can also be seen that the broad temperature
gions always coincide with reaction zones, which are
rected outwards, whereas the narrow temperature regions
be associated with reaction zone structures, which are
wardly directed. The analysis shows that these changes
essentially caused by fluctuations in the mixture fraction g
dients which also cause fluctuations of the scalar dissipa
rate. Since the scalar dissipation rate is also related to the
of strain, it can be concluded from the calculations that
gions of high strain rate are aligned with regions of a narr
temperature maximum. This is in accordance with the
perimental findings of Rehm and Clemens.50 The strain rate
field in the region very close to the nozzle is shown in Fi
5~c! and 6~c!. The alignment of the reaction zone and t
strain rate field starts to become obvious in the downstre
regions of these figures. However, it is interesting to n
that closer to the nozzle the reaction zone embraces the
gion of high rate of strain rather than to follow the hig
strain layers. This lack of alignment is, as pointed out
Rehm and Clemens,50 because of the laminar nature of th
region around the reaction zone, where the high visco
does not allow the fluid to freely adjust to the applied stra
Similar structures have been found by Donbaret al.31 in the
analysis of two-dimensional CH measurements and P
measurements in jet diffusion flames. It is generally obser
in experiments that these structures occur in an angle
the jet axis of approximately 45°. A similar discussion on t
scalar dissipation rate is provided in Ref. 35.
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B. Prediction of the flow field

The mean axial velocity and its normalized root me
square~RMS! along the centerline are given in Fig. 7. Bo
quantities are in reasonable agreement with the experime
data, although the mean values seem to be overpredicte
the far field region of the jet.

Figure 8 shows that the mean mixture fraction is w
predicted by the current simulation along the centerline u
x/D560. Thereafter, the experimental data is slightly ov
predicted. The mixture fraction RMS, including resolved a
sub-grid contributions, is also given in Fig. 8. The expe
ment is slightly underpredicted in the far field of the jet. T
underprediction forx/D,10 might be attributed to experi
mental uncertainties, since the RMS has to go to zero c
to the nozzle. This conclusion is supported by the comp
son of the temperature variance, which will be given in t
following. In addition, Fig. 8 shows the sub-grid scale RM
of the mixture fraction, which is shown to be much smal
than the RMS based on the resolved and the sub-grid fl
tuations, indicating that the major part of the turbulent m
ture fraction fluctuations is resolved by the LES.

Radial mixture fraction profiles are given in Fig. 9
x/D5 15, 30, and 45. The comparison with the experimen
data shows that the general agreement for both the mean

FIG. 7. Mean and RMS of axial velocity along the centerline~lines: calcu-
lation; symbols: experiments!.

FIG. 8. Mean and RMS of mixture fraction along the centerline~lines:
calculation; symbols: experiments!.
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FIG. 9. Radial distribution of mean and the RMS of the mixture fraction and temperature at different downstream positions~lines: calculation; symbols:
experiments!.
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the RMS of the mixture fraction, is reasonable at all the
positions, although the maximum values of the mixture fr
tion RMS seem to be consistently underpredicted.

C. Predictions by the chemistry model

The calculated mean temperature and the tempera
RMS along the centerline are shown in Fig. 10. Radial p
files of these quantities are provided in Fig. 9. Both the m
and the RMS agree well with the experimental data. Even
decrease in the temperature RMS around the maximum m
temperature, which can be observed very clearly in the a
profile in Fig. 10, is well represented by the simulation. It
interesting to note that this is not caused by heat release
is simply because of the vanishing temperature gradient w
respect to the mixture fraction. The mean temperature
slightly overpredicted up tox/D540, which will be dis-
cussed below.

FIG. 10. Mean and RMS of temperature along the centerline~lines: calcu-
lation; symbols: experiments!.
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The following figures show centerline profiles for sp
cies mass fractions of CH4 and O2 ~Fig. 11!, H2O and H2

~Fig. 12!, CO2 and CO~Fig. 13!, and NO and OH~Fig. 14!.
In general all profiles agree well with the experimental da
Small discrepancies atx/D.60 can mainly be attributed to
the overprediction of the mixture fraction. In the rich part
the flame atx/D,40, H2O and CO2 are also slightly over-
predicted, while CH4 and O2 are underpredicted. Also ver
obvious is the overprediction of the intermediates H2 and CO
on the rich side. The reason for this is the partial premix
of the fuel with air. As will be shown below, this cause
substantial chemical reactions to occur in the rich premix
part of the jet farther downstream. The onset of this partia
premixed burning occurs in the current simulation earl
than can be estimated from the experiments. The OH rad

FIG. 11. Mean CH4 and O2 mass fractions along the centerline~lines: cal-
culation; symbols: experiments!.
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mass fraction shown in Fig. 14 is predicted very accurat
Also the agreement of predicted and measured NO m
fractions can be considered to be very good. The analys
the formation of nitric oxide shows that only approximate
one third of the total NO is formed by the thermal path a
that the N2O path contributes to approximately 10%. Th
formation of NO is thereby dominated by the prompt pat

The comparison of the radial profiles of the chemic
species with the experimental data shows reasonable a
ment and does not differ substantially from the centerl
profiles. The presentation is therefore being omitted.

Although the results discussed so far are quite encou
ing, the conclusions about the chemical structure of the
bulent flame, which can be drawn from these, are quite l
ited, because only time averaged quantities have b
discussed. It is therefore important to compare the time
erages of the temperature and mass fractions of the chem
species conditioned on the mixture fraction, because co
tioned data provide substantially more insight in turbulen
chemistry interactions.

The conditional averages at the axial locationsx/D
515, 30, and 45 for the temperature and the mass fract

FIG. 12. Mean H2O and H2 mass fractions along the centerline~lines:
calculation; symbols: experiments!.

FIG. 13. Mean CO2 and CO mass fractions along the centerline~lines:
calculation; symbols: experiments!.
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of the chemical species CH4, O2 , H2O, H2 , CO2, CO, NO,
and OH are shown in Fig. 15. Atx/D515 the temperature a
well as all the species mass fraction profiles agree quite w
with the experimental data on the lean side, but tend to ov
predict fuel to product conversion on the rich side. In ad
tion to the reasons given above, this can be attributed to
fact that the current model does not allow for local flam
extinction. By comparing the simulation with the single poi
experimental data, it becomes evident that, at least up
mixture fraction ofZ50.5, the temperature, as an examp
agrees very well with the burning branch of the data. T
lower values of the conditional mean temperature in the
perimental data in Fig. 15 are caused by comparably
extinguished data points. This is shown in Fig. 15 for t
temperature atx/D515, which includes the single point dat
from the experiments used to determine the conditional
erages. However, this seems to demonstrate the need fo
extension of the model.

As discussed earlier, the consumption of fuel and m
lecular oxygen in the fuel consumption layer is slightly ove
predicted, which also leads to an overprediction of the wa
and carbon dioxide values.

Farther downstream atx/D530 the profiles still agree
reasonably well with the experimental data. For mixture fra
tion values ofZ.0.4 the consumption of CH4 and O2 on the
rich premixed side is already visible in both the compu
tional results and the experiments. Also, in the predicted
the measured H2O profile a formation region is observed
approximately Z50.6. However, the partially premixed
burning is stronger in the predicted results, which is ve
obvious in the temperature, and leads to overpredicted in
mediate mass fractions. NO is well predicted on the stoich
metric to lean side. However, the predicted profile revea
NO consumption region at the location of the rich premix
flame, which cannot be observed in the experimental da

At x/D545 the effect of the partially premixed reactio
zone becomes very strong and chemical reactions sta
even richer mixtures. This is observed in the temperat
profile, which indicates heat release at approximatelyZ
50.65. The partially premixed burning leads to a plate
region in the H2O profile of the numerical simulation, which
is also very obvious in the experiment. Also the CO2 profile,

FIG. 14. Mean NO and OH mass fractions along the centerline~lines: cal-
culation; symbols: experiments!.
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FIG. 15. Conditional averages at different downstream positions~lines: calculation; symbols: experiments!.
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which is much less influenced by the chemical reactions
the rich side, is in good agreement with the experimen
data. The discrepancies discussed for CO and NO on the
side seem to remain at this location, but are limited to
very rich region. On the lean side the agreement can stil
considered to be quite good.
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V. CONCLUSIONS

The Lagrangian Flamelet Model, which has been s
cessfully used in RANS calculations of turbulent diffusio
flames has been formulated as a combustion model for la
eddy simulations of turbulent jet diffusion flames. The mod
has been applied in a large-eddy simulation of a turbul
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



tie
c

as
e
t
n

th
a
em
e
av
lts
th
al
es
ee
ur

n
rl
he
at

o

be
e

re
bu

i-
r-

ry

to

c

d

ity
s.

nd

id
us

gy

nt

cie

nt

ear

dy

e,

eta
ion
s

ce

if-

ur-

-

ass

98.

ale
s A

nt

oc.

n-
-

op/

I.

-

red
jet
om-

ar

d
d

n
re

ddy
st.

al
lar

l

m-

d

2553Phys. Fluids, Vol. 12, No. 10, October 2000 Large-eddy simulation of a turbulent piloted . . .
methane/air flame~Sandia flame D!, which has a partially
premixed fuel stream. In the LES, sub-grid scale quanti
have generally been determined using the Dynamic Pro
dure. The eddy-diffusivity has been computed from the
sumption of a constant sub-grid turbulent Schmidt numb
From calculations employing the Dynamic Procedure
compute the eddy diffusivity it has been found that a co
stant value of Sct50.4 is a very good approximation.

The results are compared with experimental data for
velocity and the mixture fraction field, and for uncondition
and conditional averages of temperature and various ch
cal species, including CO and NO. The agreement is v
reasonable for all quantities. The remaining differences h
been discussed. In the analysis of the computational resu
has been found in accordance with experimental data
regions of high strain appear in layers, which are gener
directed inwards. In regions with developed turbulence th
layers tend to align with the reaction zone. It has also b
found in the analysis of the conditional mean temperat
and mass fraction profiles that downstream ofx/D530
chemical reactions lead to substantial fuel consumption
the rich partially part of the flame. In the present calculatio
the onset of the partially premixed burning occurs to ea
leading to a slight overprediction in the consumption of t
reactants and the formation of water and the intermedi
molecular hydrogen and carbon monoxide.
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SCALAR MIXING AND DISSIPATION RATE IN LARGE-EDDY SIMULATIONS
OF NON-PREMIXED TURBULENT COMBUSTION

HEINZ PITSCH and HELFRIED STEINER
Center for Turbulence Research

Flow Physics and Computation Division

Stanford University

Stanford, CA 94305-3030, USA

Predictions of scalar mixing and the scalar dissipation rate from large-eddy simulations of a piloted non-
premixed methane/air diffusion flame (Sandia flame D) using the Lagrangian-type flamelet model are
presented. The results obtained for the unconditionally filtered scalar dissipation rate are qualitatively
compared with general observations of scalar mixing from experiments in non-reactive and reactive jets.
In agreement with experimental data, provided the reaction zone has an inward direction, regions of high
scalar dissipation rate are organized in layerlike structures, inwardly inclined to the mean flow and aligned
with the instantaneous reaction zone. The analysis of single-point time records of the mixture fraction
reveals ramplike structures, which have also been observed experimentally and are believed to indicate
large-scale turbulent structures. The probability density function (pdf) of the instantaneous resolved scalar
dissipation rate at stoichiometric mixture evaluated at cross sections normal to the the nozzle axis is shown
to be described accurately by a lognormal pdf with r � 1. A new model for the conditionally averaged
scalar dissipation rate has been proposed and is shown to account for local deviations from the simple
mixing layer structure. The stabilizing effect of the pilot flame in the present configuration is also discussed.
Finally, the influence of the resolved fluctuations of the scalar dissipation rate on the flame structure is
investigated, revealing only a weak influence on temperature and nitric oxide predictions. However, the
model requires further refinement for situations in which local extinction events become important.

Introduction

The mixing of scalars in turbulent flows is a very
interesting problem which provides a fundamental
understanding of the basic processes involved in
non-premixed combustion problems and has been
investigated by many in this field. A comprehensive
review of experimental findings has recently been
provided by Pitts et al. [1].

In non-premixed combustion, chemical reactions
occur only if fuel and oxidizer are mixed at the
molecular level. Although turbulent mixing is re-
sponsible for stirring the reactants at large scales, it
contributes to the molecular scalar mixing only in-
directly, increasing the scalar variances and thereby
the scalar gradients. Molecular mixing essentially oc-
curs at the smallest turbulent scales by removal of
the scalar variance. The rate of molecular scalar mix-
ing is represented by the scalar dissipation rate,
which can be identified as the most important pa-
rameter in the description of non-premixed com-
bustion.

Because combustion can occur only if the reac-
tants are mixed on the molecular level, the scalar
dissipation rate provides a measure of the maximum
possible chemical reaction rate. This is the basic idea
of the eddy break-up model [2]. Assuming infinitely

fast chemistry, it has been shown by Bilger [3] that
the turbulent reaction rate is linearly proportional to
the scalar dissipation rate at stoichiometric condi-
tions, vst. For finite-rate chemistry, the scalar dissi-
pation rate appears as a parameter in most of the
commonly applied combustion models such as the
flamelet model [4,5], the transported probability
density function model [6,7], and the conditional
moment closure model [8].

The influence of the scalar dissipation rate, v, on
the structure of diffusion flames has been discussed
by Peters [4]. In general, the scalar dissipation rate
at the stoichiometric mixture fraction describes the
departure from chemical equilibrium. If the stoi-
chiometric scalar dissipation rate in a steady laminar
diffusion flame exceeds a critical value, vq, the flame
will be quenched. However, it has been found in
experiments [9,10] and numerical simulations [11–
13] that the flame structure cannot instantaneously
follow changes in vst and that in the case of a fluc-
tuating scalar dissipation rate, instantaneous values
of vst can by far exceed vq without quenching the
flame. On the other hand, it is possible for the mean
scalar dissipation rate to be smaller than vq and yet
the flame may be quenched by fluctuations above
this limit. In situations where local quenching oc-
curs, it might therefore be of great importance to
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accurately model the fluctuations of the scalar dis-
sipation rate.

For the modeling of the scalar dissipation rate,
large-eddy simulations have the advantage of resolv-
ing the major part of the turbulent motion. Only the
fluctuations which occur on smaller length scales
than the filter width, typically given by the spacing
of the numerical discretization, have to be modeled.
The modeling effort of the basic quantities such as
subgrid scale stresses and variances is supported by
the concept of a turbulent energy cascade in two
different ways. First, most of the turbulent energy is
in the resolved scales. Second, the energy cascade
concept suggests that subgrid quantities can be uni-
versally related to the resolved field. In contrast,
since the dissipation of scalar variance occurs essen-
tially at the smallest scales, the major part of the
scalar dissipation rate has to be modeled. Following
the energy cascade concept, the scalar dissipation
rate is, similar to the turbulent kinetic energy dissi-
pation rate, a universal quantity describing the scalar
variance transport in wavenumber space, and knowl-
edge of the resolved-scale field should hence be ben-
eficial in the determination of the scalar dissipation
rate as a fluctuating quantity.

In this paper, we describe and evaluate the mod-
eling of the scalar dissipation rate and its fluctuations
in large-eddy simulations (LES) for non-premixed
combustion using the Lagrangian-type flamelet
model [14,15]. The predictions of the unconditional
mean scalar dissipation rate from an LES of a piloted
turbulent diffusion flame (Sandia flame D [16,17])
is discussed and compared to general and mainly
qualitative observations from several experiments.
The influence of resolved fluctuations of the mod-
eled conditional scalar dissipation rate on the chem-
ical flame structure is investigated by comparing the
results of calculations, which include the fluctuations
of the scalar dissipation rate, with results for the
same configuration obtained by using time-averaged
values for the scalar dissipation [18].

We first give a brief review of the Lagrangian-type
flamelet model as a combustion model for LES and
present a new model for the evaluation of the con-
ditional mean scalar dissipation rate. We then discuss
the results for the unconditional resolved scalar dis-
sipation rate, and finally the influence of the resolved
fluctuations of the conditional mean scalar dissipa-
tion rate.

Model Formulation

Large-Eddy Simulation

The system of equations to be solved is given by
the spatially filtered continuity, momentum, and
mixture fraction equations provided, for instance, by

Moin et al. [19]. The subgrid stresses and the veloc-
ity-mixture fraction covariance appearing in the mo-
mentum equations and in the mixture fraction equa-
tion are expressed by eddy-viscosity-type models,
where the eddy viscosity is given by the Smagorinsky
model, the eddy diffusivity, Dt, by the assumption of
a constant turbulent Schmidt number, Sct � 0.4
[18]. Following Pierce and Moin [19], the mixture
fraction variance is given by

2 2 2˜Z̃� � C D (�Z) (1)Z

The Smagorinsky coefficient and the coefficient CZ
are computed from the solution of the resolved
scales by applying the dynamic procedure [20]. No
model constants have to be specified in the com-
putation of the flow field. The simulation was per-
formed in a spherical coordinate system with 192
cells in the downstream direction, 110 cells in the
cross-flow direction, and 48 cells in the azimuthal
direction. The inflow conditions were prescribed ac-
cording to the experimental conditions. Detailed in-
formation on the numerical procedure has been
given in Ref. [18].

Lagrangian-Type Flamelet Model

In the present simulations, the Lagrangian-type
flamelet model was employed to describe turbu-
lence/chemistry interactions. The model was devel-
oped in the framework of Reynolds averaged simu-
lations [14,15] and was recently applied in LES [18].
The model follows the conserved scalar approach,
implying that the temperature and the species mass
fraction can be related to the mixture fraction. Thus,
density-weighted filtered quantities are given by

1
˜ ˜� � �(Z)P(Z)dZ (2)�0

where � stands for the temperature, T, and the spe-
cies mass fractions, Yi. P̃(Z) is the subgrid scale Favre
probability density function (pdf) of the mixture
fraction, Z, which is presumed to be a b-function,
whose shape is determined by the resolved mixture
fraction and its subgrid scale variance. The function
Yi is given by the solution of the unsteady flamelet
equations. For the species mass fractions, for ex-
ample, these are given as

2�Y v � Yi i
� q � ṁ � 0 (3)i2�s 2 �Z

Here, s is the Lagrangian flamelet time, q is the den-
sity, ṁi is the chemical production rate per unit vol-
ume, and following Ref. [14], v is given by the con-
ditional scalar dissipation rate �v|Z� (s). Lewis
numbers of the chemical species have been assumed
to be unity. Lagrangian flamelet particles are as-
sumed to be introduced at the nozzle exit and travel
downstream essentially with the axial velocity at stoi-
chiometric mixture fraction. Then, s can be related
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to the physical space coordinate in the axial direction
x as

x 1
s � dx� (4)� ˜0 �ũ |Z � (x�, t)Z̃ st

where �ũZ̃|Z̃st� denotes the velocity of the stoichio-
metric mixture fraction surface in the axial direction.
The resolved mass fractions can then be determined
as a function of time and space with equations 2, 3,
and 4, provided the conditional scalar dissipation
rate is given as a function of the flamelet time, s, and
the mixture fraction, Z.

Scalar Dissipation Rate

The unconditionally filtered scalar dissipation rate
is expressed in terms of the eddy diffusivity and the
gradient of the resolved mixture fraction using the
first-order model given by Girimaji and Zhou [21] as

2˜ṽ � 2(D � D ) (�Z) (5)Z t

where DZ is the molecular diffusivity of the mixture
fraction.

As pointed out earlier, the temporal development
of the scalar dissipation rate appearing in equation
3 is unknown and has to be related to the uncondi-
tional mean given by equation 5. A common ap-
proach to achieve this is to presume the functional
dependence of the scalar dissipation rate on the mix-
ture fraction as �v|Z� � �vst� f(Z), using analytic ex-
pressions for the function f(Z) as suggested in the
literature [4,14,22]. Then, it is sufficient to deter-
mine the value conditioned on stoichiometric mix-
ture. �vst� can then be determined by introducing the
expression for �v|Z� in the equation for the filtered
scalar dissipation rate, which can be written asṽ,

1
˜ṽ(x, t) � �v|Z� (x, t)P(Z, x, t)dZ (6)�

Z�0

It is demonstrated below that the function f(Z)
cannot be represented by the commonly applied ex-
pressions for unsteady mixing layers or counterflow
diffusion flames, since in the present study a piloted
flame is considered.

Here, a new model for the computation of the
conditional average of the scalar dissipation rate,
which has to be specified as a function of the axial
distance from the nozzle as �v|Z� (x, t), is proposed.
This model is similar to the approach used by Bushe
and Steiner [23] for the estimation of chemical
source terms. The term �v|Z� (x, t) is computed by
the inversion of the integral in equation 6. Writing
equation 6 for each computational cell in a chosen
plane normal to the nozzle axis gives

1
˜ṽ (x, t) � �v|Z� (x, t)P (Z, x, t)dZ,i i�

Z�0

i � 1, . . . , N (x) (7)c

Here, Nc(x) is the number of cells in the plane con-
sidered. If the continuous function �v|Z� (Z, x, t) in

equation 7 is approximated by a discrete represen-
tation in terms of the mixture fraction as �v|Zj� (x, t),
j � 1, . . . , NZ, where NZ denotes the number of
values used to represent the mixture fraction space,
the integral in equation 7 can be approximated by a
sum using, for example, the trapezoidal integration
rule as

NZ

ṽ (x, t) � A �v|Z� (Z , x, t),i � ij j
j�1

j � 1, . . . , N (8)Z

where the coefficient matrix Aij contains the discre-
tized pdf P̃i(Zj, x, t) and the coefficients of the nu-
merical integration scheme.

Equation 8 represents a system of Nc(x) equations
for NZ unknowns. For Nc(x) � NZ, this can be solved
by minimizing the resulting error of the overdeter-
mined system via a least squares approach.

An alternative method to compute the conditional
scalar dissipation rate has been proposed by Janicka
and Peters [24]. In the transport equation of the mix-
ture fraction pdf [7], the conditional scalar dissipa-
tion rate appears in the term representing molecular
mixing. If the mixture fraction pdf is prescribed, this
equation can be used to determine �v|Z�. The un-
derlying assumptions of this approach, which in-
clude the use of modeled values of the unconditional
mean and assumed b-function shape of the mixture
fraction pdf, are very similar to the model presented
here. In contrast to this, the pdf transport equation
method in principle provides averages over one
computational cell, while the method proposed in
this work is an average over a larger number of cells.
However, for small values of the mixture fraction
pdf, the determination of the conditional scalar dis-
sipation rate from the pdf transport equation be-
comes singular, which makes its application difficult,
particularly in LES, where the subgrid pdf is non-
zero only in a very narrow range around the mean.

Results and Discussion

In this section, the predicted results for scalar mix-
ing and the scalar dissipation rate from an LES of a
piloted non-premixed methane/air diffusion flame
(Sandia flame D) with a Reynolds number of Re �
22000 are presented and discussed. The instanta-
neous conditional scalar dissipation rates, which are
obtained in the LES from equation 8, have been
averaged in time and then used in the solution of
the flamelet equations. This assumption is discussed
below.

Experimental data for axial velocity and root mean
square (RMS) has been determined by Hassel [25],
while data for the mean and RMS of the tempera-
ture, and mean and conditional mean mass fractions
of the chemical species CH4, O2, H2, H2O, CO,
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Fig. 1. Resolved instantaneous scalar dissipation rate distribution. Results in (b) are at a time 20 ms later than those
in (a).

CO2, OH, and NO have been given by Barlow et al.
[16,17]. Comparison of the predicted results with
the experimental data has been presented and dis-
cussed further in Ref. [18]. In general, the agree-
ment of predictions and experimental data is consid-
ered very good.

Unconditionally Filtered Scalar Dissipation Rate

Spatial -distributionṽ
Figure 1 shows instantaneous distributions of the

unconditionally filtered scalar dissipation rate, ob-ṽ,
tained from equation 5. Figure 1b shows a realiza-
tion at a time approximately 20 ms later than that in
1a. The figures are presented at the same point in
time as the temperature distributions given in Ref.
[18]. The stoichiometric contour, which indicates the
approximate location of the reaction zone, is also in-
dicated. Regions of high scalar dissipation rate ap-
pear in layerlike structures, which are directed in-
ward. In general, these layers are well aligned with
the stoichiometric contour, when this is directed in-
ward. Since both the stoichiometric contour and the

high scalar dissipation rate layers cannot be inclined
to the mean flow over a long distance, the stoichio-
metric contour diverges outward again to the next
surrounding dissipation layer. This usually occurs at
much higher angles relative to the axis of the jet.
Since the inwardly directed stoichiometric contours
appear at high scalar dissipation rate, the corre-
sponding temperature distribution is very narrow, as
corroborated by Ref. [18]. In contrast, the outwardly
directed contours are associated with broad tem-
perature regions.

Similar behavior has been observed by Feikema
et al. [26] in measurements of the scalar dissipation
rate in a non-reacting turbulent jet. They found that
the scalar dissipation rate appears in layers, which
are inclined at approximately 45� to the flow. Rehm
and Clemens [27,28] found that the minimum com-
pressive strain in turbulent jet flames appears in
similar layers, which are also inclined at 45� to the
flow and aligned with the reaction zone. Rehm and
Clemens [28] have also shown from experiments in
non-reacting jets that the minimum compressive
strain layers are well aligned with the scalar dissi-
pation rate layers. In experiments of reactive jets,
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Fig. 2. Time records of the resolved mixture fraction
and the scalar dissipation rate on the centerline at x/D �

30.

Fig. 3. The pdf of the stoichiometric resolved scalar dis-
sipation rate at x/D � 15 and x/D � 30 (solid lines) com-
pared to log-normal pdfs (dashed lines), with r � 1 from
equation 9.

they also observed the broadening of the reaction
zone in instances where this is directed away from
the jet axis. All these findings are consistent with the
current simulation. However, on average the incli-
nation angle of the dissipation layers in Fig. 1 seems
to be smaller than 45� to the direction of the flow.

Single-point time records of Z̃ and ṽ
Single-point time records of the mixture fraction

and the scalar dissipation rate at the centerline po-
sition at x/D � 30 are given in Fig. 2. As shown in
Fig. 2 and also by Pitts et al. [1] for non-reacting jet
experiments, the scalar dissipation rate fluctuates at
a much higher frequency than the mixture fraction.
Also, the mean duration of a peak at high scalar dis-
sipation rate appears to be much longer than a peak
at low scalar dissipation rate. Donbar et al. [10]
found that for a turbulent jet flame with a Reynolds
number Re � 18,600, which is very similar to the
present case, that the strain rate fluctuates at ap-
proximately 10 kHz. The frequency of the scalar dis-
sipation rate fluctuations at x/D � 30 shown in Fig.
2 can be estimated to be 2.5 kHz. This frequency
however, varies strongly with the nozzle distance.

It should be noted here that even the shortest fluc-
tuations appearing in Fig. 2 are well resolved in time,
such that the time-step of the calculation does not
impose any filtering. The frequency that can be re-
solved by the computational mesh might be esti-
mated by the average cell size in the axial direction
and the time averaged axial velocity as fRes � 10 kHz.
Since it has been found in the reacting jet experi-
ments of Donbar et al. [10] and also in simulations
of counterflow diffusion flames by Saitoh and Otsuka
[9] that the flame chemistry does not respond to fluc-
tuations in the strain rate higher than 10 kHz, it ap-
pears that the spatial filtering is not restrictive for
the use of the predicted scalar dissipation rate in
chemistry calculations.

Figure 2 also reveals one other very important
mixing aspect which is not directly related to the

scalar dissipation, but should still be discussed here.
Pitts et al. [1] have investigated large-scale turbulent
structures in a non-reacting jet. As one of the most
important proofs of the formation of these struc-
tures, they discuss the observation of ramplike struc-
tures in one-point time records of scalars in turbu-
lent jets. These ramplike structures can also be
observed in the resolved mixture fraction record
shown in Fig. 2. In general, the increase of the mix-
ture fraction occurs much more rapidly than the fol-
lowing decrease. This seems to corroborate that the
current simulations are capable of describing large-
scale mixing phenomena, which are believed to be
very important for the overall structure and devel-
opment of the scalar field.

The pdf of ṽ
The pdf of the scalar dissipation rate has been in-

vestigated in many studies [1,29,30]. It has been
found that the distribution of v is log-normal. In
terms of the density-weighted filtered quantities,
this can be expressed as

21 (lnṽ � l)
P̃(ṽ) � exp � (9)� 2 �2rṽ 2p�

Here, l and r are parameters of the pdf, which es-
sentially represent the mean and the fluctuation
about the mean, respectively. From non-reacting jet
experiments, Effelsberg and Peters [29] have found
the parameter r to have a value close to unity. The
evaluation of the pdf of using all computationalṽst
cells in the particular cross-section is presented in
Fig. 3 for x/D � 15 and x/D � 30. Also shown is
the pdf evaluated from equation 9 with r � 1 and
the appropriate values for l to match the mean sca-
lar dissipation rate, viz. l � 4.7 and 3.2 for x/D �
15 and 30, respectively. The comparison shows that
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Fig. 4. Conditional scalar dissipation rate at different
downstream locations. Also shown is a commonly pre-
sumed form of the mixture fraction dependence of the sca-
lar dissipation rate.

Fig. 5. Influence of the mixture fraction dependence of
the scalar dissipation rate on the flamelet solution at the
nozzle exit. Calculation using v(Z) from equation 8 (solid
lines) compared to solution with v(Z) (dashed lines) pre-
sumed according to Ref. [14].

the distribution of at both positions is almost per-ṽst
fectly log-normal, and also that r � 1 seems to be
a very good approximation for the case investigated.
The same value of r is observed at x/D � 45.

Conditional Mean Scalar Dissipation Rate

Results for the conditional mean scalar dissipation
rate at different downstream locations determined
from equation 8 are shown in Fig. 4. The comparison
with a presumed shape of v(Z) from Ref. [14] indi-
cates that this simple function is not applicable in
the present case. Within the pilot stream, which is
at Z � 0.27, the scalar gradient, and hence the scalar
dissipation rate, is zero. Even at far downstream lo-
cations, the shape of the scalar dissipation rate is still
influenced by the pilot flame.

The computed shape at x/D � 1 provides an in-
teresting explanation of the stabilizing effect of a pi-
lot flame. The pilot causes the scalar dissipation rate
to be zero at the pilot mixture fraction, which in turn
also causes the scalar dissipation rate at stoichio-
metric mixture fraction (Zst � 0.35) to be small.
However, by interdiffusion with the surrounding
mixing layer this value strongly increases with down-
stream direction. Also, the same diffusive effect
causes the scalar dissipation rate generally to de-
crease strongly with downstream direction [31].
Hence, in the present case, vst first increases until
approximately x/D � 7.5, and then decreases. If the
maximum value stays smaller than the extinction
limit, vst,q, the flame stabilizes at the pilot. However,
if it exceeds vst,q, the flame will exhibit local extinc-
tion or even blow off. This also explains why it is
favorable to have the pilot mixture fraction close to
the stoichiometric mixture fraction, which keeps vst
lower, and also to have a broad pilot flow, because

then the increase of v around the pilot will be much
slower.

The influence of the scalar dissipation rate model
on the initial conditions for the unsteady flamelet
calculation, which is assumed to be the steady flame-
let solution with v(Z) evaluated from equation 8 at
x/D � 0, is given in Fig. 5. The flamelet solution
for the temperature and the CO mass fraction are
compared to the solution using the presumed v(Z)
of Ref. [14]. Because of the influence of the pilot,
the flame is substantially shifted to the lean side.
Also, as shown in Fig. 4, the presumed function
overestimates the scalar dissipation in the lean part
of the flame, leading to a substantial overprediction
of the CO mass fraction.

Influence of Resolved Scalar Dissipation
Rate Fluctuations

The influence of the scalar dissipation rate fluc-
tuations, which are resolved by equation 8, are in-
vestigated next. As mentioned above, the pdf of the
unconditional scalar dissipation rate clearly reveals a
log-normal shape with r � 1. Because the condi-
tional scalar dissipation rate given by equation 8 is a
spatial conditional average, which has for the present
study and for the results presented in Ref. [18] been
performed over all computational cells in cross sec-
tions normal to the jet axis, the pdf of �v|Z� is much
narrower than the pdfs shown in Fig. 3. This, how-
ever, can be substantially improved by sampling over
smaller areas. In order to analyze the influence of
the resolved fluctuations on the flame structure, 250
different instantaneous scalar dissipation rate and
mixture fraction fields were recorded from the cal-
culations presented in Ref. [14]. These calculations
were performed using the time-averaged scalar dis-
sipation rate. Using these data, 250 unsteady flame-
let calculations were performed, and the resolved
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Fig. 6. Ensemble-averaged temperature and NO mass
fraction determined as the average over multiple instan-
taneous realizations (solid lines) compared to a calculation
using a time average of the scalar dissipation rate (dashed
lines). Also given is an example for one instantaneous re-
alization (dotted line).

temperature and mass fractions were evaluated us-
ing equation 2. The results were ensemble averaged,
and the temperature and the NO mass fraction of
these calculations are compared along the centerline
to the calculations using the time average of the sca-
lar dissipation rate and the experimental data given
by Barlow et al. [16,17] in Fig. 6. Also given in Fig.
6 is one example of an instantaneous solution of tem-
perature and NO mass fraction. This solution shows
temperature fluctuations, which can be of the order
of 700 K. However, almost no differences in the re-
sults of both methods can be observed, indicating
that the resolved fluctuations of the scalar dissipation
rate influence the flame structure only very weakly,
and also that the strong fluctuations in the instanta-
neous solution given in Fig. 6 are essentially caused
by fluctuations in the resolved mixture fraction and
its subgrid scale variance. Both methods yield good
agreement with the experimental data for the pres-
ent case. However, if local extinction events start to
become important, the pdf of the scalar dissipation
rate has to be determined much more accurately,
and averages over complete cross sections can no
longer be used.

Conclusions

The present study provides a discussion of scalar
mixing and the scalar dissipation rate in large-eddy
simulations. The results from an LES of the Sandia
flame D have been used to compare the predictions
of the mixture fraction field and the scalar dissipation
rate with mostly qualitative experimental data. In
agreement with experimental data, it has been found
that regions of high scalar dissipation rate are orga-
nized in layerlike structures that are inwardly in-
clined to the mean flow and aligned with the reaction
zone.

The fluctuation frequency of the scalar dissipation
rate has been discussed in the context of the spatial
and temporal resolution of the current simulation,
and the findings are that the resolution used in the
present investigation is not restrictive for the pre-
dictions of the scalar dissipation rate. Single-point
time records of the mixture fraction have been found
to reveal ramplike structures, which are also evident
in experimental data for non-reacting jets. Pitts et al.
[1] regarded this as one of the most important proofs
for the occurrence of large-scale turbulent structures
in turbulent jets.

The pdf of the stoichiometric scalar dissipation
rate was found to be described accurately by a log-
normal pdf with a value of r � 1. The ratio of the
integral time scales of scalar and velocity fluctua-
tions, which is commonly used in Reynolds-averaged
turbulence models to determine the unconditionally
averaged scalar dissipation rate, was evaluated using
the resolved velocity and scalar field.

A model for the conditional scalar dissipation rate
has been suggested that accounts for the influence
of local deviations from a simple mixing layer struc-
ture. Furthermore, this model has been demon-
strated to account for the strong influence of a pilot
in the near-field of a turbulent jet flame.

Finally, the influence of the fluctuations resolved
by the model for the conditional scalar dissipation
rate on the flame structure was investigated by com-
paring averages over simulations using instantaneous
scalar dissipation rate histories with a simulation us-
ing the time-averaged scalar dissipation rate. The re-
sults for temperature and NO mass fraction are not
influenced by the scalar dissipation rate fluctuations.
However, the model would need to be refined for
instances in which local extinction events become
important.
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COMMENTS

William Mell, University of Utah, USA.

1. Did you also implement a quasi-steady version of the
flamelet model? If so, how did it perform compared to
your transient model?

2. What boundary conditions did you use for the laminar
flamelet model? In particular, were transient effects
important?

3. Did you consider regimes in which buoyancy played a
greater role (rather than momentum) in the flow? It
seems likely that in such a situation the axial velocity
(which gives the Lagrangian time) may not be as rep-
resentative of the flamelets at a given axial position.

Author’s Reply.

1. Predictions using a quasi-steady model have been
shown to be more accurate if radiation is neglected.
For the investigated configuration, the application of
the quasi-steady model leads thereby to an overpred-
iction of the temperature. This leads to an overpred-
iction of the NO mass fraction by approximately a fac-
tor of 2. However, for the conclusions of the present
paper regarding the scalar mixing process, the use of a
quasi-steady model will show hardly any influence.

2. Using the models proposed in the present paper, the
predicted conditional scalar dissipation rate becomes
small if the pdf of the mixture fraction goes to zero.

This can be seen in Fig. 4. In the region of zero scalar
dissipation rates, the diffusion term in the flamelet
equation is zero. This implies that the boundary con-
ditions of the flamelet solution are homogeneous re-
actor solutions at an effective maximum mixture frac-
tion.

3. We did not consider a configuration where buoyancy
is important. However, the Lagrangian time can still be
determined from the axial velocity, which would
change accordingly if the momentum flux were domi-
nated by buoyancy.

●

A. Y. Klimeuto, The University of Queensland, Austra-

lia. I am certain that the topic of the presentation, inves-
tigation into the influence of fluctuations of the conserved
scalar-dissipation on combustion, is most important for
flamelet modeling. However, I think that one question
needs some clarification. The subgrid model used by the
authors ignores the subgrid fluctuations which can be ex-
pected to be most significant for the scalar dissipation.
Can this factor affect the conclusions of the present work?

Author’s Reply. In the present model, the subgrid part
of the scalar dissipation rate is considered by the use of a
subgrid model. Because of the subgrid filtering, the pdf
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of the scalar dissipation rate and also the frequency of its
fluctuations might be influenced. It is shown in Fig. 3 that
the resolved pdf is in good agreement with experimental
findings. This suggests that the filtering only influences the
tails of the pdf. It is also mentioned in the paper that the
present simulation can resolve a frequency of 10 kHz. It
has been shown in experiments (Ref. [10] in this paper)
and simulations of counterflow diffusion flames (Ref. [9]
in this paper) that the flame chemistry does not respond
to higher frequencies.

●

Andrew Pollard, Queen’s University, Canada. Can you
confirm that the scalar dissipation is coincident with
regions of high axial vorticity (i.e., braids between azi-
muthal vortex rings)?

Author’s Reply. Obviously, the regions of high scalar
dissipation rate are located between large-scale azimuthal
vortical structures. However, from the observations we
made in this study there is not clear evidence that these
structures appear in rings, which would be connected by
secondary axial vortices. This might still be the case, but
we have not looked explicitly into these details.
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The Conditional Source-term Estimation~CSE! method was recently proposed to close the chemical
source terms occurring in the spatially filtered transport equations of species and enthalpy for Large
Eddy Simulation~LES! of nonpremixed reacting flows@W. K. Bushe and H. Steiner, Phys. Fluids
11, 1896 ~1999!#. The model is based on the Conditional Moment Closure hypothesis, which
provides fairly accurate predictions for the conditional averages of the chemical reaction rates as
functions of the conditionally averaged composition vector and temperature with the mixture
fraction being an appropriate conditioning variable. In CSE the conditionally averaged composition
vector and temperature are obtained by mapping the corresponding spatially filtered scalar fields
resolved by the LES into the conditioning~i.e., mixture fraction! space. After the conditional
averages of the chemical reaction rates are approximated in mixture fraction space, these are
mapped into the physical space to close the source terms in the LES transport equations for the
reactive scalars. The present simulation of a turbulent reacting jet is the first test of this new closure
in a self-sustained predictive LES. A two-step reduced chemical kinetic mechanism for methane–air
flames was used. The results of the simulation, which are in reasonable agreement with available
experimental data, prove the model’s predictive capabilities as well as its robustness and feasibility
for LES. © 2001 American Institute of Physics.@DOI: 10.1063/1.1343482#
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I. INTRODUCTION

In the foreseeable future, the requirements of true Dir
Numerical Simulation~DNS! of turbulent reacting flows a
technically relevant Reynolds numbers will exceed by far
computational resources available. Rather than resolving
physically relevant scales, as is required in DNS, Large E
Simulation~LES! resolves only the large scale motion of th
flow while modeling the small scale motion, which tends
be more isotropic and is therefore easier to model. The g
erning equations of LES are obtained by applying a spa
filter to the transport equations of mass, momentum, spe
concentration~or mass fraction!, and energy. This filtering
operation can be generally defined by

F̄~x,t !5E
D

F~x8,t ! G~x2x8! dx8

5E
D

F~x2x8,t ! G~x8! dx8, ~1!

where F̄ denotes the filtered value of some quantityF in
spacex and timet, G is the spatial filter function, andD is
the domain of the flow. As a result of its defining properti
given by Eq.~1!, the filter functionG commutes with spatia
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b!Present address: Department of Mechanical Engineering, Universit
British Columbia, 2324 Main Mall, Vancouver, BC, V6T 1Z4, Canad
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and temporal derivatives.1 This is strictly valid only if the
width of the filtering kernel is uniform in space. Howeve
LES of inhomogeneous flows, e.g., boundary layer flo
where dynamically important length scales strongly depe
on position, suggests a filtering operation with variable fil
width, which in general does not commute with the spa
derivatives. It was shown that the commutation error due
nonuniform filter width is of the order of the grid spacin
squared (ecomm;O@Dxi

2#).2 This error is still acceptable, if a
second-order accurate scheme is used to discretize the
equations. The same reasoning justifies the use of the u
tered, i.e., physical, boundary conditions for LES, althou
the boundary conditions for the filtered fields are not nec
sarily the same as those for the unfiltered fields. The diff
ence between the boundary conditions for the filtered and
unfiltered fields is also of the orderO@Dxi

2#.3

In reacting flows with nonconstant density the filterin
operation~1! is usually weighted with the density yieldin
density-weighted, or Favre-filtered, quantities denoted by
‘‘ ; ’’ symbol

F̃5
rF

r̄
. ~2!

In most applications of LES, the actual form of the filt
function is implicitly determined by the choice of numeric
scheme used rather than being chosen explicitly by the u
although methods which use explicit filters have be
proposed.2,3 A top-hat filter, which is defined in thei th di-
rection of the physical space by
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Gi~xi2xi8!5H 1/D i , for ixi2xi8i<D i /2

0, elsewhere

was adopted in the present work. The filter withD i is typi-
cally related to the grid sizeDxi in the i th direction. In order
to account for the contribution of the subgrid-scale fluctu
tions to the fluxes of momentum, species mass fraction,
enthalpy, the molecular viscosity and diffusivities are au
mented by an ‘‘eddy viscosity’’ and ‘‘eddy diffusivities,’
respectively. Several subgrid-scale models for these tu
lent transport coefficients have been suggested and suc
fully applied in many flow configurations.1 In particular, dy-
namic models—which, unlike the original Smagorins
model,4 do not require a model constant to be set prior to
simulation—have become a well established approach.5,6

In the case of reacting flows the spatially filtered chem
cal source terms represent an additional challenge to L
The chemical reaction rates are in general given
Arrhenius-type equations

v̇k5AkT
nk expS 2

Ek

R TD )
j 51

J S r Yj

Wj
D n jk

, ~3!

which are highly nonlinear functions of temperatureT, den-
sity r, and the participating reactive species mass fracti
Yj . J denotes the total number of the reactive species,Wj is
the molecular weight of speciesj, and n jk is the stoichio-
metric coefficient of speciesj in reactionk. Ak is the fre-
quency factor,nk is the pre-exponential temperature exp
nent,Ek is the activation energy of reactionk, andR is the
universal gas constant. Substituting the corresponding
tially filtered quantitiesr̄, Ỹj , and T̃ into Eq. ~3! will gen-
erally lead to unacceptably erroneous predictions for the

tered reaction ratesv̇k; thus, a model must be provided fo

v̇k. In the context of turbulent nonpremixed combustio
where the fuel and oxidizer have to be mixed together be
they can react, the mixture fractionZ, which represents the
local fraction of gas originating from the feed fuel stream,
an important parameter on which the reaction rates and
resulting chemical composition strongly depend. Therefo
many proposed closure models rely on the mixture fractioZ
and its probability density function~PDF! describing the
state of mixedness.

LES resolves only spatially filtered quantities involvin
a filtering operation as shown in Eq.~1!. Correspondingly, in
the framework of LES the state of mixedness, which
counts for the unresolved subgrid-scale fluctuationsZ9

around the filtered scalarZ̃, is appropriately described by
‘‘filtered density function’’ ~FDF!.7 The density-weighted
FDF is defined as

P̃~z;x,t !5
1

r̄~x,t !
E

D
r~x8,t ! d@ z2Z~x8,t !# G~x2x8! dx8 ,

~4!

wherez denotes the random variable in the mixture fracti
domain,d is the delta function, andZ(x8,t) represents an
instantaneous value of the mixture fraction at the locationx8
and time t. The FDF can be obtained through a transp
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-
d

-

u-
ss-

e

-
S.
y

s

-

a-

l-

,
re

he
,

-

t

equation as suggested in the FDF-transport methods.7,8 Al-
ternatively, the shape of the FDF can be presumed. In
case the presumed FDF can, for instance, be specifie

terms of its first and second moment (Z̃, Z̃2) given at every
computational grid point. In the last years several mixtu
fraction based models using a presumed FDF have been
posed for LES.

Assuming chemical equilibrium9 offers the benefit that
the chemical composition as well as the thermodynamic s
are completely specified by the mixture fraction on
~‘‘mixed5burned’’!. However, as this approach implies infi
nitely fast chemistry, it is applicable only to flames with ve
fast reactions, whose time scale is negligibly small in co
parison to the smallest flow time scale. In addition, no f
mation of any intermediate species can be accounted for.
steady-state Laminar Flamelet Model10,11 allows for non-
equilibrium chemistry with very detailed kinetics. It consid
ers the flame as an ensemble of laminar flamelets straine
the turbulent flow field. The laminar flamelets are compu
as the steady-state solutions of a laminar diffusion flame
mixture fraction space with the scalar dissipation rate, wh
represents the diffusive and convective transport norma
the stoichiometric mixture fraction, as varying paramet
Due to the steady-state assumption for the flamelet solut
in mixing space this model is basically not capable of p
dicting unsteady effects like ignition or extinction. The L
grangian Flamelet Model, which was proposed for LES o
reacting jet in a recent work,12 attempts to account for tran
sient effects on the flame inZ space. This model solves th
unsteady laminar flamelet equations in a Lagrangian t
flamelet time, which can be regarded as the residence tim
a flamelet in the physical flow field. Both the flamelet tim
and the time-dependent scalar dissipation rate are obta
using the resolved velocity and mixture fraction fields pr
vided by the LES in the physical domain. While this a
proach does not require any steady-state assumption w
solving the flamelet equations in mixture fraction, it still a
sumes that the individual laminar flamelets do not vary w
time in the physical flow domain. The flamelet solutions a
supplied to the LES as functions only of the downstre
location, where they remain constant in time. The assum
PDF method proposed by Frankelet al.13 for nonequilibrium
chemistry requires the specification of an assumed joint P
to close the spatially filtered reaction terms. As the dime
sionality of this joint PDF increases with the number of r
active scalars, this approach is basically restricted to v
simple chemistry. In the case of a multistep kinetic sche
with several reactive scalars it would become inhibitive
troublesome to parameterize the then highly multivari
PDF appropriately.

The Conditional Source-term Estimation~CSE! method
used in the present work was developed as a mixture frac
based model for nonequilibrium chemistry, which does n
require any steady-state assumptions either in mixing sp
or in physical space. Moreover, the model should be able
handle more complex multistep, reduced though, chemi
rather than simple artificial one-step mechanisms, wh
were frequently used in test computations.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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The present LES considers a piloted methane–air
flame with the Reynolds number Re522 400. The feed
stream consists of 25%~vol.! methane and 75%~vol.! air.
The coflowing oxidizer stream is pure air, and the stoich
metric mixture fraction isZstoic50.352. The pilot stream sur
rounding the inner fuel jet resembles the hot product com
sition of a premixed methane–air flame withZpilot50.27.
This flame, known as the ‘‘Sandia D-Flame,’’ has been
tensively investigated experimentally.14,15 While the partial
premixedness of the feed fuel stream might be considere
a further complication for the simulation in comparison to
purely nonpremixed situation, the dilution of the fuel jet wi
air is sufficiently far below the flammable limit such that th
flame can still be regarded as a typical diffusion flame.
addition, the dilution makes very accurate measurement
this methane–air flame possible, and a large amount of
able and well documented experimental data for the in
vidual species concentrations are available in physical sp
as well as in mixture fraction space. The LES of this flam
attempts to assess the predictive capabilities of the rece
proposed CSE method,16 as well as the method’s robustne
and computational cost. Previous to this work, the C
model has only been validated ina priori tests against DNS
where it gave promising results.

II. FORMULATION

A. LES transport equations

The LES set of equations is obtained by applying
density-weighted spatial filter as given in Eq.~2! to the dif-
ferential transport equations for mass, momentum, spec
and enthalpy:

]r̄

]t
1 ¹•~ r̄ ũ!50, ~5!

]r̄ ũ

]t
1 ¹•~ r̄ ũ ũ!5 2¹ p̄ 1 ¹•~ s̄1 t̄ !, ~6!

]r̄Ỹj

]t
1 ¹•~ r̄ ũỸj !5 ¹•~rDl , j¹Yj1q̄! 1 V̇

¯
j , ~7!

]r̄h̃

]t
1 ¹•~ r̄ ũh̃!5 ¹•~k l¹T1 s̄! 1 (

j 51

J

~V̇
¯

j h0,j !. ~8!

Here,r̄, ũ, h̃, andT̃ are the filtered density, velocity vecto
enthalpy, and temperature.Ỹj is the mass fraction of specie
j, h0,j is the enthalpy of formation of speciesj. s̄ and t̄ are
the molecular viscous and subgrid-scale stress tensor, res
tively, Dl , j is the molecular diffusivity of the speciesj, k l is
the thermal conductivity,q̄ and s̄ the subgrid-scale fluxes o
species and heat, respectively.

Due to the fairly high Froude number of the jet flo
considered in the present study the buoyancy forces are s
in comparison to the inertial forces. The magnitude of
buoyancy effects relative to momentum effects is represe
by the inverse of the densimetric Froude number
Downloaded 16 Oct 2003 to 129.27.196.77. Redistribution subject to A
et

-

-

-

as

n
of
li-
i-
ce
e
tly

E

s,

ec-

all
e
ed

Fr215

S 12
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whereg is the gravitational acceleration,U0 is the bulk ve-
locity of the jet,D is the nozzle diameter,r f is the minimum
density attainable in the flame, andr0 is the density of the
reference state given byT05298 K andp051 atm in the
coflowing pure air stream. Estimating the downstream len
of the nonbuoyant region in jet diameters

S x

D D
nb

50.5 Fr1/2S r f

r0
D 1/4

'63

following a proposal by Chen and Rodi17 for round, vertical
turbulent buoyant jets, indicates that buoyancy is practica
negligible in the considered jet flame~according to the ex-
periment the visible flame length is aboutx/D567). It was
therefore neglected in Eq.~6!.

The velocities occurring in the jet flow are small in com
parison to the speed of sound. Thus, the flow is in the l
Mach number regime, and the spatial pressure deriva
term u•¹p as well as the viscous dissipations:¹u were
omitted in Eq.~8!. Moreover, as we are dealing with an ope
diffusion flame~such that the bulk pressure is constant! the
temporal pressure derivative] p̄/]t was omitted in Eq.~8!, as
well. The unresolved subgrid-scale convective fluxes
modeled using eddy viscosity and eddy diffusivity mode
respectively:

t̄52 r̄~uũ2ũũ!5 r̄ ñ t~¹ũ1~¹ũ!T2 2
3~¹•ũ!I !, ~9!

q̄52 r̄~uYj
˜ 2ũỸj !5 r̄D̃t, j ¹Ỹj , ~10!

s̄52 r̄~uh̃2ũh̃!5k̃ t ¹T̃. ~11!

Therein,ñ t is the eddy viscosity;D̃t, j is the eddy diffusivity
of speciesj; k̃ t is the thermal eddy conductivity; andI is the
identity matrix. All the turbulent transport coefficientsñ t ,
D̃t, j , and k̃ t are computed using the dynamic model pr
posed for compressible flows.6

As the subgrid2scale contributions arising from th
nonlinearities in the molecular viscous and diffusive flux
are small when compared to convective turbule
subgrid2scale terms given by Eqs.~9!–~11!,18 these contri-
butions were omitted resulting in the following approxim
tions:

s̄5rn l~¹u1~¹u!T2 2
3~¹•u!I !

'r̄ñ l~¹ũ1~¹ũ!T2 2
3~¹•ũ!I !,

rDl , j¹Yj'r̄D̃ l , j¹Ỹj , k l¹T'k̄ l¹T̃.

The filtered molecular viscosity is assumed to be a funct
of the filtered temperature following a power law,19,20 where
again the subgrid-scale fluctuations of the temperature
neglected:

m̄5 r̄ ñ l;T̃ 0.7.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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Constant specific heatscp andcv , unity Lewis number, and
a constant molecular Schmidt number were assumed fo
species:

Lej5
k̄ l

r̄cp D̃l , j

51, Scj5
ñ l

D̃ l , j

50.7. ~12!

It should be noted at this point that the assumptions conc
ing the molecular transport coefficients and the specific h
are strictly valid only for gaseous mixtures, where the pro
erties of the individual components do not differ marked
Due to the great variety of different species participating i
combustion process the assumption~12! has surely to be
regarded as a rather crude approximation from a phys
point of view. It permits, however, a considerable simpli
cation of the analytical formulation. Many mixture fractio
based models make the unity Lewis number assumption
sociated with equal molecular diffusivities of all scalars, b
cause, under this assumption, the conserved scalar ca
expressed as a linear combination of species mass frac
and/or temperature. However, in nonunity Lewis numb
flows with significantly differing molecular diffusivities, it is
possible to simply regard the conserved scalar more a
random variable whose sample space ranges fromZ50 in
pure oxidizer andZ51 in pure fuel. This would require solv
ing an extra transport equation and storing the conser
scalar in a simulation; to minimize computational cost in o
simulations, we have elected to make the assumption~12! for
this test case. The assumption~12! is not essential to the
present method though. The rate of change of species m

fraction due to chemical reactionV̄̇ j , appearing as sourc
term in Eqs.~7! and ~8!, is a linear combination of the dif
ferent reaction rates in which speciesj participates:

V̄̇ j5Wj (
k51

K

~n jk8 2n jk9 ! v̇
¯

k . ~13!

Therein,K is the total number of reactions andn jk8 andn jk9
are the stoichiometric coefficients for speciesj in reactionk.
The CSE method was used to close the chemical reac

terms v̇k in Eq. ~13!. A very detailed description of this
closure model can be found in previous work.16 The general
concept of the CSE method will be outlined in the followin
section~II B !. Its actual application to a methane–air kine
mechanism will be described in Sec. III B.

B. CSE closure method

The CSE model is based on Conditional Moment C
sure ~CMC!, a method which was first proposed indepe
dently by Bilger and Klimenko.21,22 In CMC, the chemical
source terms can be closed using the first order accu
CMC hypothesis, which reads

^v̇k u z&~x,t !' f k ~ ^r u z&, ^T u z&, ^Yj u z& ! , ~14!

where^• u z& denotes the average of some random varia
(•) over an ensemble of realizations of the flow field bei
investigated conditioned on the mixture fraction having so
valuez; f k is the Arrhenius-type equation~3! for reactionk
evaluated with the conditionally averaged density^r u z&,
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temperaturê T u z&, and mass fractionŝYj u z&. The spatial
and time dependence of the conditional averages on the
hand side~RHS! of Eq. ~14! was omitted for brevity. The
CMC hypothesis~14! has proven to give a good approxim
tion when compared to data from experiments and DNS,23,24

particularly when the activation energy is small and f
steadily burning flames~without extinction or ignition!. The
CMC method solves a transport equation for the conditio
averages in space, time, and in mixture fraction space, a
ing a further dimension to the problem, which makes t
computational cost exceedingly high for three-dimensio
flows.

The CSE model proposes a way to incorporate the C
hypothesis~14! in LES without having to solve transpor
equations for the conditional averages as is required in CM
In the context of LES the conditional filtered average
some random variablef is defined by

f u z~x,t !5
*Dr~x8,t ! f ~x8,t ! d@z2Z~x8,t !# G~x2x8! dx8

r̄~x,t ! P̃~z;x,t !
,

~15!

whereP̃(z;x,t) is the FDF as specified in Eq.~4!. The inte-
gration of ~15! over the mixture fraction space yields th
spatially filtered counterpartf̃

f̃ ~x,t !5E
0

1

f u z~x,t ! P̃~z;x,t ! dz. ~16!

Averaging the conditional filtered mean over some arbitr
ensembleA of M discrete points in the flow field yields th
ensemble average of the conditional filtered mean

^ f u z&~ t;A!5
1

M (
m51

M

f u z~xm ,t !. ~17!

It has been observed that the conditional averages of m
fractions and temperature do not vary significantly on pla
across a shear layer.24 Thus, these planes can be assumed
be statistically homogeneous for the conditional averag
Applying this homogeneity assumption to the conditional
tered means implies that the conditional filtered averages
not change on these planes. Thus, if the ensembleA in Eq.
~17! is comprised of pointsxm : m51,...,M , being all located
on a homogeneous surface, the conditional filtered averag
every sample pointm is

f u z~xm ,t !5^ f u z&~ t;A!. ~18!

With the conditional filtered means being dependent on ti
but not on space, Eq.~16! can be rewritten as

f̃ ~xm ,t !5E
0

1

^ f u z&~ t;A! P̃~z;xm ,t ! dz ~19!

on every homogeneous surface. In the present flow confi
ration planes at constant distancex downstream of the nozzle
of the jet were assumed to be surfaces of statistical homo
neity for the conditional filtered averages as shown in Fig
Given a presumed functional form of the FDFP̃(z;xm ,t) in
terms of the mean and variance
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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P̃~z;xm ,t !5 P̃~ z ; Z̃~xm ,t !, Z92̃~xm ,t !!,

as well as the spatially filtered scalarsf̃ (xm ,t), which are
provided by the filtered scalar transport equations~7! and
~8!, the integral equation~19! can be rewritten at every LES
grid point xm : m51,...,M , on each of these homogeneo
planes. This constitutes a system ofM linear equations for
the conditional filtered averagêf u zn& over discrete inter-
vals Dzn : n51, . . . ,N in mixture fraction space on eac
plane. The solution of each overdetermined (M.N) linear
system of equations using a linear regularization techni
provides the conditional filtered averages as a function of
downstream locationx and timet. Inserting these conditiona
averages into the RHS of Eq.~14! yields approximations for
the conditional filtered mean reaction rates

^v̇k u z&~x,t !' f k ~ ^r u z&~x,t !, ^T u z&~x,t !, ^Yj u z&~x,t ! ! .
~20!

Their unconditional spatially filtered counterpartsv̇k(xm ,t)
occurring in Eqs.~7! and ~8! through Eq.~13! can then be
calculated using

v̇k~xm ,t !5 r̄~xm ,t ! E
0

1 ^v̇k u z&~x,t !

^r u z&~x,t !
P̃~z;xm ,t ! dz . ~21!

The assumption of the statistical homgeneity for the con
tional filtered means of the ensembleA is essential to the
method. If the conditional filtered means of the ensemblA
is not homogeneous, Eq.~19! does not represent adequate
all points of the ensemble. The solution of Eq.~19! for the
conditional filtered average may produce poor approxim
tions for the unconditional source terms at certain points
the ensemble. Therefore, a realistic selection of the stat
cally homogeneous ensembles requires somea priori infor-
mation about the structure of the particular flow field cons
ered. For example, in wall-bounded flows, points near coo
walls should not be sampled together with points far aw
from walls.

The experimental data of the piloted jet flame14,15 show
that the conditional averages do not change very rap
downstream of the axis of the jet. This rather slow dow

FIG. 1. PlanesShomogacross the jet’s shear layer on which statistical hom
geneity for the conditional averages is assumed.
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stream variation makes it possible to ‘‘thicken’’ the surfac
on which statistical homogeneity for the conditional averag
can be assumed. Thus, rather than using the LES points
cated on every single plane as illustrated in Fig. 1, all
LES points on a layer of several neighboring planes can
taken as the statistical sample of sizeM to establish the linear
system by writing the integral equation, Eq.~19!, at sample
point xm : m51,...,M . Solving the linear systems obtaine
with these larger multiplane samples did not give sign
cantly different results for the conditional averages compa
with results obtained with the smaller single-plane samp
Unfortunately, having to invert a linear system on fewer su
cessive layers of neighboring planes does not reduce
computional cost. The larger sample size involves larger
ear systems making the inversion procedure, which is ba
on a least squares method, computationally more expen
The higher computational expense per sample outweighs
savings due to a smaller total number of samples.

As no steady-state condition for the flame was assum
a priori, the linear system obtained from Eq.~19! at m
51,...,M LES sample points has to be inverted at every ti
step to obtain the conditional averages evolving in time. T
principle can be relaxed however in cases where the fla
eventually reaches a steady state and the conditional a
ages do not change noticeably in time any more. In s
cases the conditional averages need to be computed at e
time step only until they reach a steady state. From that p
onwards, the integral in Eq.~21! can be evaluated using th
same steady-state solutions of the conditional averages,
varying only with the jet’s downstream distancex. This sim-
plification could be made for the particular test case cons
ered in the present study to save computational cost. I
however, noted again that the CSE method basically does
require any steady-state assumption for the conditional
tered averages.

III. METHANE–AIR CHEMISTRY

The use of a very detailed chemical mechanism
methane–air diffusion flames involves a large number of
active species and elementary reactions. While the CSE
sure model is generally applicable to arbitrarily complex
netic mechanisms, it should be noted that every additio
reaction requires at least one more transport equation, ad
to the computational cost. A strongly reduced scheme, a t
step mechanism, was determined to be an appropriate ch
for the present first test of CSE in a predictive LES, in th
this reduced mechanism gives reasonably good predict
of methane–air flame properties while requiring minim
computational effort.

A. Reduced kinetic mechanism

Based on steady-state and partial-equililibrium assum
tions for various elementary steps in the complex methan
air reaction kinetics the detailed mechanism can be syst
atically reduced to the following two-step kinetic scheme25

@CH4# 1 @O2# → @ Int# 1 @P#, ~ I!

@ Int# 1 @O2# → 2 @P#. ~ II !

-
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The molar composition of the intermediate species@Int# and
of product@P# is defined as

@ Int#5 4
3 @H2#1 2

3 @CO# and @P#5 2
3 @H2O#1 1

3 @CO2#

in mole cm23, respectively. The rates for reaction~I! and~II !
are given by

v̇ I5k11f @CH4#@H#, ~22!

v̇ II5k5 @O2#@H#@M #. ~23!

The steady-state assumption for the hydrogen radical@H#
gives

@H#5~K1K2!1/2K3

@O2#1/2@H2#3/2

@H2O#
Q F12expS 2

T

1000D
5G ,

~24!

where the quantityQ is calculated following a proposal b
Peters:26

Q5expF2S 15

4 D 1/2k11f

k1 f

@CH4#

@O2# G . ~25!

The rate coefficientsk1 f , k5 , k11f as well as the equilibrium
constantsK1 , K2 , K3 refer to the skeletal methane–a
mechanism as listed in the literature;27 units in Eqs.~22!–
~25! are mole, centimeter, gram, second, and Kelvin. T
third body concentration in Eqs.~22! and ~23! is

@M #56.5@CH4#16.5@H2O#11.5@CO2#1@H2#

10.75@CO#10.4@O2#10.4@N2# . ~26!

The rates of change in the participating mass fractions du
the chemical reactions expressed in terms ofv̇ I and v̇ II are

V̇CH4
52WCH4

v̇ I , ~27!

V̇O2
52WO2

~v̇ I1v̇ II ! , ~28!

V̇ Int5WInt ~v̇ I2v̇ II ! , ~29!

V̇P5WP ~v̇ I12 v̇ II !, ~30!

with WCH4
, WO2

, WInt , andWP being the molecular weight
of fuel, oxidizer, intermediate species, and product, resp
tively. The source term in the transport equation for entha
~8! reads

V̇T5 (
j

~V̇ j h0,j !5v̇ I QI1v̇ II QII ,

with j 5CH4, O2, Int, P, ~31!

where the reactive heat release due to reactions I and
linearily composed of the enthalpies of formation of fu
intermediate species, and product as follows:

~32!

QII5h0,Int 2 2 h0,P . ~33!
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The numerical values ofQI and QII are 2913103 and 511
3103 J mol21, respectively. The concentration of the radic
@H#, as is specified in Eqs.~24! and~25!, is very sensitive to
temperature and fuel concentration@CH4#. The decrease o
temperature together with the increase of the fuel mass f
tion on the rich side of the diffusion flame gives@H#50,
shutting off the chemistry so oxidizer can leak through t
reaction zone to the fuel rich side as is the case at high st
rates. On the lean side, however, the reaction ratev̇ I drops to
zero only if the fuel is burned completely~fuel cannot leak to
the lean side!. By allowing O2 leakage but not CH4 leakage
in highly strained flames, this two-step mechanism qual
tively exhibits behavior found in the experiment.25 More-
over, in the present case, the feed fuel stream is diluted w
air. The shut off of the reactions as the H radical concen
tion drops to zero on the rich side prevents the flame fr
penetrating too far into the partially premixed fuel zone. T
diffusion flame structure in mixture fraction (Z) space for
the two-step chemistry is shown in Figs. 2~a! and 2~b!. These
results were obtained from the steady-state solution of
laminar flamelet equations for all participating species m
fractionsYj and temperatureT. Having assumed unity Lewis
number, constant specific heats, and Schmidt numbers
laminar flamelet equations are written as11

]Yj

]t
2

x

2

]2Yj

]Z2
5

V̇ j

r
, j 5CH4, O2, Int, P, ~34!

]T

]t
2

x

2

]2T

]Z2
5

V̇T

r
. ~35!

FIG. 2. Steady-state laminar flamelet solution using two-step mechan
with a scalar dissipation ratex533 s21: ~a! species mass fractions of fue
YCH4

, oxidizerYO2
, intermediateYInt , and productYP ; ~b! chemical reac-

tion ratesv̇ I and v̇ II in mole s21 cm23.
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The scalar dissipation rate was set tox52DZ(¹Z)2532
s21. It is evident from Figs. 2~a! and 2~b! that the fuel con-
sumption occurs in a very narrow zone around the peak
reaction ratev̇ I and virtually no fuel leaks to the lean sid
Adjacent to this very thin layer of fuel consumption is th
broader zone of reaction ratev̇ II in which intermediate and
oxidizer are reacted to product. While being totally reac
by v̇ II on the lean side, intermediate can diffuse through
reaction zone toward the rich side. On the other hand,
leakage of oxidizer to the rich side is inhibited by the dil
tion of the fuel stream with air.

Concerning the aforementioned flame structure,
higher strain rates it should be noted that the considered
loted flame is far away from extinction, which is crucial fo
the applicability of model being based only on the mixtu
fraction as is used in the present LES. The main criteria
choosing the present two-step mechanism were tha
handles the partial premixedness of the fuel feed well
that its computational cost does not make the closure m
exceedingly expensive. Considering a case where the fl
is close to extinction due to high strain rates would requ
in the first place, a modification of the chemical closu
model. The CSE model would likely have to account f
strain, e.g., by introducing a second conditioning variable

B. CSE closure for two-step chemistry

Invoking the CMC closure hypothesis~14! with the
present two-step chemistry yields for the conditional filter
averages of rate~I! and ~II !

v̇ I u z5 f I ~ Tu z,YCH4
u z,YO2

u z,YIntu z,YPu z !, ~36!

v̇ II u z5 f II ~ Tu z,YCH4
u z,YO2

u z,YIntu z,YPu z !, ~37!

where f I and f II include all the functional dependencies d
scribed in Eqs.~22!–~26!. For the case of low Mach numbe
for which thermodynamic pressurep0 is constant, the condi
tional density can be expressed in terms of temperature
chemical composition using the equation of state

ru z5
p0

Tu z ( jYj u z
R

Wj

, with j 5CH4, O2, Int, P, ~38!

and does not appear in Eqs.~36! and ~37!. Similar to the
CMC hypothesis~36!–~37!, the fluctuations around the fil
tered conditional means are assumed to be small in Eq.~38!
as well.

Rather than solving an integral equation as given by
~19! for every conditional filtered mean quantity needed inf I

and f II , the conditional filtered averages for the species m
fractions and temperature can be rewritten as functions
two conditional variables which represent the consumpt
of fuel and oxidizer by the reaction, respectively. These t
new variables, the fuel-consumption variableC1 and the
oxidizer-consumption variableC2 , are defined in physica
Downloaded 16 Oct 2003 to 129.27.196.77. Redistribution subject to A
of

d
e
e

t
i-

r
it
d
el
e

,

r

d

nd

.

ss
of
n
o

~LES! space as the difference of the actual fuel and oxidi
mass fractions to the corresponding chemically inert mix
statesỸCH4

* and ỸO2
* , respectively,

C̃15ỸCH4
* 2ỸCH4

, ~39!

C̃25ỸO2
* 2ỸO2

. ~40!

The quantitiesỸCH4
* and ỸO2

* , which are associated withC̃1

50 and C̃250, respectively, represent mixing of fuel an
oxidizer without any chemical reaction; they are linear fun
tions of the mixture fractionZ̃ only. In the mixing configu-
ration of the present jet simulation they read

ỸCH4
* 5Z̃ YCH4,1, ~41!

ỸO2
* 5ỸO2,21Z̃ ~YO2,12YO2,2!, ~42!

whereYCH4,1 andYO2,1 is the methane and oxygen mass fra
tion in the feed fuel stream, respectively, andYO2,2 is the
oxygen mass fraction in the oxidizer stream. Having
sumed no differential diffusion, i.e., unity Lewis number, th
spatially filtered mixture fractionZ̃ is defined as a linea
combination of the individual filtered species mass fractio

Z̃5
1

YCH4,11
2WCH4

WO2

~YO2,22YO2,1!

3F ỸCH4
2

2WCH4

WO2

~ỸO2
2 YO2,2!2

WCH4

WP
ỸP G . ~43!

The coefficients in Eq.~43! were determined so that the lin
ear combination of the transport equations forỸCH4

, ỸO2
,

and ỸP has no chemical source term and the bound
conditions—Z̃50 in the pure feed oxidizer stream andZ̃
51 in the pure feed fuel stream—are satisfied. The pres
definition ~43! was chosen in accordance with the definiti
of Z used in the experiment, whereZ also measures the mix
ing between the partially premixed fuel feed jet and the
flow and not the local methane/air mixing. This definition
Z has the advantage that the stoichiometric mixture fract
is (Zstoic50.352), such that the FDFs are easy to reso
numerically.

The product and intermediate mass fractions can be
pressed as linear combinations ofC̃1 , C̃2 , andZ̃:

ỸP5
2WP

WO2

C̃22
WP

WCH4

C̃12
WP

WCH4

S 2WCH4

WO2

21D ỸO2
* , ~44!

ỸInt5S WP

WCH4

11D C̃12S 2WP

WO2

21D C̃2

1
WP

WCH4

S 2WCH4

WO2

21D ỸO2
* . ~45!
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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For the temperature the analogous linear functional dep
dence T̃5T̃(C̃1 ,C̃2 ,Z̃) is obtained by incorporating Eqs
~39!–~45! into the equation for the total enthalpy

cp~ T̃2T0!1(
j

~Ỹj2Ỹj* !
h0,j

Wj
50,

with j 5CH4, O2, Int, P,
~46!

whereT0 is the reference temperature and the quantities w
the asterisk again represent the chemically inert mixed s
Translating the unconditional quantitiesỸj (C̃1 ,C̃2 ,Z̃) and
T̃(C̃1 ,C̃2 ,Z̃) from physical space into conditioning, or mix
ture fraction, space, the corresponding conditional filte
quantities are obtained as linear combinations of the co
tional filtered fuel-consumption and oxidizer-consumpti
variableC1 u z andC2 u z, respectively:

YCH4
u z5YCH4

u z * 2C1 u z, ~47!

YO2
u z5YO2

u z * 2C2 u z, ~48!

YInt u z5S WP

WCH4

11DC1 u z2S 2
WP

WO2

21DC2 u z, ~49!

YP u z52
WP

WO2

C2 u z2
WP

WCH4

C1 u z, ~50!

T u z5T01
Q2QII

WCH4

C1 u z1
QII

WO2

C2 u z, ~51!

with the molecular weights of the individual mass spec
being WCH4

516, WO2
532, WInt564/3, and WP580/3

g mol21. The chemically inert straight mixing line
—YCH4

u z * in Eq. ~47! andYO2
u z * in Eq. ~48!—as well as

the functional shape of fuel-consumption variableC1 and
oxidizer-consumption variableC2 in mixture fraction (Z)
space—can be seen in Fig. 3. The displayed curves ofC1(Z)
and C2(Z) correspond to the steady-state laminar flame
solution shown in Fig. 2~a!.

FIG. 3. Fuel-consumption variableC1 and oxidizer-consumption variable
C2 for the steady-state laminar flamelet solution shown in Fig. 2 and che
cally inert mixing lines of fuelYCH4

* and oxidizerYO2
* .
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Using Eqs.~47! and ~48! an integral equation similar to
Eq. ~16! can be written for the two conditional filtered var
ablesC1 u z andC2 u z

ỸCH4
* 2ỸCH4

5E
0

1

C1 u z P̃~z;x,t ! dz, ~52!

ỸO2
* 2ỸO2

5E
0

1

C2 u z P̃~z;x,t ! dz, ~53!

where the shape FDF at grid pointx and timet was assumed
to be ab function,9 which is specified by the instantaneou
spatially filtered meanZ̃(x,t) and varianceZ92̃(x,t)

P̃~z;x,t !5
za21 ~12z!b21

b~a,b!
, a5Z̃F Z̃~12Z̃!

Z92̃
21G ,

b5aS 1

Z̃
21D .

Therein, the spatially filtered mixture fractionZ̃ is expressed
as a linear combination of the filtered species mass fract
as given in Eq.~43!. The filtered varianceZ92̃ is modeled
using a dynamic procedure.28 Thus, it is not necessary to
solve an extra transport equation for either the filtered m
or the filtered variance of the mixture fraction.

As outlined in Sec. II B, statistical homogeneity of th
conditional averages is assumed on planes of constant do
stream distance from the nozzle~see Fig. 1!, and Eq.~18! can
be applied to all conditional filtered means includingC1 u z
andC2 u z. At every LES sample pointxm : m51,...,M , lo-
cated on each of these homogeneous planes the inte
equations~52! and ~53! are rewritten as

~ỸCH4
* 2ỸCH4

!m5 (
n51

N

^C1 u zn& P̃n,m Dzn , ~54!

~ỸO2
* 2ỸO2

!m5 (
n51

N

^C2 u zn& P̃n,m Dzn , ~55!

where the integrals are approximated as sums overN discrete
intervalsDzn using a trapezoidal scheme.P̃n,m represent the
discretized FDF at pointm and^C1,2u zn& are the discretized
conditional filtered means, respectively. Equations~54! and
~55! constitute a linear system ofM equations for theN
,M discrete unkownŝC1 u zn& and ^C2 u zn& in condition-
ing space at each nodezn with n51,...,N. The z grid was
specified withN541 points, which are strongly clustere
around the stoichiometric mixture fraction atz5Zstoic

50.352 in order to increase the resolution in the react
zone. The accuracy of the chosen discretization inz space
was checked by solving the laminar flamelet equations~34!–
~35! on the givenz grid for the reduced two-step chemistr
and comparing the results with the corresponding lami
flamelet solution obtained on a further refinedz grid. The
solutions obtained on the two different grids showed no s
nificant difference. The linear system~54!–~55! constitutes a
Fredholm equation of the first kind which has to be inverte
this was solved for̂ C1 u zn& and ^C2 u zn& using a linear

i-
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regularization method.29 The number of grid points locate
on each plane at a constant distance downstream from
nozzle determines the maximum sample size ofM; in the
present case that maximum value wasM54032. Calcula-
tions were made both with the maximum and half of t
maximum sample size. The results of the inversion did
vary significantly, however the model’s computational co
in the latter case was reduced by half, hence all results sh
in the following sections were obtained withM52016
sample points on each homogeneous plane. The ch
sample points are located on radial grid lines going outw
from the center line of the jet through the reaction layer in
the coflowing oxidizer stream. The individual grid rays a
randomly chosen. Inserting the solutions for the conditio
filtered averageŝC1 u z& and ^C2 u z& into the RHS of Eqs.
~47!–~51! provides the conditionally averaged temperatu
and species mass fractions needed for the closure hypot
in Eqs.~36! and~37! on each plane. The integration of the
conditional filtered averages with the FDF overz gives the
unconditional spatially filtered values for the reaction ra

v̇ I and v̇ II at every pointxm :

v̇ I~xm ,t !5 r̄~xm ,t ! E
0

1^v̇ I u z&

^ru z&
P̃~z;xm ,t ! dz, ~56!

v̇ II~xm ,t !5 r̄~xm ,t ! E
0

1^v̇ II u z&

^ru z&
P̃~z;xm ,t ! dz. ~57!

Expressing the thermodynamic state in terms of two c
sumption variables reduces the computational cost cons
ably because only two integral equations~52! and~53! have
to be inverted. The left hand side of these equations is
tained from the filtered fields of the mass fractions of fu
and oxidizer. Only two scalar transport equations~7! have to

be solved forỸCH4
and ỸO2

, whose source termsV̇CH4
and

V̇O2
are related tov̇ I andv̇ II by Eqs.~27! and~28!, respec-

tively. The spatially filtered instantaneous values of the
maining scalars involved in the two-step mechanism, i
intermediate speciesỸInt , product ỸP , and temperatureT̃,
are calculated by computing the corresponding conditio
averages^YInt u z&, ^YP u z&, and ^T u z& as functions of
^C1 u z& and^C2 u z& according to Eqs.~49!–~51! and substi-
tuting them into the integrals

ỸInt~xm ,t !5E
0

1

^YInt u z& P̃~z;xm ,t ! dz, ~58!

ỸP~xm ,t !5E
0

1

^YP u z& P̃~z;xm ,t ! dz, ~59!

T̃~xm ,t !5E
0

1

^T u z& P̃~z;xm ,t ! dz. ~60!

IV. RESULTS

The computational code used for the present LES
based on a code originally developed for DNS of no
reacting, round, free jets in the low Mach number limit30
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The LES version of that code was obtained by implement
dynamic subgrid-scale models for the unresolved turbu
transport and the CSE closure model for the chemical re
tion terms. The LES was performed on a computational g
shown in schematic form in Fig. 4. It is given in spheric
coordinates with 192384348 points in streamwiser , cross-
streamQ, and azimuthalF direction of the jet. The grid is
refined in the streamwise and cross-stream direction to
crease the spatial resolution in the region close to the ori
as well as in the shear layer. As the numerical integrat
scheme employs a finite volume method, which is seco
order accurate in space, the local mesh refinement was
needed to reduce the effect of the numerical dissipation
herent in second-order schemes. The numerical dissipa
might otherwise excessively dampen the contributions of
subgrid scale models. Due to the high density ratio~the ratio
of reference density in the coflowing air to the minimu
density in the flame isr0 /rmin'7) the LES transport equa
tions for momentum and the scalars are integrated in t
using the predictor–corrector-projection scheme.31 Thereby,
the numerical solution is advanced in time using a seco
order Adams–Bashford scheme in the predictor-step, wh
is followed by a corrector step using a semi-implicit Crank
Nicholson scheme. The advective fluxes in the scalar tra
port equations were obtained with a Total Variation Dimi
ishing ~TVD! scheme to avoid spurious oscillations in th
vicinity of strong gradients which occur particularly in th
shear layer of the jet close to the nozzle, where la
amounts of unmixed fuel meet the oxidizer from the coflo
To overcome stability problems due to an eventual stiffn
of the kinetic mechanism, a timestep splitting technique
used32 when computing the source terms in conditioni
space. Equations~56! and~57! are evaluated with the condi
tional filtered source terms averaged in time over the fl
timestepDtn5tn112tn, which read

FIG. 4. Computational grid in spherical coordinates~for better visibility
only every second grid line is displayed!.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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S ^v̇ I u z&

^ru z&
D

(x,tn)

t

5
1

Dtn Etn

tn11S ^v̇k u z&

^r u z&
D ~x,u! du, ~61!

where ^v̇k u z&(x,u) is evaluated at every subtimestep a
cording to the CMC hypothesis given in Eq.~20!. The time
integral in ~61! is computed using an ordinary differenti
equation solver from the packageODEPACK.33

At the inflow boundary, all the required mean quantiti
are specified according to the experimental data given for
fuel jet, pilot, and coflowing air stream, respectively. Velo
ity fluctuations were superimposed on the measured m
profiles^uin& to mimic turbulent inflow conditions. The mea
velocity profile was perturbed with several rotating helical
well as oscillating axisymmetric modes.34

A convective boundary condition is used for the outflo
boundary atr 5r max:

35

]ũi

]t
1Ucon

]ũi

]r
50.

Therein, the convection velocityUcon is the mean outflow
velocity averaged over the azimuthal directionf. The con-
vective boundary condition convects vortical structures
of the computational domain through the outflow bounda
thereby stabilizing the simulation. Although this procedure
nonphysical in elliptic problems, it can still be applied
flows of convective nature like free flow without disturbin
the upstream solution;30 however, the region immediately ad
jacent to the outflow boundary has to be disregarded in
analysis of the numerical results.

A traction-free condition is used at the lateral bounda
at Q5Qmax.

36 The traction-free boundary condition is give
by

s i j nj50,

wheres i j is the stress tensor andnj is the unit normal vector
on the boundary. Unlike the no-slip or free-slip conditions
allows for a flux of ambient fluid across the lateral bounda
Thus, it is well suited to capture the entrainment in a spre
ing jet.

An instantaneous temperature field is shown in Fig. 5
illustrate the structure of the piloted jet flame. The cold inn
fuel jet is surrounded by a hot coannular pilot stream, wh
keeps the flame attached to the nozzle. The region clos
the nozzle is evidently dominated by small scale structu
emerging from the boundary layers, while the region furth
downstream is dominated by larger structures. The profile
the time-averaged mixture fraction and temperature—the
ter normalized with the inflow temperature of the coflowi
air streamT05291 K—on the centerline and radial distribu
tion at various locations downstream the nozzle are show
Figs. 6 and 7, respectively. The agreement with the exp
mental data is reasonable, implying that the heat releas
predicted fairly accurately by the model.

Figures 8 and 9 show the radial distribution of tim
averaged species mass fractions at various locations do
stream of the nozzle. The agreement of the LES results w
the experiment is good. There is, however, an underpre
tion of intermediate species and an overprediction of pr
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uct, which is most significant atx/D530. This is a result of
discrepancies in the prediction of the conditional averag
as shown in Figs. 10 and 11, the conditional filtered avera
computed according to the procedure described in Eqs.~47!–
~53! also exhibit the aforementioned disagreement for
intermediate species and product at the corresponding do
stream locations. Some part of these discrepancies ca
attributed to the extreme simplicity of the chemical kine
mechanism which was applied in the present LES as der
in the literature25 without adjusting any of the mechanism
parameters. Although this two-step mechanism mim
qualitatively the structure of methane–air diffusion flam
very well, it is conceivable that simplifying the very comple
methane–air chemistry to just two reactions will give qua
titatively less accurate predictions than the full detail

FIG. 5. Instantaneous temperature field normalized with reference temp
ture T05291 K.

FIG. 6. Mixture fractionZ and temperatureT/T0 normalized with the ref-
erence temperatureT05291 K at the centerline of the jet vs downstrea
distance in nozzle diametersD; ~ ! LES result for mixture fraction;
(- - -) is LES result for temperature; symbols denote the experimental d
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 7. Mixture fractionZ and tem-
peratureT/T0 normalized with the ref-
erence temperatureT05291 K vs ra-
dial direction in jet diametersD at
different downstream locations:~a! at
x57.5, ~b! at x515, ~c! at x530, ~d!
at x545, ~e! at x560 diameters
downstream of the nozzle;~ ! LES
results for Z; (- - -) LES results for
T/T0 ; symbols denote the measure
ments.
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mechanism. In deriving the two-step mechanism one of
major reduction steps involves the partial equilibrium a
sumption for the water–gas shift

@CO#1@H2O#
@CO2#1@H2#. ~62!

Applied to the present flame this partial equilibrium ev
dently causes an underprediction of the concentrations
@CO#, the principal intermediate species. Using a more
tailed chemical kinetic mechanism would help to overco
this problem. It should be noted, however, that compu
tional cost is an important issue in the choice of a chem
mechanism to be employed in CSE. As already pointed
above, every further reaction accounted for requires at l
one more scalar transport equation in the resolved phys
space plus one more mapping procedure@Eq. ~52!# for the
corresponding conditional average in mixture fraction spa
The main objective of the present LES was to assess
feasibility and predictive capabilities of the CSE method in
self-sustained LES. The two-step mechanism was chose
the least computationally expensive methane–air mechan
that can be applied to the particular configuration given
the present jet flame. Applying very detailed chemistry w
determined to be beyond the scope of this study. A cl
examination of the experimental data on the rich side of
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flame unveils something else that should not be overlook
the partial premixedness of the feed fuel stream. The exp
mental data of the conditional averages of the intermed
species and product shown in Figs. 10~b!, 10~d!, 11~b!, and
11~d! exhibit a slight hump on the fuel side of the diffusio
flame around mixture fractionZ50.6. Assuming rather a
physical background than experimental uncertainties a
possible reason for this hump, it can be concluded that th
is some reactive formation of intermediate species and p
uct in this partially premixed fuel region. The CSE metho
like any other mainly mixture fraction based model, is d
signed for nonpremixed combustion. Thus, it is conceiva
that the occurrence of a premixed reaction zone might c
tribute to the disagreement of the model’s predictions w
the experiment on the partially premixed rich side, as we

V. DISCUSSION

The test simulation of a piloted jet reported here sho
that the CSE method is a tool with satisfactory predict
capabilities to be employed in a predictive self-sustain
LES of diffusion flames. Nevertheless, the discrepanc
found between the predictions of the LES and the exp
mental data unveil the limitations and shortcomings of
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 8. Species mass fractions of fue
YCH4

and oxidizerYO2
vs radial direc-

tion in jet diametersD at different
downstream locations:~a! at x57.5,
~b! at x515, ~c! at x530, ~d! at x
545, ~e! at x560 diameters down-
stream of the nozzle;~ ! LES re-
sults for YCH4

; (- - -) LES results for
YO2

; symbols denote the measure
ments.
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CSE model as well as those of the strongly reduced kin
mechanism. The quality of the results obtained with
present CSE model depends mainly on the validity of
following assumptions:

~1! The reactions depend solely on one conditioning va
able.

~2! The conditional reaction terms can be approximated
the CMC hypothesis to first-order accuracy~14!, i.e., the
conditional fluctuations around the conditional averag
are negligible.

~3! Surfaces of homogeneity for the conditional averag
where Eq.~18! applies, can be specified in the flow fiel

~4! The uncertainties in the numerical solution of the in
gral equation~19! are small.

The flame considered in the present study is far enough a
from extinction that the conditional fluctuations around t
conditional averages can be neglected and the first two
sumptions are satisfied. The free unbounded jet configura
is characterized by a dominant motion of fluid downstre
of the axis of the jet. There are no walls, which may lead
recirculation zones or heat transfer from the gas. Th
planes of constant downstream distance to the nozzle ca
Downloaded 16 Oct 2003 to 129.27.196.77. Redistribution subject to A
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realistically assumed to be homogeneous surfaces for
conditional averages. Dealing with other more complica
configurations, e.g., wall-bounded or swirling, jets that ha
significant back flow and/or wall effects would complica
the selection of homogeneous surfaces in that this selec
would surely have to account for the greater complexity
the flow field ~e.g., regions with a considerable heat loss
the walls, or regions with larger pockets of recirculating h
burned gas will have to be treated separately owing to th
different statistics in mixing space!. In such complex cases
surfaces constituted by particles with the same reside
time might be a more appropriate, though numerically m
expensive, choice. Moreover, if extinction is important,
second conditioning variable will have to be added to
mixture fraction. This additional variable could be related
the scalar dissipation rate. The CSE procedure would b
described in previous work.16

The assumption of the shape of the filtered probabi
density functions is inherent in all presumed PDF metho
and is not a constraint for the CSE methodper se. CSE can
alternatively be applied with a transported PDF approach
well.

As chemical reaction rates are in general very sensi
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



-

-

766 Phys. Fluids, Vol. 13, No. 3, March 2001 H. Steiner and W. K. Bushe
FIG. 9. Species mass fractions of in
termediateYInt and productYP vs ra-
dial direction in jet diametersD at dif-
ferent downstream locations:~a! at x
57.5, ~b! at x515, ~c! at x530, ~d!
at x545, ~e! at x560 diameters
downstream of the nozzle;~ ! LES
results forYInt ; (- - -) LES results for
YP ; symbols denote the measure
ments.
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to variations in the participating reactive scalars, the ac
racy of the numerical solution procedure for the conditio
averages as proposed by the CSE method is an impo
issue. The reaction zones have to be resolved sufficie
well in mixture fraction space, which requires strong clust
ing of points in the stoichiometric region when discretizi
the integral equations. The quality of the resolution in co
ditioning space can be tested best by computing a lam
flamelet solution on the chosen grid. Generally, more
tailed chemistry requires more points in mixing space.

The CSE method’s uncertainties, which are primarily
lated to the latter two items given above, can be estimate
comparing the spatially filtered fuel mass fractionỸj pro-
vided by the LES transport equation~7! with the spatially
filtered value obtained with the integral equation~19! for the
same species. For example, rewriting Eq.~19! for fuel reads

ỸCH4
~xm ,t !5E

0

1

^YCH4
u z& P̃~z;xm ,t ! dz, ~63!

where the conditional average^YCH4
u z& is computed accord

ing to Eq.~47! as a function of̂ C1 u z&. Figure 12 shows the
results of this comparison obtained at all points of the co
putational domain at some instant in time. The mass fr
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tions provided by the transport equation are denoted
ỸCH4

transp. and plotted on the abscissa. The mass fractions

tained with Eq.~63! at the corresponding grid points ar
denoted byỸCH4

CSE and plotted on the ordinate. The width o

the scatter around the straight line with unity slope give
qualitative estimate of the uncertainties due to the invers
procedure of Eq.~54! and the homogeneity assumption i
voking Eq. ~18! on each plane at constant downstream d
tance. The relative standard error obtained for all poin
where ỸCH4

is significant (>131022), s rel is about 8%.
Unfortunately, it is not possible to distinguish clearly whic
part of the deviations is caused by the numerics of the inv
sion procedure and which part is due to the homogen
assumption. Test calculations were made with chemically
ert mixing fields. There, the inversion procedure proved to
very accurate—inserting the solution of Eq.~54! into Eq.
~47! produced the straight mixing lines for the condition
filtered averages in mixing space which read for fuel

^YCH4
u z&5z YCH4,1. ~64!

Concerning the kinetic mechanism, the results of the pres
LES make it evident that the simple two-step methane–
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 10. Conditional averages of spe
cies mass fractions of fuel^YCH4

u Z&,

oxidizer ^YO2
u Z&, intermediate

^YInt u Z&, and product^YP u Z&: ~a!,
~b! at x57.5 diameters downstream o
the nozzle;~c!, ~d! at x515 diameters
downstream of the nozzle;~ ! CSE
results; symbols denote the measur
ments.
ly
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mechanism clearly has its limits in producing quantitative
accurate predictions for all the species involved. In parti
lar, the disagreement of the intermediate species with
experiment suggests the application of a more detailed ch
istry for future work. Full or large skeletal kinetic mech
nisms have to be ruled out as they would make the LES w
CSE closure too computationally expensive. A comprom
between very accurate chemistry and computational cost
to be made.
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VI. CONCLUSION

The closure problem for the reactive source terms
poses an enormous challenge to LES of reacting flows.
CSE method was developed with the objective of providin
generally applicable closure model for LES of nonpremix
combustion. As long as surfaces of homogeneity for the c
ditionally averaged composition vector and temperat
~which the method needs as input quantities! can be speci-
-

f

e-
FIG. 11. Conditional averages of spe
cies mass fractions of fuel^YCH4

u Z&,

oxidizer ^YO2
u Z&, intermediate

^YInt u Z&, and product^YP u Z&: ~a!,
~b! at x530 diameters downstream o
the nozzle;~c!, ~d! at x545 diameters
downstream of the nozzle;~ ! CSE
results; symbols denote the measur
ments.
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fied, the model can be applied to diffusion flames with a
given flow configuration and chemistry. The model does
require ‘‘infinitely fast reactions’’ or steady-state assum
tions for the conditional averages. As it relies on informati
from the instantaneous flow field provided by the LES tra
port equations, it is capable of accounting for unsteady
fects of the turbulent motion on the reaction rates. T
present LES of a piloted turbulent jet flame proved the C
method to be an appropriate closure model for nonpremi
flames. The discrepancies found between the numerica
sults and the experimental data unveiled the limitations
the strongly reduced kinetic mechanism applied in
present LES as well as the limitations and shortcomings
the CSE method itself. The latter are related mainly to
statistical homogeneity assumption required by the meth
the dependence of just one single conditioning variable,
the problem of obtaining sufficiently accurate solutions
conditioning space. Summing up, it can be said that CSE
very feasible approach to get closure for the spatially filte
reaction terms in LES of diffusion flames. To obtain go
results, it requires, however, somea priori knowledge of the
structure of the flowfield in physical space as well as
knowledge of the flame structure in conditioning space
the given chemistry.
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A new decomposition approach to conditional source-term estimation~CSE! is proposed and
discussed. The new approach is tested in thea priori sense using direct numerical simulations
~DNS!. It is found that—where CSE had previously been found to provide closure for chemical
source-terms with arbitrary chemistry in the large eddy simulation paradigm—it can provide this
closure in the Reynolds averaged Navier–Stokes paradigm as well. Using the proposed
decomposition improves the predictions of CSE considerably. Only the assumptions that gradients
in conditional averages are small and that the probability density function of mixture fraction can be
adequately approximated using a presumed functional form are needed. The computational cost of
the new laminar flamelet decomposition approach to CSE is also substantially lower than that of the
original approach. ©2003 American Institute of Physics.@DOI: 10.1063/1.1569483#
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I. INTRODUCTION

Recently, a new approach for obtaining closure
chemical source terms in large eddy simulations~LES! of
nonpremixed turbulent reacting flows was proposed1 which
takes advantage of the now well-established chem
source-term closure used in conditional moment clos
~CMC! methods.2–5 In conditional source-term estimatio
~CSE!—as the method has come to be known—conditio
filtered means are assumed to be homogeneous for s
user-prescribed ensemble of computational grid-cells. By
suming a form for the filtered density function of the mixtu
fraction ~such as theb-function6!, it becomes possible to
invert integral equations for the conditional averages of s
cies mass fractions and temperature and density. These
then be substituted into the reaction rate expressions to
tain approximations for conditional reaction rates, which
then mapped back onto the LES computational grid, s
that the filtered chemical source-terms are obtained in clo
form.

CSE was originally proposed as a closure for LES; he
traditional CMC methods have the problem that they requ
the addition of the conditioning variable~mixture fraction in
the nonpremixed flame context! as an independen
variable—effectively requiring a solution in four ‘‘dimen
sions’’ for a three-dimensional flow field. In order to captu
the effect of vortex-stretching on the cascade of energy fr
large scales to smaller scales, a LES calculation must s
the flow-field in three dimensions; to use CMC in LES, o
would have to solve in four dimensions. Another drawba
to CMC is that many terms in the CMC transport equatio
are unclosed. The CSE approach circumvents both of th

a!Author to whom correspondence should be addressed. Telephone:
822-3398; fax: 604-822-2403; electronic mail: wkb@mech.ubc.ca
1561070-6631/2003/15(6)/1564/12/$20.00
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problems, which allows us to use the CMC closure for t
chemical source-term without requiring closure for oth
terms and without requiring an additional dimension in t
simulation.

The method has been compared~in thea priori sense! to
DNS results obtained using one-step chemistry7 and found to
give good predictions of filtered reaction rates.1 The method
has subsequently been modified somewhat and included
a LES code; the code has been used to simulate the ‘‘Sa
D-flame.’’ 8,9 That work has demonstrated three importa
features:~1! The method is a practical solution to the chem
cal closure problem for LES;~2! the method provides closur
for the chemical source-terms at an acceptably low com
tational cost; and~3! the method can be used for predictiv
calculations of nonpremixed turbulent reacting flows.10

While the CSE method as described in the above-no
works is successful in providing a closed-form solution
turbulent nonpremixed flows, there have been several sh
comings that have been identified. First, CSE requires s
tion of transport equations for many scalars—however, m
scalars participate in the chemical reactions for a given pr
lem. Second, the inversion of the integral equations h
been found, under many circumstances, to lead to poor
proximations for the conditional averages of species m
fractions and temperature—approximations that resemble
lutions to the spatially degenerate CMC equation where
conditional scalar dissipation rate is excessively high~as if
the diffusivity were too large!. Finally, our previous work
with the method has been applied only to LES; in princip
the closure should also work in the Reynolds averag
Navier–Stokes~RANS! context, however, this has yet to b
proven.

In this paper, a new modification to the CSE method
proposed in which unsteady laminar flamelet solutions

04-
4 © 2003 American Institute of Physics
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1565Phys. Fluids, Vol. 15, No. 6, June 2003 Laminar flamelet decomposition
used to provide basis functions to approximate the con
tional averages. The method is tested against DNS wh
uses realistic chemistry for methane oxidation.11 For this a
priori test, rather than using spatially filtered means,
method will be applied to ensemble averaged means w
will demonstrate the applicability of the method to RAN
problems.

II. BACKGROUND

CSE is a means for circumventing the chemical clos
problem. In LES and RANS, transport equations are be
solved for the averages~either spatial averages in the case
LES or time/ensemble averages in RANS! of fluid properties
such as density, temperature, and composition~usually in the
form of mass fractions of chemical species!. The chemical
source-terms which appear in these transport equations
linear combinations of chemical reaction rates which
themselves highly nonlinear functions of the instantane
local density, temperature, and composition. Evaluating
reaction rate expressions with the average density, temp
ture, and mass fractions~first moment closure! generally re-
sults in very poor predictions of the mean reaction rates. T
is, if the reaction rate expressionv̇(r,T,YK) is evaluated
using mean density, temperature and mass fractions, the
proximation

v̇~r,T,YK!'v̇~ r̄,T̃,ỸK! ~1!

~whereQ̃[rQ/ r̄ denotes the Favre average of the rand
scalar fieldQ!, is generally not acceptable.

The underlying philosophy of CSE is to approxima
conditional averages of density, temperature, and mass
tions by inverting integral equations for these properties
to use these approximations to close the chemical sou
term in conditioning space. Several recent findings h
driven the development of this method. It has been fou
that the chemical closure hypothesis used in CMC provide
good prediction of conditional averages of reaction ra
given good estimates of conditional averages of density, t
perature and mass fractions,11 with the mixture fraction being
the conditioning variable. Also it has been found that con
tional averages of temperature and mass fractions tend t
weak functions in space.11 Finally, it has been found that th
probability density function~PDF!—or, in LES, the filtered
density function~FDF!—of mixture fraction in a nonpre-
mixed system can be well approximated using ab-function
evaluated such that the first two moments of the mixt
fraction are matched.6

In RANS ~and in LES! transport equations are to b
solved for the average temperatureT̃, mass fractionsỸK of
chemical species and, in some cases, also the average d
r̄. In RANS, the average can either be a time-average o
ensemble average; in LES the average is a spatial filte
operation. In CSE,1 the integral

T̃~xk ,t !5E
0

1

T~xk ,t !uz P̃~z;Z̄~xk ,t !,Z92̃~xk ,t !!dz, ~2!
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is written @whereP̃(z) is the Favre FDF or PDF of mixture
fraction, depending on how the conditional average is
fined# for the temperature with similar integrals written fo
density and mass fractions. The Favre average temperatu
known at many discrete points in space. The Favre aver
of the mixture fraction can often be obtained as a line
combination of mass fractions, although the transport eq
tion for the mean mixture fraction is often solved separate
In RANS, an additional transport equation for the Favre va
ance of the mixture fraction is frequently solved to clo
terms representing turbulent mixing in the RANS equat
for the average mixture fraction. If theb-function is assumed
for the form of the Favre PDF of the mixture fraction, su
that the Favre average and variance of mixture fraction
matched, then only the conditional average of the tempe
ture in Eq.~2! is unknown. For a user-supplied ensemble
discrete realizations of this integral over which the con
tional average can be assumed to be constant, such tha
that ensemble

T~xk ,t !uz5Tuz, ~3!

it is possible to invert this integral using a technique such
linear regularization12 and obtain a mean conditional avera
of temperature for the ensemble. Substituting this appro
mation for the conditional average of the temperature, a
similarly obtained approximations for the conditional ave
ages of density and species mass fractions, into the reac
rate expressions provides an approximation to the co
tional average of the reaction rates

v̇~r,T,YK!uz'v̇~ruz,Tuz,YKuz!. ~4!

Closure for the unconditional average of the reaction ra
can now be obtained by integrating

v̇̄~xk ,t !5 r̄E
0

1 v̇uz P̃~z;Z̃~xk ,t !,Z92̃~xk ,t !!

ruz
dz, ~5!

at each point in the ensemble of computational grid-poin
This method was found to provide good predictions

reaction rates when compared to DNS, but it was found to
necessary to include a second conditioning variable~scalar
dissipation of mixture fraction! to obtain predictions of loca
extinction phenomena.1 The need to include a second cond
tioning variable was found to be a result of the effect of lar
variations in scalar dissipation on the conditional averag
leading to significant conditional variances in mass fractio
and temperature. These variations are somewhat corre
with the instantaneous scalar dissipation. Thus, adding sc
dissipation as a second conditioning variable has been fo
to reduce the variations significantly.

Instantaneous local scalar dissipation is by no means
ideal second conditioning variable. Local extinction may
caused by high local scalar dissipation, but extinction eve
have been found to lag in time behind peaks in sca
dissipation.11 Re-ignition of local extinction events does n
necessarily coincide with the abatement of local scalar di
pation; these events also show a significant time-lag.11 Thus,
the ideal second conditioning variable would have to inclu
some kind of time-integral of the local, instantaneous sca
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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dissipation. Unfortunately, the local, instantaneous scalar
sipation is not actually being resolved in either a RANS
LES simulation. How one might obtain a time-history of
scalar field that is not being resolved is unclear. Ultimate
the inclusion of a second conditioning variable has be
found to involve a prohibitively high computational cos
thus the issue of selecting an appropriate variable seem
be irrelevant.

Another shortcoming that has been identified in the C
approach is in how the integrals are inverted. The regular
tion approach used in the previousa priori tests worked well
for the single-step chemistry in the DNS database aga
which CSE was compared, however, it has been found
the smoothing matrix necessary to obtain an acceptable
lution to the inverse problem causes the conditional aver
to take on an overly diffusive character—as if it were t
result of a CMC calculation where the scalar dissipation
too large. In one-step chemistry, this behavior has a ne
gible effect on the closure of the source-terms, however
more complex chemistry the effect leads to unacceptable
rors in the reaction rate predictions.

One way to circumvent this problem is to invert integr
equations for reaction progress variables rather than for
dividual species mass fractions, temperature and den
directly.10 Progress variables generally do not exhibit t
sharp gradients in mixture fraction space that individual s
cies mass fractions do. The smoothness of the progress
ables as functions of mixture fraction mitigates the effect
the smoothing matrix considerably. Unfortunately, this a
proach has the drawback that it may be necessary to ne
differential diffusion to obtain useful expressions for t
progress variables.

III. FORMULATION

An alternative means of circumventing the effect of t
smoothing matrix is to use a decomposition approach. I
decomposition approach, the conditional average would
approximated by forming a linear combination of basis fun
tions. These basis functions could be chosen such that
might have the sharp gradients that one expects to fin
conditional averages of species mass fractions. Rather
estimating the conditional average at each discrete poin
mixture fraction directly, one would solve for the coefficie
vector to be multiplied by the basis function matrix.

For example, the conditional average of the tempera
would be estimated using

TuZ5z5(
i 51

n

aiQ i~z!, ~6!

whereQ i(z) would be thei th basis function andai would be
the coefficient by which that basis function would b
weighted. Now the integral equation becomes

T̃5E
0

1

(
i 51

n

aiQ i~z!P̃~z;Z̃,Z92̃)dz, ~7!

and we would invert this equation for the coefficient vec
ai .
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One obvious choice for basis functions is a library
steady laminar flamelet solutions.13 Unfortunately, a steady
laminar flamelet solution cannot hope to capture the phy
underlying a local extinction or ignition event. An alternativ
would be to use a library of solutions to theunsteadylaminar
flamelet equation14 ~or solutions to the spatially degenera
CMC equation15!. This choice has several appealing featur
As solutions to the unsteady laminar flamelet equation, th
functions would represent physically realizable conditio
for the flame. These solutions would likely exhibit many
the same features~i.e., sharp gradients in species mass fra
tions! to be expected in the conditional average of a m
fraction in a turbulent flame. By choosing unsteady so
tions, it is possible to include solutions that arise from ig
tion and extinction phenomena—although other featur
such as the edge-flame phenomenon,16 would not be repre-
sented in such a library. Including flamelet solutions whi
include ignition and extinction might eliminate the need fo
second conditioning variable.

This last point is perhaps the most attractive feature
the decomposition approach. In a sense, the coefficient
tor ai plays the role of the probability density function o
scalar dissipation. Now, rather than having to calculate
double-conditional average and assume some form for
PDF of scalar dissipation, one can use a pre-computed
brary and calculate the coefficient vector from the given fl
field. This should require a very small computation co
pared to that required to invert the two-condition CSE eq
tion.

The relationship between the decomposition appro
and double-condition CSE is worth exploring. We note th

TuZ5z5E
0

`

TuZ5z,c5xP~c!dc. ~8!

Comparing Eqs.~6! and ~8!, we can see that, if the integra
tion in Eq. ~8! is evaluated using a simple trapezoidal ru
and it can be assumed thatQ i(z)5TuZ5z;c5x i , then the
coefficient vector becomesai5P(x i)dx i .

Further savings in computational time may also be
forded by recognizing that, if the coefficient vectorai is
taken to beP(x)dx, then the conditional average of th
chemical source terms can be expressed as linear com
tions of those from the flamelet library

v j uZ5z5(
i 51

n

aiv i j ~z!. ~9!

This would avoid having to compute each chemical react
rate at each time step.

Practically, it can be expected that a different coefficie
vector forai will result from inverting the integral for each
different scalar in the system. This is because it would
impossible to include a flamelet solution for every sing
realizable condition in the system; it would be even mo
difficult to conceive of including a flamelet for every po
sible realization in a system where the flame is not in
flamelet regime. Nevertheless, one possible means of ta
advantage of the available computational savings is to in
a much larger system of integrals~including several scalars!
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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1567Phys. Fluids, Vol. 15, No. 6, June 2003 Laminar flamelet decomposition
for the same coefficient vector. Here, there would likely b
trade-off between the computation saved by not having
compute many exponential functions in the chemical re
tion rates and the additional computation required to inve
much larger system of equations. An alternative would be
choose only one scalar—such as the temperature—and in
the integral for the coefficient vector using only that o
scalar.

Here again, an enormous computational savings can
realized: if we are only using the temperature to obtain
coefficient vectorai , then it would be unnecessary to solv
individual transport equations for species mass fractions.
conditional averages of these would now be given by

Yj uZ5z5(
i 51

n

aiYi j ~z!, ~10!

and theunconditional averages~for which we previously
would have had to solve transport equations! would given by

Ỹj5E
0

1

(
i 51

n

aiYi j ~z!P̃~z;Z̃,Z92̃!dz. ~11!

As was mentioned above, there are many different c
ceivable strategies for performing the flamelet decomp
tion described herein. We will examine several different p
sibilities in the next section.

IV. RESULTS

In order to test the ideas discussed above, we have
formed a number ofa priori tests using a relatively new
DNS database.11 The database consists of several indep
dent simulations of a decaying, shear-free, temporal mix
layer. The code which was used to create the database u
sixth order Pade´ differentiation scheme in space17 and a third
order Runge–Kutta algorithm for time integration.16 The do-
main used was periodic in two directions and in–out-flo
was allowed in the third direction at either end of the dom
using the Navier–Stokes characteristic boundary conditi
of Poinsot and Lele.18 The flow field was initialized with a
turbulent field obtained from a forced, statistically stationa
incompressible simulation using a pseudo-spectral co19

and the initial scalar fields were initialized with a plana
laminar flame. A two-step reduced chemical kinetic mec
nism representative of methane–oxygen combustion
used20,21with a third step added to be representative of nit
oxide formation; hence the kinetic mechanism is

Fuel1Oxi→Int1Prod,

Int1Oxi→2Prod,

N21Oxi→2NO.

The mechanism used in creating the DNS databas
unable to predict ignition—the reaction rates depend stron
on the concentration of a radical species which would
zero initially in an ignition problem, leading to reaction rat
that are identically zero. However, the DNS database
include several significant local extinction events. One c
sequence of extinction is that a single, unsteady flamelet
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spatially degenerate CMC calculation15 fails to predict accu-
rately the average species mass fractions and temperatur
functions of time in ana priori test22—that is, where the
CMC calculation started from the same initial conditions
were used in the DNS and the scalar dissipation~needed to
close the diffusion term in the equation! was extracted di-
rectly from the DNS. Specifically, it was found that the fo
mation rates of intermediate species and NO are under
dicted significantly whenever extinction is occuring. O
global conditional average of temperature inevitably fails
represent the much lower temperature in regions where
tinction has occurred. It should be stressed that, while
global average of scalar dissipation decays in the datab
with time, it was found that extinction events occurred on
locally where the instantaneous scalar dissipation excee
that necessary for extinction.11 Because of the presense
extinction in the DNS database, it represents an opportu
to test models purporting to predict local extinction.

A library was prepared, consisting of solutions to t
unsteady flamelet equation,14 starting with the same initia
condition as was used to initialize the DNS, and stead
increasing the scalar dissipation rate linearly with time un
extinction occurred and the mass fractions returned to a c
pletely unreacted, mixing-only state. The library consists
45 flamelets, with approximately half of them taken fro
between the time of onset of extinction to the point where
solution had relaxed to that of pure mixing. The flamele
were essentially chosen arbitrarily with the intent that t
library should contain realizations of as broad a scope
possible. Other than that the flamelets are placed in a cro
logical order in the library, there is no other significan
attached to the actual time or scalar dissipation; as such
refer to them only with ‘‘Flamelet #.’’ The temperature an
rates of the three different reactions are shown in Fig. 1.

The CSE method provides closure for the chemical
action rates, which comprise the chemical source-terms
the averaged transport equations. The inputs to the me
are the mean mass fractions, temperature, and density
the mean and variance of mixture fraction. It is comm
practice to use Favre averaging in numerical simulation
reacting flows, so, for thea priori tests, we elected to us
Favre averages and variances for each of these quant
The DNS data were averaged at each stage across the m
layer which provided the Favre averages and variance at
points for each time at which data were available. The Fa
PDF of mixture fraction was estimated using ab-PDF at
each of these 241 points. The output from CSE is the m
reaction rate, although at interim stages, the conditional
erages of the reaction rates are estimated; thus, we are ab
compare both conditional and unconditional averages of
reaction rates.

We have tested three different approaches to CSE: F
CSE using the original formulation~we will refer to this as
CSE0!; second, CSE with flamelet decomposition whe
conditional averages are calculated for all scalars and r
tion rates are calculated with first conditional moment c
sure~we will refer to this as CSEFD1!; and third, CSE with
flamelet decomposition where the coefficient vector is o
tained from the inverting the integral for temperature on
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 1. Surface plots of flamelet library; flamelets are shown in order of increasing scalar dissipation with dark regions corresponding to the maxand
light regions corresponding to the minimum.~a! Temperature: 300–2000 K;~b! v I : 0 – 53105 s21; ~c! v II : 0 – 33105 s21; ~d! v III : 0 – 231012 s21.
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and reaction rates are obtained from the flamelet library
rectly ~we will refer to this as CSEFD2!. The first method
provides a baseline, the second provides what we antici
should be a significant improvement to the prediction of
conditional averages of the scalars and the third provides
least computationally intensive approach.

Figure 2 shows a comparison of the actual conditio
average of the scalar mass fractions and the temperature
that calculated using CSE0 and CSEFD1. The new flam
decomposition method improves the prediction of the con
tional averages of all of the scalars. The greatest impro
ment is for the intermediate species. Here, because the r
larization method in the original CSE method is attempt
to find a smooth function that best fits the data, it is ve
difficult to obtain a solution to match the two abrupt chang
in the slope of the curve. Flamelet decomposition does
suffer from this problem.

Figure 3 shows a comparison of the actual conditio
average of the three different chemical reaction rate w
those calculated using CSE0, CSEFD1, and CSEFD2.
original CSE method fails to capture both the trend and
magnitude of the reaction rate; there are ways of improv
this comparison, including making use ofa priori informa-
tion to tune the regularization matrix and inverting equatio
for reaction progress variables rather than for individual s
cies mass fractions. At best, however, one would be tun
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the regularization matrix to obtain a solution like that o
tained ~without any tuning! with the new CSEFD1 model
We can see that, even using the improved approximation
the conditional averages of the mass fractions given
CSEFD1, first conditional moment closure for the con
tional averages of the chemical reaction rates is still fou
lacking.

Clearly, of the tested models, CSEFD2 provides the b
approximation to the conditional averages of chemical re
tion rates. For reaction I, CSEFD2 provides a nearly perf
representation of the rate on the lean side of the peak, an
slightly better than CSEFD1 for the rich side~although both
methods slightly under-predict the rate here!. For reactions II
and III, the prediction with CSEFD2 is better than with an
other method tested. CSEFD1 under-predicts both reac
rates quite significantly; there are two reasons for this:~1!
These two rates are quite sensitive to the intermediate m
fraction, and~2! first conditional moment closure, particu
larly for reaction III, has been found~in previous work11! to
under-predict these rates in the presence of local extinc
phenomena. The significant improvement in the prediction
reaction rate III given by CSEFD2 is evidence of the abil
of this method to account for the effects of local extinctio

Figure 4 compares the three different methods to DNS
real space. The chemical source terms in Reynolds avera
transport equations for species mass fraction and tempera
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 2. Comparison between conditional averages of the mass fractions and temperature calculated with the original CSE model~CSE0:L! and the new CSE
model with flamelet decomposition~CSEFD1:3! to actual conditional averages from DNS~solid lines!.
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~or energy! would be linear combinations of the mean chem
cal source terms shown here. As such, this is a final tes
the method’s ability to provide closure for the mean chemi
source-terms in these transport equations.

As one would expect, the poor predictions of the con
tional averages given by CSE0 and CSEFD1 translate
poor predictions of the unconditional averages. While
prediction given by CSEFD2 is also somewhat lacking, it
clearly the best of the models tested. If one integrates
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reaction rate across the mixing layer to get a global reac
rate, CSEFD2 predicts this global mean within 20% for
three reaction rates at all the times for which the model w
tested. There appears to be no bias in this error. CSE0
CSEFD1 were in error on this global mean by over 40%;
reaction rate III, this was always an under-prediction.

To better understand the nature of the errors in
CSEFD2 model, we have performed an additional two te
designed to establish the effects of assuming the form of
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 3. Conditional averages of chemical reaction rates calculated with the original CSE model~CSE0: L! and the new CSE model with flamele
decomposition~CSEFD1:3; CSEFD2: lines withs! compared to actual conditional averages from DNS~solid lines!.
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PDF of mixture fraction and assuming the conditional av
ages are homogeneous across the mixing layer. First, we
the actual, global conditional average from the DNS a
convolve it with the presumed form of the PDF. This resu
in a prediction of the mean reaction rate which is essenti
the best prediction possible given the two underlying
sumptions made in CSE. As is seen in Fig. 5, there i
significant discrepancy between this ‘‘best possible pred
tion’’ and the actual reaction rate. Furthermore, the discr
ancy is very similar to that seen with CSEFD2; indeed, jud
ing solely from the appearance of this comparison, it wo
be hard to say which of the two estimates of the react
rates would best represent the actual average reaction r

The second test is also quite illuminating. Here, we u
the actual Favre PDF from the DNS data: It is used as
input to the CSEFD2 algorithm in place of the presum
form and it is convolved with the actual, global condition
average from the DNS. The results of this test are show
Fig. 6. Here, both predictions of the average reaction rate
improved considerably, however, there is still a significa
discrepancy. We conclude thatboth the assumption of homo
geneity in the conditional averages across the layer and
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presumed form for the PDF contribute to the inaccuracy
the model for prediction of the reaction rates.

V. DISCUSSION

We find that the new method for obtaining the cond
tional averages of scalars~CSEFD1! represents a significan
improvement over the original CSE model, however the b
predictions of the reaction rates were given by CSEFD2. T
important distinction between the methods is that CSEFD
likely to be by far the least expensive computationally. T
new method requires storing only the conditional average
the chemical reaction rates and the temperature from an
steady flamelet calculation made prior to performing the c
culation of the flow field. Rather than having to invert se
eral integral equations, we need only to invert one~for
temperature!. Subsequently, the conditional reaction rates
estimated with two matrix multiply operations. As such, w
expect the new version of the model to be considerably
computationally intensive than the original version, whi
has already been proven to have an acceptably low com
tational cost.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 4. Reynolds averages of chemical reaction rates calculated with the original CSE model~CSE0:L! and the new CSE model with flamelet decompositi
~CSEFD1:3; CSEFD2:s! compared to actual Reynolds averages from DNS~solid lines!.
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The new version of the model retains all of the adva
tages of the previous version and adds two significant n
abilities: ~1! We should now be able to use the model f
simulations of flames with ignition, extinction and re
ignition phenomena; and~2! in addition to being able to us
arbitrarily complex chemistry, we can now take advantage
the latest advances in flamelet modelling, such as the ab
to account for differential diffusion.14 It should be noted that
like the original CSE model, the present new version a
requires the assumption of statistical homogeneity for
conditional averages when solving the integral equation@Eq.
~7!#. One of the important accomplishments of thea priori
test shown here is that we have now shown CSE to prov
acceptable predictions of chemical rates not just for sim
chemistry but also for more complex chemistry. Hence,
confidence in the previous comparison to the Sandia exp
ments is much greater.

Clearly, the laminar flamelet decomposition~LFD! ap-
proach for CSE proposed here borrows many useful conc
from the more classical flamelet models, however, there
significant differences worth noting. First, the new meth
has not required making any assumption about the relatio
the characteristic length or time scales of chemistry to th
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of the turbulent flow field. Rather, we are using the CM
closure for the chemical source-term—a closure which is
no way confined to the flamelet regime. Second, unlike i
classical flamelet closure, we are not assuming the form
the PDF of the scalar dissipation; rather, we are~in a sense!
calculating this PDF from the simulation results at each ti
step. Finally, unlike in a classical flamelet model, we do n
tabulate flamelets and subsequently look them up in the
brary based on the local scalar dissipation in the flow-fi
calculation: We simply tabulate them in order of increasi
scalar dissipation and attempt to find the linear combinat
of flamelets which leads to the best approximation of
conditional average of the temperature extracted from
flow-field calculation.

There is an indication presented here that the n
method can provide an avenue to account for extinction p
cesses, however, it should be pointed out that an unste
flamelet model cannot be expected to predict some impor
phenomena associated with extinction and ignition
specifically, in order to predict the propagation of tripl
flames with a flamelet method, it is necessary to use a m
more complicated flamelet model. One alternative might
to use a two-condition CMC method23,24 and tabulate solu-
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 5. Reynolds averages of chemical reaction rates calculated with the new CSE model with flamelet decomposition~CSEFD2:s! and with the actual
conditional average of reaction rate from DNS convolved with local presumed PDF~1! compared to actual Reynolds averages from DNS~solid lines!.
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tions using that model for use as a library of basis functio
in place of the unsteady flamelet solutions used here.
flamelet library used in this work would be broadly app
cable to many flows, however, the LFD/CSE combinat
presented herein will still be unable to cope with wa
quenching, a process which would make the assumptio
spatial homogeneity in the conditional averages break do
Here, a CMC simulation for a simple flow past a flat pla
~where the spatial dimension normal to the plate could
retained! might provide a set of basis functions that cou
represent this quenching process. These possibilities
have to be examined in future work.

While the LFD method is a solution born out of nume
cal constraints, we have argued that it has a physical in
pretation: The coefficient vectorai performs the role of the
PDF ofx, being equivalent to the quantityP(x)dx. There is
a limitation to this physical interpretation, in that, ifai actu-
ally is P(x i)dx i , then we must getai>0. Using a simple
regularization procedure~as we have done here! does not
guarantee this. In Fig. 7, we plotai for the same case as wa
discussed in the previous section and find thatai is negative
for several of the flamelets~numbers 25–34!. What effect
having negative elements in the coefficient vector may h
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in actual applications of CSEFD2 to RANS or LES is u
clear. There is no physical meaning that could be attache
negative elements in the coefficient vector. When we us
coefficient vector with negative elements in the CSEF
model, we are essentially subtracting, rather than adding,
forward reaction rate for some of the flamelets in the libra
This is not the same as adding thereverse reaction rate:
Ordinarily, reverse reaction rates have very different rate
pressions from the positive rates.

One means of enforcing non-negativity in the coefficie
vector is to simply truncate the vector at 0 and rescale it. T
rescaling operation is straightforward: Having truncated
vector at 0, we can use a least-squares approach to obtai
optimum scaling factor which minimizes the error in the pr
diction of temperature. That is, first we set

at5max~0,a!,

and then we rescale that vector to

a* 5at3
( j T̃ j*0

1( i 51
n at,iQ i~z!P̃j~z;Z̃,Z92̃!dz

( j~*0
1( i 51

n at,iQ i~z!P̃j~z;Z̃,Z92̃!dz!2
. ~12!
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FIG. 6. Reynolds averages of chemical reaction rates calculated with the new CSE model with flamelet decomposition using PDF from DNS~CSEFD2:* !
and actual conditional average of reaction rate from DNS convolved with PDF from DNS~n! compared to actual Reynolds averages from DNS~solid lines!.
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This is the second curve in Fig. 7; the effect of rescaling is
reduce slightly the magnitude of the nonzero elements of
truncated vector. We find that this truncation and resca
operation has very little effect on the CSEFD2 model’s p

FIG. 7. Coefficient vector calculated from inversion of integral equation
temperature: Original vectorai ~s! and vector after truncation and rescalin
a* ~,!.
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diction of reaction rates. This is shown in Fig. 8 where t
averages of the reaction rate predictions obtained withai and
a* are compared—and can be seen to be nearly indis
guishable from one another. It is possible to use an itera
procedure to ensurea>0 in the inversion process, howeve
we have found that this does not change the ultimate resu
the test significantly. Instead, the primary effect of enforci
this constraint is to increase the computational cost of
method considerably—to a level that might be unaccepta
high for large-scale CFD applications. We suggest t
it would be prudent to maintain a physical consistency
the model—despite the fact that the effect appears to
minimal.

VI. CONCLUSIONS

We have proposed a new decomposition approach
conditional source-term estimation and compared the n
approach to DNS in thea priori sense. We have found th
following features.

~i! Conditional source-term estimation can provide c
sure for chemical source-terms with arbitrary chem
try in both the LES and RANS paradigms.

r
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FIG. 8. Comparison to actual Reynolds averages of chemical reaction rates from DNS~solid lines! of the Reynolds averages calculated with new CSE mo
using flamelet decomposition and original coefficient vector~s! and using modified coefficient vector~,!.
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~ii ! Only assumptions about small gradients in conditio
averages and about the PDF of mixture fraction
needed—even for the new laminar flamelet decom
sition presented here; closure for the source-term
still based on the closure used in first-moment CM
methods which is not constrained to the lamin
flamelet regime.

~iii ! Using LFD improves the predictions of CSE consi
erably.

~iv! The computational cost of the new LFD approach
CSE is significantly lower than that of the origin
approach. Using CSEFD2, in particular, could lead
a cost reduction—both in storage and CPU time—
several orders of magnitude if a large, detailed che
cal kinetic mechanism is required.
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Abstract

High compactness, low weight and little space requirement are gaining attention as prominent design criteria in the
development of modern cooling systems in many applications. The resulting demand for highest possible heat transfer
rates has lead to the very promising concept of providing for a controlled transition from pure single-phase convection
to subcooled boiling flow in thermally highly loaded regions. For its application in modern engineering design this
approach requires a realistic modeling of the complex phenomena associated with the two-phase flow heat transfer.
The present work proposes for the computation of the specific wall heat transfer rate a modified superposition model,
where the total heat flux is assumed to be additively composed of a forced convective and a nucleate boiling component.
Since the present model requires only local input quantities, it is well suited to CFD of geometrically very complex cool-
ant flows, where the definition of global length or velocity scales would be impractical. The wall heat fluxes predicted by
the present model were compared against experimental data which were obtained by in-house measurements with water
being the working fluid. The overall agreement is very good, particularly, in the partially nucleate boiling regime, where
the effect of the bulk flow rate on the heat transfer is significant. Deviations are primarily observed at higher wall super-
heats, where a strong two-way coupling between the motion of the liquid and the motion of the bubbles as well as con-
siderable bubble–bubble interactions typically occur.
� 2005 Elsevier Ltd. All rights reserved.

Keywords: Convective flow boiling; Flow-induced suppression; Subcooling
1. Introduction

In the development of modern cooling systems, be it
for internal combustion engines, or, for microproces-
sors, the increasing output of specific power combined
with a most compact space- and weight saving design
leads to increasingly high thermal loads on the heating
0017-9310/$ - see front matter � 2005 Elsevier Ltd. All rights reserv
doi:10.1016/j.ijheatmasstransfer.2005.03.032

* Corresponding author. Tel.: +43 316 873 7344; fax: +43 316
873 7356.

E-mail address: steiner@fluidmech.tu-graz.ac.at (H. Stei-
ner).
surfaces. Thus, wherever a high coolant power with lim-
itations on the available surface area for the heat trans-
fer, the mass flow rate of the liquid coolant as well as the
acceptable wall temperatures is to be achieved, a con-
trolled transition to the nucleate boiling regime offers
an attractive solution. The concept of exploiting the
markedly enhanced heat transfer rates associated with
the highly complex phenomenon of evaporation is also
a big challenge to the CFD of coolant flows. The compu-
tationally very costly concept of direct numerical simula-
tion, which attempts to resolve all physically relevant
scales, is applicable only to strongly simplified cases like
single bubble configurations (see [1–3]). For engineering
ed.
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Fig. 1. Subcooled flow boiling domain in a heated channel.

Nomenclature

b model constant [–]
c specific heat [J/kg K]
Cs constant [–]
dhyd hydraulic diameter [m]
F force [N]
g gravitational acceleration [m/s2]
G specific mass flow rate [kg/m2 s]
Gs =(du/dy)(y/u) shear rate [–]
h heat transfer coefficient [W/m2 K]
hlg latent heat [J/kg]
k thermal conductivity [W/m K]
K constant [–]
m, n constants [–]
p pressure [N/m2]
q specific heat transfer rate [W/m2]
r radius [m]
S suppression factor [–]
T temperature [�C]
t time [s]
u velocity [m/s]
us ¼

ffiffiffiffiffiffiffiffiffiffi
sw=q

p
wall friction velocity [m/s]

V volume [m3]
x axial coordinate [m]
y wall normal coordinate [m]
y+ =qlusy/ll non-dimensional distance [–]

Greek symbols

a thermal diffusivity [m2/s]
j, v constants [–]

l dynamic viscosity [kg/m s]
q mass density [kg/m3]
U correction factor [–]
W constant [–]
r surface tension [kg/s2]
s shear stress [N/m2]
H angle [rad]
f mass fraction [–]

Subscripts

b bulk
bcy buoyancy
d drag
du bubble growth
D departure
fc forced convection
flow flow-induced
g vapour phase
l liquid phase
L lift-off
nb nucleate boiling
onb onset of boiling
p constant pressure
s saturation
sl shear lift
sub subcooling
tp two-phase
trans transition
w wall
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flow configurations, where the technique of direct
numerical simulation has to be ruled out for its high
computational cost, computationally feasible and at
the same time accurate boiling models have to be pro-
vided to obtain reliable numerical results.

The location of subcooled boiling occurring in a
channel heated from beneath is sketched for in Fig. 1.
The subcooled boiling region extends downstream from
a certain location B, where the wall superheat Tw � Ts is
sufficient to initiate and sustain nucleate boiling, while
the temperature of the bulk liquid Tb remains below
the local saturation temperature Ts. The corresponding
subcooled boiling segment in the flow boiling curve is
schematically shown in Fig. 2. The lower boundary at
point B marks the onset temperature Tonb of the par-
tially developed boiling (PDB), where the boiling curve
starts to deviate from the dashed-dotted extension of
the almost straight single-phase line. The heat transfer
in the PDB regime is basically dominated by two effects,
the macroconvection due to the motion of the bulk li-
quid and the latent heat transport associated with the



Fig. 2. Flow boiling curves for two bulk velocities: dashed line
(–––) denotes the higher velocity; dotted line (� � �) denotes the
pool boiling curve.
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evaporation of the liquid microlayer between the bubble
and the heater wall. The important contribution of the
macroconvection in the PDB region can be seen from
the different paths of the two flow boiling curves repre-
senting two different flow rates in comparison to the
path of the pool boiling curve, which is associated with
zero bulk velocity, being all depicted in Fig. 2. With
increasing bulk velocity the onset of nucleate boiling is
typically shifted to higher wall superheats, such that
the nucleate boiling sets in at point B 0 instead of B in
case of the higher flow rate, as schematically shown in
the diagram. At higher wall superheats the influence of
the macroconvection becomes less and less pronounced,
and the evaporating effect prevails. Accordingly, the
flow boiling curves approach the pool boiling curve.
The transition to the fully developed boiling (FDB) re-
gime can be localized at a certain position C down-
stream from the location B as shown in Fig. 1. The
corresponding point in the boiling curve diagram shown
in Fig. 2 is located at temperature TC. Beyond this tem-
perature TC there is a merger of the different flow boiling
curves for varying bulk velocity, which indicates that
they become practically independent of the actual flow
rate.

As already pointed out above the large number and
the wide diversity of influences which may essentially af-
fect the nucleate flow boiling practically rule out a strict
mathematical description of this phenomenon. There-
fore, one has to rely on empirical, or, semi-empirical cor-
relations to capture the basic mechanisms which
significantly contribute to the total effective heat trans-
fer. Many models suggested for subcooled flow boiling
assume the total wall heat flux qw to be superimposed
of two additive contributions, which can be written as

qw ¼ qfc þ qnb. ð1Þ

The first term qfc is due to forced convection, the lat-
ter qnb is due to nucleate boiling. This concept of addi-
tive contributions was first introduced by Rohsenow
[4]. In this approach Rohsenow subtracted from the
experimentally measured values for the total wall heat
flux a convective single phase contribution and attrib-
uted the residual term to nucleate boiling. He could
further successfully correlate this nucleate boiling com-
ponent using an equation he had originally proposed
for saturated pool boiling. In later approaches due to
Bowring [5], Bergles and Rohsenow [6] the subcooled
boiling contribution was correlated using a simple power
law

T w � T s ¼ Wqmnb; ð2Þ

where W and m are empirical constants to be determined
in experiments. Since the system pressure is of major
importance for the onset of boiling a prominent class
of the power law correlations involves the reduced pres-
sure pred as a key correlation parameter. An early corre-
lation of this type was introduced by Mostinskii [7].
Cooper [8], Leiner and Gorenflo [9] and Leiner [10], pro-
posed formulations, which account for surface rough-
ness, as well.

Rather than assuming the additive composition (1)
an alternative group of models suggests a geometrical
combination of the basic contributions. Models of this
type formulate the effective heat transfer coefficient as
some product function which can be generally written as

htp ¼ hfcUtp; ð3Þ

where the Utp represents a correction function due to
nucleate boiling. Correlations of this type as suggested
by Kandlikar [11], or, by Shah [12], mostly distinguish
between the partially and the fully developed boiling re-
gime. Accordingly, they propose different correlations
for each regime, which in turn requires an a priori spec-
ification of the point of transition from the PDB to the
FDB regime.

Among the superposition models of type (1) the
model proposed by Chen [16] is widely used today espe-
cially in engineering applications in the automotive
industry. Chen�s model was originally developed for sat-
urated boiling flow. Later, it was extended by Butter-
worth [17] to the subcooled regime, where it also
produced results with acceptable accuracy. In his ap-
proach Chen advanced his predecessors� superposition
models by accounting explicitly for the interaction be-
tween the liquid and the vapour phase. In particular,
he distinguished two competing effects on the outcome
of total wall heat flux, the enhanced convective trans-
port due to bubble agitation, and the flow-induced
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Fig. 3. Schematic diagram of the entire convective boiling flow
loop.
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suppression of the nucleate boiling. To the first effect
Chen attributed minor importance in the subcooled boil-
ing regime, and, therefore, it need not be explicitly ac-
counted for. The latter flow-induced suppression effect
is modelled by Chen in terms of a suppression factor
which reduces the nucleate boiling component especially
in the PDB regime. Basically, the introduction of such a
suppression factor in order to bridge the region between
pure single-phase forced convection and fully developed
nucleate boiling has the advantage that it circumvents
the determination of the point of transition from PDB
to the FDB regime, which mostly relies on a lot of
empiricism. On the other hand the suppression factor
proposed by Chen depends on the bulk flow Reynolds
number as the only correlation parameter, which bears
two drawbacks. First, imposing only the bulk flow Rey-
nolds number as correlation parameter the suppression
model is practically based on a single-phase bulk flow
quantity, which makes it incapable to account for
important effects like the influence of the liquid phase
flow field on the near-wall motion of the bubbles, or,
the influence of the wall superheat. The correlation is
therefore expected to be very case dependent. Secondly,
in the CFD of complex flow geometries it is hardly pos-
sible to define a reasonable bulk flow Reynolds number.
The boiling departure lift-off (BDL) model, which is pre-
sented in this work, was devised to improve Chen�s
superposition approach, in that it attempts to model
the flow-induced suppression on a physically sounder
base. The suggested correlation for the flow-induced
suppression depends only on local flow quantities which
are in general knowns in the numerical solution of the
liquid phase flow field. The impact of the subcooling,
which is very pronounced at small flow rates combined
with low superheats, is accounted as well through an
additional parameter. The predictive capability of the
BDL model is evaluated by comparing its predictions
with experimental data. These data have been obtained
in-house in boiling flow experiments. A detailed descrip-
tion of the experimental apparatus used for these mea-
surements is given in Section 2. The description of the
mathematical formulation for the BDL model is pre-
sented in Section 3.
Fig. 4. Test section of the experimental facility.
2. Experimental setup

The present experimental apparatus was designed to
investigate subcooled convective boiling at conditions,
which are typically met in liquid coolant systems of
internal combustion engines. The forced convective flow
loop is schematically shown in Fig. 3. The flow is gener-
ated by a pump feeding a tank, where the working fluid
is preheated to sustain a certain bulk temperature in the
test section. The operating pressure is set to a fixed level
using a pressure control vessel. The velocity of the bulk
flow is controlled by means of an inductive flow meter,
whose output is used to adjust the volumetric flow rate
via the speed of the feeding pump and/or the flow-rate
through the by-pass loop. The present configuration
allows the bulk velocity to be varied within the range
of 0.05 6 ub 6 2.0 m/s. The absolute operating pressure
can be set within the range 1.0 6 p 6 2.0 bar. Small bub-
bles as well as particle contaminations are sieved out by
a filter.

Fig. 4 gives a schematic view inside the test section of
the channel. The test section is a square duct with a
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height of 40 mm and a width of 30 mm. The heat flux
into the channel is generated by heating coils located
at the bottom of the aluminium heater from where it is
conducted to the top of the heater. At the upper surface,
whose length is 60 mm and width is 10 mm, respectively,
the heat is transferred to the working fluid flowing
through the channel. The wall temperature as well as
the wall heat flux are determined based on measure-
ments of the temperature using several K-type thermo-
couples appropriately distributed in the solid heater.
The base plate of the test section, where the top of the
aluminium heater is built in, is made of PTFE. The out-
standingly low thermal conductivity (kPTFE = 0.23 W/
m K) of this material should guarantee the lowest possi-
ble heat loss of the heater to the surrounding structure.
Due to thermal durability restrictions of the PTFE base
plate the maximum heater surface temperature was lim-
ited to Tw = 160 �C. Below this temperature the ob-
served thermal deformations of the PTFE-structure
always remained within an acceptable range. Windows
made of glass are embedded in the top as well as the side
walls of the test channel to make the heater surface opti-
cally accessible. Using the present configuration the total
error in the experimentally obtained heat fluxes are
mainly due to measurement and position errors of the
thermocouples, as well as the uncertainties in the actual
thermal conductivity of the heater material (aluminium
alloy) and in the heat losses to the surroundings of the
heater. A worst-case estimation turned out a total error
for the heat flux ranging from ±5% in the convective re-
gime to ±2% in the nucleate boiling regime always refer-
ring the value actually obtained from the measurements.
The error in the measured surface temperatures amounts
to ±0.15 �C. The inductive flow meter measures the flow
rate with high accuracy, such that the relative error is
only ±0.5% of the displayed value.
3. Mathematical formulation of the subcooled boiling

flow model

The BDL model invokes an additive ansatz as sug-
gested by Chen [16] for the total wall heat flux

qw ¼ qfcU þ qnbS; ð4Þ

where the two correction parameters U and Smodify the
forced convection heat flux qfc and the nucleate boiling
heat flux qnb, respectively. Both heat fluxes are com-
puted following Chen�s proposal. Accordingly, the first
is written as

qfc ¼ hfc T w � T bð Þ; ð5Þ

where the transfer coefficient hfc is calculated using the
Dittus–Boelter equation

Nufc ¼
hfcdhyd

kl

¼ 0.023Re0.8l Pr0.4l ð6Þ
involving the bulk flow Reynolds number and the Pra-
ndtl number of the liquid phase

Rel ¼
qlubdhyd

ll

; Prl ¼
llcp;l
kl

;

respectively. The nucleate boiling heat flux

qnb ¼ hnb T w � T sð Þ ð7Þ

is obtained using a correlation due to Forster and Zuber
[18]

hnb ¼ 0.00122
k0.79
l c0.45p;l q0.49

l

r0.5l0.29
l h0.24lg q0.24

g

DT 0.25
s Dp0.75s ; ð8Þ

where the saturation pressure difference corresponding
to the superheat temperature is written as

Dps ¼ psðT wÞ � psðT sÞ.

The factor U occurring in Eq. (4) represents the
enhancement of the convective component due to bub-
ble agitation. Chen [16] derived a graphic relationship
for U as a dependent of the inverse of the Martinelli
number Xtt, which reads

1

X tt

� �
¼ fg

1� fg

� �0.9 ql

qg

 !0.5
lg

ll

� �0.1
; ð9Þ

where fg denotes mass fraction of the vapour. Butter-
worth [17] fitted this relationship U = U(1/Xtt) with

fg > 0.1 : U ¼ 2.35
1

X tt
þ 0.213

� �0.736

fg 6 0.1 : U ¼ 1.

ð10Þ

In subcooled boiling flow the vapour mass fractions
are typically small, such that fg 6 0.1 applies and U
can be assumed unity.

The essential difference between Chen�s approach and
the present BDL concept consists in the modeling of the
modification of the nucleate boiling component in terms
of the factor S in Eq. (4). Chen introduced this parame-
ter S as a flow-induced suppression factor, which he cor-
related as an empirical function of the product RelU

1.25.
This correlation was later fitted by Butterworth [17] with
the expression

SChen ¼
1

1þ 2.53� 10�6ðRelU1.25Þ1.17
. ð11Þ

For subcooled boiling flow, where U 	 1, the factor
SChen obviously depends on the bulk flow Reynolds
number only. In contrast to Chen�s bulk-flow depen-
dent, hence, basically global, approach the BDL model
attempts to model the flow-induced suppression based
on the local dynamics of a vapour bubble subject to
the surrounding flow field near the heater surface.
Thereby, the BDL model utilizes a concept which was
originally proposed by Zeng et al. [19] to compute the



Fig. 6. Force balance at a vapor bubble at the instant of
departure from its nucleation site.
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size of a bubble at the point of detachment from the hea-
ter surface. According to the hypothesis of Zeng and his
coworkers the whole process of vapor bubble detach-
ment basically evolves in three different stages, as sche-
matically shown in Fig. 5. At the first stage the bubble
is attached to its nucleation site, and it is inclined by
the angle H due to the hydrodynamic flow forces. The
attached bubble is growing until it reaches a critical
departure volume VD, where the bubble is dragged off
its nucleation site. At the point of departure the volume
equivalent departure radius is defined as

rD ¼ 3V D

4p

� �1
3

.

The departure from the nucleation site marks the
beginning of the stage II, where the departed bubble
slides in upright posture (H = 0) along the heater sur-
face. Thereby, the bubble still keeps growing in size until
it reaches a bubble volume, where the buoyancy force is
sufficiently high to make the bubble lift-off from the sur-
face. At the point of the bubble�s lift-off the stage III be-
gins and the corresponding lift-off volume VL determines
the volume equivalent lift-off radius defined as

rL ¼ 3V L

4p

� �1
3

.

The departure radius rD as well as the inclination
angle H are mathematically obtained by solving the
momentum balance equations right at the instant of
departure, which are written in the x- and y-direction as

0 ¼ F d þ F du sinH; ð12Þ
0 ¼ F bcy þ F du cosH þ F sl; ð13Þ

respectively. Therein, ought to the small density ratio
qg
ql

 1 the inertial forces were neglected, such that the

Eqs. (12) and (13) basically represent a static force
balance. All the forces which are assumed to be relevant
at the point of departure, and, therefore, have to be
Fig. 5. Three stages of a vapor bubble departing from the
heater surface: (I) instant of departure from the nucleation site,
(II) sliding bubble, (III) instant of lift-off.
accounted for are schematically shown in Fig. 6. The
considered forces are the drag force Fd, the shear-lift
force Fsl, the buoyancy force Fbcy, and the bubble
growth force Fdu. The surface tension force was assumed
to be negligibly small at the moment of departure and
omitted. The drag force and the shear-lift force are given
by

F d ¼ 6pllur
2

3
þ 12

Reb

� �n

þ 0.796n
� ��1

n
( )

;

with n ¼ 0.65 ð14Þ

and

F sl ¼
3.877

2
qlu

2pr2G
1
2
s

1

Re2b
þ 0.014G2

s

� �1
4

; ð15Þ

where

Reb ¼
qlu2r

ll

and Gs ¼
du
dy

����
����
y¼r

r
u

denote the bubble Reynolds number and the shear rate,
respectively. As for the velocity u as well as its spatial
derivative du

dy, whose values at the location y = r are
needed in Eqs. (14) and (15), the presence of the vapour
bubbles is neglected such that Reichardt�s analytical
expression for single-phase flow
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uþ ¼ u
us

¼ 1

j
ln 1þ jyþð Þ

þ C 1� exp � yþ

v

� �
� yþ

v
exp � yþ

3

� �� �
ð16Þ

can be used to provide the velocity profile of the liquid
phase. Eq. (16) is written as a non-dimensional function
of the wall coordinate

yþ ¼ qlusy
ll

with the wall friction velocity

us ¼
sw
ql

� �1
2

being determined by the wall shear stress sw. The con-
stants are set to j = 0.41, v = 11, and C = 7.4,
respectively.

The buoyancy force is given by

F bcy ¼
4

3
r3pg ql � qg

� 
. ð17Þ

The bubble growth force Fdu is modeled following
Zeng et al. [21], who considered a hemispherical bubble
expanding in an inviscid liquid. They proposed the
equation

F du ¼ �qlpr
2 3

2
Cs _r

2 þ r€r
� �

; ð18Þ

where the empirical constant Cs was introduced to ac-
count primarily for the presence of the wall. Based on
a comparison with experimental data available to them
the authors suggested to set Cs ¼ 20

3
. The temporal evo-

lution of the bubble radius r(t), as well as its temporal
derivatives _r and €r needed in Eq. (18), are obtained
assuming a diffusion controlled bubble growth model
due to Zuber [20], which reads

rðtÞ ¼ 2bffiffiffi
p

p Ja
ffiffiffiffiffi
alt

p
; ð19Þ

involving the Jakob number

Ja ¼ qlcp;lðT w � T sÞ
qghlg

;

the thermal diffusivity of the liquid phase al, and the
empirical constant b.

The lift-off radius of the bubble rL is obtained by
solving the momentum balance equations (12) and (13)
under the assumption that at the instant of lift-off there
is no slip in the velocity between the bubble and the sur-
rounding liquid phase. This implies a zero drag and
shear-lift force, and a zero inclination angle, H = 0,
Fd = 0, Fsl = 0, respectively, such that rL is obtained
upon the solution of

0 ¼ F bcy þ F du. ð20Þ
The predicted bubble radii were compared to experi-
mental data measured at a given wall superheat
DTs = 29 �C for four different velocities ub = 0.05,
0.39, 0.77, 1.17 m/s, respectively. Thereby, the growth
rate parameter occurring in Eq. (19) was set to
b = 0.21. The wall friction velocities us needed as input
by the model in Eq. (16) were obtained from LDA mea-
surements of the axial velocity component in the plane
of symmetry of the test channel right before the begin-
ning of the heater surface. The bubble radii were
measured optically using video records. The results of
these bubble size measurements are depicted as vertical
bars in Fig. 7. Bubble size data taken from a recent very
detailed experimental investigation on the bubble
dynamics in subcooled boiling flow made by Maurus
[22] are shown as well. Maurus measured the bubble ra-
dii distribution functions near the wall at a subcooling of
DTsub = 20 �C, which is comparable to the subcooling of
the present in-house measurements being DTsub = 16 �C.
It is important to note that the open symbols in Fig. 7
represent the median bubble radii from Maurus� mea-
surements with varying bulk flow rate and a constant
wall heat flux of qw = 0.77 MW/m2. This heat flux is
considerably higher than in the present experiments,
where the bubble size data were obtained at a heat flux
in the range of qw = 0.40–0.45 MW/m2. The higher heat
flux evidently leads to larger bubble radii in Maurus�
data as well as to a slower decrease in bubble size with
increasing velocity. The here manifested dependence of
the mean bubble size on heat flux is also confirmed by



Fig. 8. Superheated thermal boundary layer in subcooled
boiling.
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a further set of Maurus� measurements, where the heat
flux was varied and the specific mass flow rate was kept
constant at G = 500 kg/m2 s. Referring to these mea-
surements the filled symbol represents the median bub-
ble radius obtained for qw = 0.37 MW/m2 which is
very close to the range in our own present experiments.
It becomes evident that due to the lower heat flux the
bubble median radius lies notably below the correspond-
ing value obtained for qw = 0.77 MW/m2 (represented
by the open symbol above). Ought to the comparable
magnitude of the imposed heat flux the agreement with
the present in-house measurements is better for this case
as well.

The comparison of the model predictions for the
departure radii with the corresponding experimental
data exhibits a good agreement for the higher velocities,
while deviations occur at the lowest velocity considered.
Both modelled radii become equal, i.e., rD = rL, in the
limit of zero bulk velocity. With increasing flow rate
the departure radius rD decreases markedly relative to
the lift-off radius rL. The widening gap between these
two radii with increasing bulk velocity evidently reflects
the influence of the local velocity field on the bubble
detachment process from the surface. Based on this con-
sideration the BDL model correlates the flow-induced
suppression in terms of the ratio rD

rL
, and the correspond-

ing suppression factor is proposed as

Sflow ¼ rD
rL

. ð21Þ

According to its definition Sflow is supposed to rep-
resent the flow-induced deviation of the bubble depar-
ture radius from the corresponding pool boiling limit,
which is associated with zero bulk velocity, where
rD = rL and, hence, Sflow = 1. The present formulation
for the computation of rD and rL does not explicitly ac-
count for subcooling. Thus, the obtained radius rL
basically represents the lift-off radius in the saturated
boiling regime and not in the subcooled boiling regime
as it is considered in the present configuration. This
also explains the overprediction for the bubble sizes
in the very low velocity range shown in Fig. 7. It is rea-
sonable to assume that even at very small flow rates the
advection of subcooled bulk liquid is sufficient to main-
tain a subcooled thermal boundary layer, where the
departing bubbles are typically smaller than in the sat-
urated case. Accordingly, the experimentally measured
departure radii tend towards a limit markedly below
the predicted lift-off radius rL representing the satu-
rated case.

The BDL model accounts for the effect of subcooling
by introducing the factor

Ssub ¼
T w � T s

. ð22Þ

T w � T b
The present definition of (22) is based on the concept
of a so-called ‘‘extrapolated superheat layer thickness’’
suggested by Wiebe and Judd [23]. As it can be seen in
the sketch of the superheated boundary layer in Fig. 8,
the extrapolated superheat layer thickness, dth, is defined
as the height of intersection between the tangent to the
temperature profile at the wall and the bulk temperature
Tb. It is written as

dth ¼
T w � T b

dT
dy

���
w

ð23Þ

and is supposed to reflect closely the superheated layer,
which strongly governs the whole process of bubble
nucleation, growth and departure. It further becomes
evident from Fig. 8 that due to the subcooling a consid-
erable portion of dth exhibits a temperature lower than
the saturation temperature Ts. The growing vapor bub-
bles cannot protrude into this subcooled layer, because
condensation sets in at the bubble tip, once it reaches
the zone, where T < Ts. Considering this limitation on
the bubble size due to the subcooling an ‘‘effective
extrapolated superheat layer thickness’’

de
th ¼

T w � T s

dT
dy

���
w

ð24Þ

can be defined replacing in (23) the bulk temperature Tb

by the saturation temperature Ts. The factor Ssub given
by (22) is then obtained as the ratio de

th=dth representing
thus a measure for the subcooling. The factor Ssub is at
maximum unity in the case of saturated boiling, where
Tb = Ts, and it decreases to zero for increasing subcool-
ing DTsub = Ts � Tb.

It is noted that in the choice of the empirical para-
meter b occurring in (19) the value b = 0.21 yielded the
best fit to the experimentally measured bubble radii.
Basically, this model constant is supposed to account
for the asphericity of the bubbles and is of the order
of unity. Zeng et al. [19] considered flow boiling data
for the refrigerant R113 and obtained the best overall
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Table 1
Pressures and velocities of the bulk liquid considered in the
boiling flow experiments

Absolute pressure p [bar] Velocity of the bulk liquid ub
[m/s]

1.5 0.05 0.39 1.17
2.0 0.20 0.39 1.17
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Fig. 11. Experimentally measured flow boiling curves at
p = 1.5 bar absolute operating pressure and three different
velocities of the bulk flow, ub = 0.05, ub = 0.39, ub = 1.17 m/s,
respectively.
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agreement with b = 1. The sensitivity of the predictions
for the bubble size to a variation of b and its effect on
the resulting suppression factor Sflow is illustrated in
Figs. 9 and 10, respectively. It becomes evident that
the model parameter b essentially determines the level
of the predicted bubble lift-off radius. The suppression
factor Sflow represents by definition the flow-induced de-
crease of the departure radius relatively to the corre-
sponding lift-off radius. Depending thus on the ratio of
the predicted radii and not explicitly on the predicted
individual numerical values, the factor Sflow is to some
extent less sensitive to the choice of b. As it can be seen
from Fig. 10, there is, however, still the tendency that
smaller values for b basically produce a smaller flow-in-
duced suppression factor Sflow.
Substituting the two suppression factors defined in
Eqs. (21) and (22) as total suppression into Eq. (4) the
total wall heat flux is then rewritten as

qw ¼ qfc þ qnbSflowSsub. ð25Þ
4. Comparison of the model predictions

with experiments

Using the experimental setup described in Section 2
several flow boiling curves for a given absolute pressure
and a given bulk velocity were measured. The thereby
considered individual pressure–velocity combinations
are summarized in Table 1. In all considered cases the
temperature of the bulk liquid was kept constant at
Tb = 95 �C, which implies a subcooling of DTsub = 16 �C
in the case p = 1.5 bar and DTsub = 25 �C in the case
p = 2.0 bar, respectively. The heater wall temperature
was varied within the interval 95� 6 Tw 6 150 �C. The
slowest velocity in the lower pressure case (p = 1.5 bar)
was chosen deliberately small, i.e., ub = 0.05 m/s, to come
as closest to the pool boiling limit as it was possible in
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the present experimental facility. As already noted in the
former section the individual wall friction velocities us

associated with each bulk velocity ub and required as
model input were obtained using LDA measurements
of the axial velocity profiles at the entrance of the heated
test section. Fig. 11 shows all the boiling curves mea-
sured at p = 1.5 bar plotted into one single graph to
illustrate the individual flow boiling regimes as already
discussed schematically in Fig. 2. The approximately lin-
ear sections to the left of the curves indicate pure single-
phase convection. Above the saturation temperature Ts

the curves start to deviate from the single-phase linearity
which marks the onset of the partially developed boiling
regime (PDB). The notably different paths of the indi-
vidual boiling curves demonstrate the strong influence
of the flow rate in this temperature range. Looking at
the wall temperatures, above which a non-linear increase
of the heat flux can be observed, makes evident that the
nucleate boiling sets in at about DTs = 3 �C wall super-
heat in the slow velocity case, ub = 0.05 m/s, while the
onset of boiling is located at about DTs = 15 �C in the
high velocity case, ub = 1.17 m/s. With increasing wall
superheat the individual curves converge in the region
around Tw = 140 �C (pattern-shaded interval), which
indicates the transition to the fully developed boiling re-
gime. There, the effect of the bulk flow rate is obviously
insignificant and the total heat flux is dominated by
velocity independent nucleate boiling mechanisms. As
a consequence, irrespectively of the macrosopic flow
velocity all boiling curves practically merge into one sin-
gle branch.

Figs. 12 and 13 show the comparison between the
total wall heat fluxes predicted by the BDL model with
the corresponding experimental data at the two consid-
ered levels of the operating pressure, respectively. In
all diagrams the saturation temperature Ts is marked
by a thin vertical line. In addition to the results of the
present BDL approach the heat fluxes predicted by other
widely used models, due to Chen [16], Shah [12] and
Kandlikar [11] are depicted as well.

The overall agreement between the predictions of the
BDL model and the experimental data is good. Particu-
larly in the high velocity case, ub = 1.17 m/s, the BDL
model predicts the shift of the onset of nucleate boiling
to higher wall superheats accompanied by a relative
reduction of the boiling component in the total heat flux
very accurately. This indicates that the BDL model is
capable to capture the strong flow induced suppression
of the nucleate boiling in the PDB regime very well.
For higher wall superheats, however, approaching the
FDB regime, the agreement becomes worse especially in
case of the lowest velocity considered (ub = 0.05 m/s).
This discrepancy can be explained by the fact that the
present BDL model basically relies on the dynamics of
a single bubble subject to a surrounding subcooled liquid
flow field, which is assumed to remain unaffected by the
presence of the vapour phase. Hence, it is conceivable
that the predictions of the model are less accurate once
phenomena related to the very complex multi-bubble
dynamics become important. Due to the high bubble
number densities, which are typically found on the heater
surface in the FDB regime, a strong bubble–bubble
interaction as well as a notable two-way coupling be-
tween the motion of the bubbles and the liquid phase oc-
cur. In such a regime bubbles tend to coalesce forming
larger structures on the surface. Moreover, the motion
of the bubbles pronouncedly affects the surrounding flow
field of the liquid phase and vice versa. Considering these
highly complex multi-phase flow phenomena there is cer-
tainly scope for further development of the present model
in order to improve its accuracy particularly in the FDB
regime.

The comparison with the results which were ob-
tained with the models proposed by other authors
and are also plotted in Figs. 12 and 13 reveals that
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Chen�s approach generally overpredicts the heat fluxes.
This tendency towards overpredictions, which is also
observed with many other Chen-type additive superpo-
sition correlations, can be explained by two main rea-
sons. First, the empirical function for the suppression
factor given in Eq. (11) used in Chen�s model is obvi-
ously calibrated for saturated boiling, where the nucle-
ate boiling heat transfer is typically higher than in
subcooled boiling. Second, since the factor SChen de-
pends on the bulk flow Reynolds number only, it prac-
tically represents a pure bulk flow quantity. It is
therefore insensitive to local quantities like the wall
superheat or wall shear stress, which can be expected
to have a significant effect on a local phenomenon like
the nucleate boiling heat transfer in a wall shear layer.
As it was already pointed out in the former section, it
was essentially these two shortcomings which moti-
vated the authors to develop Chen�s ansatz further to
the present BDL proposal. The comparison with the
corresponding results of the BDL model demonstrates
that the predictive capability of Chen�s superposition
ansatz could be considerably improved by introducing
an alternative model for the suppression of the nucle-
ate boiling component as proposed in the BDL
concept.

The results obtained using Shah�s model [12] show a
very good agreement in the FDB region in the case, at
p = 2.0 bar and ub = 0.2 m/s. In the PDB regime the
agreement is generally rather poor especially for the
higher velocities, where considerable overpredictions
are observed. The kink in the boiling curves marks the
transition from the PDB to the FDB regime which is
in Shah�s model located at the superheat DTs = 0.5 Æ
DTsub. At this in principle arbitrarily determined point
of transition the formulation switches from the correla-
tion suggested for the PDB to the correlation suggested
for the FDB regime which typically leads to an abrupt
turn in the boiling curve. The approach due to Kandli-
kar [11] also prescribes a change in the formulation at
the point of the transition from the PDB to the FDB re-
gime. The location of this transition is determined in
terms of the heat flux at the intersection between the
extension of the single-phase line and the FDB curve
multiplied by the factor 1.4. As shown in the results
Kandlikar�s proposal for locating the point of transition
leads to accurate predictions in the PDB regime in the
high velocity case. At the lower velocities the region
which is dominated by single-phase convection extends
too far into the nucleate boiling region, as the consider-
able underpredictions in the PDB region make evident.

In order to evaluate the performance of the BDL
model in the case of stronger subcooling its predictions
were also compared against experimental data obtained
by Bibeau and Salcudean [13]. They carried out their
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flow boiling measurements using an annular test section
with the inner surface heated. The pressure was p = 2
bar and the bulk velocity was ub = 0.08 m/s. The tem-
perature of the bulk flow was Tb = 75 �C, which implies
a subcooling of DTsub = 45 �C. As it is shown in Fig. 14,
the predictions produced by the BDL model agree very
well with the experiments. Due to the low flow rate the
flow-induced suppression is considerably small, and,
hence, the corresponding suppression factor Sflow does
not deviate much from unity. Thus, the total suppres-
sion S is mainly due to effect of the subcooling. It turns
out that the in the present case very dominant effect of
subcooling is estimated very well in terms of the corre-
sponding model parameter Ssub as given by Eq. (22).
5. Conclusion

In the present study a Chen-type superposition model
is proposed to compute the effective wall heat flux in
subcooled boiling flow. The proposed BDL model mod-
ifies the nucleate boiling contribution by introducing
two suppression factors accounting for the effect of the
flow forces and of the subcooling of the thermal bound-
ary layer. The comparison with experimental data using
water as working fluid shows good agreement especially
in the partially developed boiling (PDB) regime. This
good agreement in the PDB region, where the bulk flow
rate exerts a significant effect on the nucleate boiling,
indicates that the model captures the flow-induced sup-
pression very well. Notable deviations occur primarily
in the vicinity of the fully developed boiling (FDB) re-
gime. These discrepancies clearly demonstrate the limits
of the present model and give the scope for a further
development. Thereby, the focus will have to be put
on the consideration of the bubble–bubble as well as
the bubble–liquid interactions, which are of great impor-
tance in the FDB regime.
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ABSTRACT 

The subject of the present work is the modelling of the 
liquid streamwise flow velocity in the two-phase boundary 
layer in subcooled boiling flow under the influence of the vapor 
bubbles. Subcooled boiling flow experiments were carried out 
in a horizontal test channel in order to investigate the 
interaction between the bubbles and the liquid phase. The 
heater surface was located at the bottom of the test channel. 
The near-wall liquid flow velocity was measured using a two-
component laser-Doppler anemometer. Based on the 
experimental data a model is proposed to describe the impact of 
the gaseous phase on the motion of the liquid in the subcooled 
boiling regime. It was observed that the axial velocity profiles 
near the wall follow a logarithmic law similar to that used in 
turbulent single-phase flow over rough surfaces. Based on this 
finding it is suggested to model the influence of the bubbles on 
the liquid flow analogously to the effect of a surface roughness. 
The correlation developed for an equivalent surface roughness 
associated with the bubbles yields good agreement of the 
modeled axial velocity profiles with the experimental data. 

INTRODUCTION 
In modern internal combustion engines, increasing specific 

power, accompanied by a decrease in size and weight of the 
engines, leads to increasing thermal loads, especially in the 
cylinder head. Convective single-phase transport is not 
sufficient to transfer the heat from the structure into the coolant. 
Hence, the wall temperature increases and subcooled boiling 
occurs. The bubbles grow in the superheated zone near the wall 
and collapse in regions where the temperature is lower than the 
saturation temperature. Due to this phase change in the coolant, 
 

the heat flux from the structure into the liquid is increased 
significantly.  

Many models proposed for the heat transfer in subcooled 
boiling flow assume the total wall heat flux qw to be composed 
of two additive contributions, which can be written as 
 

nbconvw qqq += , (1) 

 
where the term qconv is due to forced convection and the term 
qnb is due to nucleate boiling. This concept of additive 
contributions was first introduced by Rohsenow [1]. Among the 
superposition models of type Eq. (1), the approach due to 
Chen [2] is widely used today, especially in engineering 
applications in the automotive industry. Recently, Steiner et al. 
[3] presented a superposition approach which modifies Chen’s 
concept for the flow-induced suppression of the nucleate 
boiling component. While Chen correlated the flow-induced 
suppression only with the bulk flow Reynolds number, the 
modified approach [3] models the suppression dependent on the 
local superheat, subcooling, and wall shear stress. Since the 
local quantities are in general known in numerical simulations 
of convective flows, the model is well suited for CFD of 
geometrically complex coolant flows. 

Another class of models assumes the total wall heat flux as 
a geometrical combination of the basic contributions. Models of 
this type, as proposed by e.g. Kandlikar [4] and Shah [5], 
formulate the effective heat transfer rate as a product, which 
can be generally written as 
 

tpconvw qq Ψ= , (2) 
1 Copyright © 2005 by ASME 



where Ψtp represents a mostly empirically determined 
enhancement function due to nucleate boiling.  
Most superposition as well as multiplicative models proposed 
for the total wall heat flux in subcooled boiling flow assume 
that the liquid flow field is unaffected by the presence of the 
vapor bubbles. It was, however, shown in a recent experimental 
work of Maurus [6] that the motion of bubbles can significantly 
interact with the liquid phase flow. Using a PIV measurement 
technique, Maurus investigated the bubble-laden flow in the 
two-phase region for varying heat fluxes, flow rates and 
subcooling.  

To date, most model approaches considering the effect of 
the gaseous phase on the motion of the liquid have been 
developed for the non-boiling case, where bubbles are injected 
through porous walls into the flow. Gabillet et al. [7] 
considered a horizontal channel with a porous injection plate 
located at the bottom. Moursali et al. [8] investigated a 
turbulent bubbly boundary layer developing along a vertical 
wall. Due to the different physics of bubble formation and 
growth, and due to the absence of bubble collapse, a successful 
extension of the models derived for the unheated bubbly flow 
to subcooled boiling flow cannot be taken for granted. 

It is the subject of the present work to investigate the 
impact of the motion of the bubbles on the liquid phase in a 
subcooled boiling channel flow. Based on experimental 
observations it is attempted to derive an appropriate model for 
the near-wall velocity field. Accounting for the effect of the 
motion of the bubbles should also provide a physically sounder 
basis for the modelling of the wall heat flux. 

NOMENCLATURE 
Latin symbols 
C     integration constant [-] 
Ckr       roughness constant [-] 
d     bubble diameter [mm] 
Dh     hydraulic diameter [m] 
kr      physical height of the roughness [m] 

rk
~

     modeled height of the roughness [m] 
Nu     Nusselt number [-] 
p     pressure [N/m²] 
q     heat flux [W/m²] 
Re     channel Reynolds number [-] 
T     temperature [°C] 
u     velocity component in streamwise direction [m/s] 

 τu      wall friction velocity [m/s] 
v     velocity component in wall-normal direction [m/s] 
y     distance from the heated wall [mm] 
Greek symbols 
ε     accuracy threshold [-] 
ζ     model parameter [-] 
η     model parameter [-] 
κ     von Kármán constant [-] 
λ     thermal conductivity [W/mK]  
ν     kinematic viscosity [m²/s] 
τ     shear stress [N/m²] 
Ψtp      enhancement function [-] 
subscripts 
1ph     single-phase 
b     bulk 
 

conv     convective 
dep     departure 
m     measured 
nb     nucleate boiling 
ref     reference 
sat     saturation 
sub     subcooling 
w     wall 
rms     root mean square 
superscripts 
+     quantities in wall units 
n     counter of iteration step 

EXPERIMENTAL SETUP 
The experimental facility basically consists of a closed 

loop and produces a forced convective flow driven by a pump. 
The working fluid passes through a heated test section, which is 
schematically shown in Fig. 1. The bulk velocity, the bulk 
temperature of the liquid and the operating pressure at the inlet 
of the section are controlled. In the present configuration the 
bulk velocity can be varied within the range of 0.05 m/s ≤ ub ≤ 
2.0 m/s. The absolute operating pressure can be set within the 
range 1.0 bar ≤ p ≤ 2.0 bar. The square cross section of the test 
channel has the dimensions 36 mm x 36 mm. The heat flux into 
the channel is generated by heating coils located at the bottom 
of the aluminum heater from where the heat is conducted to the 
top of the heater. At the upper surface (grey shaded in Fig. 1), 
with length 65 mm and width 10 mm, the heat is transferred to 
the working fluid flowing through the channel.  

 

 
 

Fig. 1. Test section of the experimental facility. 
 
The wall temperature and the wall heat flux are determined 
based on measurements of the temperature using several K-type 
thermocouples appropriately distributed in the solid heater. The 
base plate of the test section, where the top of the aluminum 
heater is built in, is made of PTFE. The very low thermal 
conductivity of PTFE should guarantee the lowest possible heat 
2 Copyright © 2005 by ASME 



loss from the heater to the surrounding structure. Due to 
thermal durability restrictions of the PTFE base plate, the 
maximum heater surface temperature was limited to Tw = 
160 °C. Windows made of glass are embedded in the top as 
well as in the side walls of the test channel to make the heater 
surface optically accessible. 
In the experimental part of the work, the size and dynamics of 
the bubbles were investigated using a high-speed camera. A 2D 
laser-Doppler anemometer from DANTEC was used for the 
liquid velocity measurements. The argon-ion laser used as light 
source has a maximum power of 200 mW. The focal length of 
the lens in the fiber optic probe is 310 mm, and the beam 
spacing is 60mm. The laser-Doppler anemometer was used in 
the back-scattering mode. Laser-Doppler anemometry has been 
extensively used for local velocity measurements in transparent 
single-phase flow because of its high accuracy, good spatial 
resolution, and non-intrusive features. In general, small seeding 
particles following the flow serve as the scattering centers for 
the laser light. In the case of flow boiling experiments, no 
seeding particles may be added to the liquid, since they might 
affect the boiling process. Instead, the vapor bubbles, which 
move closely at the velocity of the liquid phase, are used as 
scattering centers. No additional seeding is therefore required. 
For the present experiments, the consequence that the data rate 
is low in regions of the flow field populated sparsely with 
bubbles, was not a problem. It is noted that using the vapor 
bubbles as tracer particles one inherently assumes the slip 
between the bubbles and the liquid phase to be negligibly small. 
In the present work the validity of this assumption could be 
shown by comparing the bubble relaxation time based on the 
bubble drag force with the relevant turbulent flow time scale. 
The latter turned out to be about three orders of magnitude 
higher. 

EXPERIMENTAL RESULTS 
Using the experimental setup described above, several 

near-wall velocity profiles in the axial and the wall-normal 
direction for a given heat flux and a given bulk velocity were 
measured. In all considered cases the working fluid was a 
mixture of ethylene glycol and water with a mixing ratio of 
40/60 vol. %. The bulk inlet temperature was kept constant at a 
subcooling of ∆Tsub = Tsat -Tb = 22 °C at the absolute pressure 
of p = 1.5 bar. By varying the wall heat flux qw a maximum 
wall superheat of 40°C was achievable. The bulk velocity was 
set within the range of 0.2 m/s ≤ ub ≤ 0.8 m/s. The Reynolds 
number based on the bulk flow quantities can be written as 
 

ν
DuRe hb= , 

  
(3) 

 
where Dh denotes the hydraulic diameter, which is equal to the 
side length of the square cross section of the channel, and ν is 
the kinematic viscosity of the bulk liquid at the inlet of the test 
section. The chosen velocity range corresponds to a range of 
Reynolds numbers from 11260 to 45030. It is noted that all 
measured heat fluxes are presented here in non-dimensionalized 
form for confidentiality reasons. Figure 2 shows the non-
dimensional wall heat flux qw / qref as a function of the 
corresponding wall superheat Tw - Tsat obtained from the 
measurements for three different bulk velocities ub. In all 
 

considered experimental cases the saturation temperature was 
the same. The strong deviation from the single-phase macro-
convection in the boiling regime (Tw > Tsat) illustrates the 
enhanced heat transfer rate associated with nucleate boiling. It 
becomes further evident that, at higher wall superheats, the 
different flow boiling curves follow almost the same path, 
illustrating the vanishing influence of the flow rate on the total 
heat flux. 

 

 
Fig. 2. Measured non-dimensional wall heat flux qw / qref vs. the 
wall superheat Tw - Tsat at different bulk velocities ub. The 
dashed lines represent the single-phase macro-convection, and 
the dotted lines the flow boiling branch.  
 
 
The LDA measurements carried out to investigate the 
interaction of the bubbles and the liquid phase were performed 
at the conditions shown in Fig. 2. Figures 3 to 5 show the near-
wall velocity profiles obtained in these experiments. The mean 
values of the velocity components u and v in the streamwise 
and the wall-normal directions, respectively, as well as the rms 
values of the corresponding fluctuations, urms and vrms, are 
plotted against the wall-normal distance y. All displayed 
velocity profiles are scaled with the bulk velocity ub. The 
bubbles evidently affect the flow considerably in the 
superheated near-wall layer. This influence becomes more 
pronounced with increasing boiling activity on the surface 
associated with an increasing wall heat flux.  
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Fig. 3. Results of the LDA measurements at a bulk velocity of ub = 0.2 m/s and varying non-dimensional wall heat fluxes qw / qref. 
The dashed-dotted line marks the center of the test channel. 
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Fig. 4. Results of the LDA measurements at a bulk velocity of ub = 0.4 m/s and varying non-dimensional wall heat fluxes qw / qref. 
The dashed-dotted line marks the center of the test channel. 
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Fig. 5. Results of the LDA measurements at a bulk velocity of ub = 0.8 m/s and varying non-dimensional wall heat fluxes qw / qref. 
The dashed-dotted line marks the center of the test channel. 
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In the core flow region outside the superheated layer, the 
velocity profiles merge with the single-phase velocity profiles. 
Figures 3a to 5a show the deceleration in the two-phase region 
of the mean velocity u(y) in the streamwise direction. The rise 
of the bubbles causes an enhancement of the mean wall-normal 
velocity component v(y), as shown in Figs. 3b to 5b. In the 
cases of low bulk velocities and high heat fluxes, the maximum 
of the mean wall-normal velocity component is of the same 
order of magnitude as the streamwise component u(y). The 
present experimental results for the mean velocities confirm the 
observations made by Maurus [6]. 

The presence of the bubbles causes a marked increase of 
the mean turbulent fluctuations urms(y) and vrms(y) in the 
streamwise and the wall-normal directions in the two-phase 
region of the flow, as shown in Figs. 3c and d to 5c and d, 
respectively. The observed increase of the turbulence in the 
near-wall region leads to enhanced momentum and heat 
transfer. This microconvection induced by bubble agitation 
strongly contributes to the increased heat transfer rates 
achievable in subcooled boiling flow as compared to single-
phase convection. 

As it is shown in Fig. 3a, at low bulk velocities and high 
heat fluxes a plateau in the mean axial velocity profile occurs. 
In this case the buoyancy-driven vertical motion of the bubbles 
obviously prevails over the streamwise motion of the liquid 
phase. The observed plateau is produced by clockwise rotating 
large vortical structures generated by the rise of the bubbles, as 
shown in Fig. 6.  

 

 
Fig. 6. Observed clockwise rotating vortices in the bubbly 
layer. The picture was taken at a bulk velocity of ub = 0.2 m/s 
and a non-dimensional wall heat flux of qw / qref = 4.02. The 
dashed line marks the upper boundary of the vortical layer. 
 
 

The impact of the bubbles on the flow field is supposed to 
depend strongly on the bubble size distribution at the heated 
wall. Therefore, the size of the bubbles located at the heater 
surface was measured using high speed camera recordings at 
different thermal and flow conditions. Figure 7 shows the 
median bubble diameter dm measured at the wall. A higher wall 
heat flux evidently leads to larger bubble mean diameters. It 
becomes further obvious that, at a given heat flux, the mean 
size is smaller the higher the bulk velocity, reflecting the 
influence of the local velocity field on the bubble detachment 
process from the heated surface. 
 

 
 

Fig. 7. Measured bubble diameters dm at different bulk 
velocities ub. The rms fluctuations around the statistical median 
value are denoted with an error bars. 

MODELLING 
As already noted in the previous section, most models 

proposed for the liquid velocity field in bubble-laden boundary 
layer flows were developed for non-boiling flow. The non-
boiling bubbly flow, where bubbles are mostly introduced 
through porous walls, inherently differs from boiling flows by 
essential aspects of the whole process of bubble formation and 
detachment in the superheated boundary layer as well as the 
bubble collapse occurring in subcooled regions, where T < Tsat. 
As it is shown in the present work, the model formulations 
proposed for non-boiling bubbly flows can be nonetheless 
extended to boiling flow, if the physics of the vapor bubble 
formation and detachment is incorporated into the mathematical 
description of the bubble-laden superheated wall layer. 

The present model is based on a formulation originally 
proposed by Gabillet et al. [7], who investigated horizontal 
boundary layer flows of water densely populated by air bubbles 
injected through a porous wall. Gabillet et al. observed that the 
presence of bubbles in the wall layer has an effect on the liquid 
phase flow, which is very similar to the effect of surface 
roughness. They therefore suggested a logarithmic law of the 
wall, which is commonly used for turbulent flows over rough 
walls, to capture the impact of the bubbles on the near-wall 
flow. The present model extends this analogy to subcooled 
boiling flow, where the bubble layer is generated by 
evaporation on the superheated wall. The adopted log-law for 
turbulent flows over rough walls generally reads 
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where τ
+ = u/uu  and ν= τ

+ /uyy  are written in the so-called 

wall units involving the wall friction velocity ρτ=τ /u w .  

C = 5.3 and κ = 0.41 are constants. The last term on the RHS of 
Eq. (4) represents the offset of u+ due to the wall roughness 
with respect to the log-law for the hydrodynamically smooth 
surface, where ∆u+ = 0. This offset is a function of the so-called 
roughness Reynolds number 

 
involving the physical roughness height of the surface kr. For 
the functional dependence ∆u+(kr

+), different regimes are 
distinguished [9]: 
 

• hydrodynamically smooth, 25.2kr <
+ : 

 

0u =∆ +  (6) 

 

• transitional regime, 90k25.2 r <≤ + : 
 

( ) ( ){ }811.0kln4258.0sinkC1ln1u rrkr −⋅+
κ

=∆ +++  (7) 

 

• fully rough regime 90kr ≥
+ : 

 

( )++ +
κ

=∆ rkr kC1ln1u  (8) 

 
Ckr is a roughness constant and depends on the type of 
roughness. For sand-grain roughness, a value of Ckr = 0.5 is 
used.  
Applying a best fit of the log-law given by Eq. (4) to the 
measured streamwise velocity profiles shown in Figs. 3a to 5a 
yields for each profile u(y) a corresponding pair of uτ and kr. 
All considered experimental data points lie within the y+ range 
30 < y+ < 200, where the log-law is basically applicable. The 
results obtained for each individual u(y) profile are summarized 
in Tab. 1. The measured streamwise velocity profiles rescaled 
in wall units and the applied log-law profiles are plotted in Fig. 
8. The log-law evidently matches well the experimental data in 
the region close to the wall. It is noted that the profiles which 
exhibit a plateau in the near-wall region as shown in Fig. 3a had 
to be excluded from this analysis. In this case the buoyancy-
induced vertical bubble motion is too strong to allow for a 
simple log-law modeling, which requires a dominant motion 
along the wall. 

The roughness heights kr fitted from the experimental data 
basically represent an equivalent roughness associated with the 
vapor bubble layer on the heater surface. This equivalent 
roughness height kr has to be provided by the model to 
determine the near-wall velocity profile using Eq. (4). 
 

( ) +++ ∆−+
κ

= uCyln1u , (4) 

ν
= τ+ ukk r

r  (5) 
 

 

 
 
Fig. 8. The logarithmic law of the wall (Eq. (4)) compared to 
the measured velocity profiles in wall units for different bulk 
velocities ub and non-dimensional wall heat fluxes qw / qref. 
Solid line,’’, log-law for rough surfaces. 

 
 
The present model assumes the bubble-equivalent 

roughness height to depend essentially on two quantities: the 
median bubble size and the contribution of the nucleate boiling 
heat flux, qnb, to the total heat flux qw. Accordingly, it proposes 
the correlation 

 
ζζ









−η=








η=

w

conv
dep

w

nb
depr q

q1d
q
qdk

~
, (9) 

 
where ddep denotes the bubble diameter at the instant of 
departure from the nucleation site. This diameter represents the 
bubble mean size and is computed as predominantly dependent 
on the wall superheat (Tw – Tsat) and the wall friction velocity uτ 
according to the bubble detachment model of Zeng et al. [10].  
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ub [m/s] qw/qref [-] uτ [m/s] kr [mm] 
0.2 0 0.0131 0 
0.2 1.57 0.0147 1.00 
0.2 2.62 0.0159 1.71 
0.4 0 0.0235 0 
0.4 1.56 0.0280 0.49 
0.4 2.59 0.0305 0.85 
0.4 3.98 0.0326 1.4 
0.4 4.73 0.0330 1.85 
0.8 0 0.0416 0 
0.8 1.56 0.0490 0.23 
0.8 2.62 0.0545 0.38 
0.8 4.03 0.0593 0.66 
0.8 4.65 0.0615 0.85 

 
Tab. 1. Wall friction velocity and roughness height determined 
by a least-square fit of the log-law to the measured velocity 
profiles u(y) for different bulk velocities and non-dimensional 
wall heat fluxes. 
 
 
Figure 9 shows the diameters predicted by this model for all 
cases listed in Tab. 1, as compared to the corresponding 
experimental data presented in Fig. 7. The agreement is very 
good. The ratio of the nucleate boiling component to the total 
heat flux, wnb qq , has been introduced to account for the fact 
that, at high nucleate boiling activity associated with high wall 
superheats, the near wall layer which is populated by bubbles 
becomes thicker than the mean size of the single bubbles 
detaching from the wall. It ranges between zero and unity, as 
can be immediately seen from Eq. (1). The quantities η and ζ in 
Eq. (9) are empirical parameters. 

In Fig. 10 the predictions for the equivalent roughness rk
~

 
using the correlation given by Eq. (9) are compared against the 
roughness heights kr listed in Tab. 1 which were obtained from 
the best fit of the log-law in Eq. (4) to the measured velocity 
profiles. Using the empirical parameters η = 2.5535 and 
ζ = 0.1741, good agreement is achieved. 

It is noted that the increase of the wall friction velocity uτ 
due to the bubble-equivalent surface roughness inherently leads 
to an increase of the convective component qconv in the total 

heat flux. In the present computation of rk
~

 using Eq. (9), 
where qconv is required as an input quantity, the enhanced 
convective component is estimated invoking the Reynolds 
analogy between the wall heat transfer and the wall friction, 
which yields the relation 

 

 
where the Nusselt number is based on the hydraulic diameter of 
the channel, Dh, and the thermal conductivity of the bulk liquid 
λb. The wall friction velocity uτ,1ph and the Nusselt number 
Nuconv,1ph refer to the single-phase convection regime, and they 
are both obtained from measured points (qw, Tw) with Tw < Tsat. 

 

,
u
u

Nu
Nu

2

ph1τ,

τ

ph1conv,

conv










=  (10) 
 

 
 
Fig. 9. Predicted bubble departure diameters ddep in comparison 
with experimental data. 
 

 

 
 

Fig. 10. Predicted roughness heights rk
~

 in comparison with 

experimental data (η = 2.5535, ζ = 0.1741). 
 
 
The Nusselt number Nuconv,1ph is obtained from the measured 
total wall heat flux, qw, which is equal to qconv in the single-
phase regime, as 

( ) 







λ

⋅
−

=
b

h

bw

w
ph1,conv

D
TT

qNu     with Tw < Tsat. (11) 

 
The obtained Nusselt numbers Nuconv,1ph for the considered data 
points in the single-phase regime are summarized in Tab. 2. 
 

ub [m/s] Tw-Tb [°C] qw/qref [ ] Nuconv,1ph [ ] 

0.8 17.7 0.500 217.7 
0.4 20.0 0.395 152.2 
0.2 11.0 0.150 105.6 

 
Tab. 2. Measurement points for the evaluation of the Nusselt 
numbers Nuconv,1ph. 
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Substituting the wall friction velocities, which can be taken 
directly from the best-fit results listed in Tab. 1, into Eq. (10) 
finally yields Nuconv. The convective heat flux component in the 
subcooled boiling regime is then computed as 

( ) ( )hbbwconvw D/TTNuq λ−= , with Tw > Tsat. 

When applying the present model to CFD of subcooled 
boiling flow, the computational procedure essentially consists 
of an iterative loop for the calculation of the bubble-equivalent 

surface roughness rk
~

. The iterative procedure is schematically 
shown in Fig. 11 for the case with a given superheated wall 
temperature Tw > Tsat. 
 
 

 
 
Fig. 11. Implementation scheme of the roughness model for 
CFD. The superscript (n) denotes the counter of each iteration 
step, and ε is the accuracy threshold. 
 
 
It becomes obvious that the velocity boundary condition is 
iteratively obtained in dependence on the surface roughness 
determined by the local boiling activity. 

CONCLUSIONS 
Subcooled flow boiling experiments were carried out in a 

horizontal test channel in order to investigate the near-wall 
liquid motion under the influence of the vapor bubbles. The 
experiments yielded the size and dynamics of the bubbles with 
a high-speed camera. A 2D laser-Doppler anemometer was 
used to measure the near-wall velocity field of the liquid flow. 
The main effects of the gaseous phase on the motion of the 
liquid phase are the deceleration of the mean velocity in the 
streamwise direction and the enhancement of the mean wall-
normal velocity component. It was also observed that the 
turbulence is markedly increased in the two-phase region. At 
low liquid flow rates, the buoyancy-driven motion of the 
bubbles becomes dominant and leads to a plateau in the mean 
axial velocity profile. 
It was found that the axial velocity profiles near the wall follow 
a logarithmic law similar to that used in turbulent single-phase 
flow over rough surfaces. Based on these findings, a modelling 
was proposed which captures the influence of the bubbles on 
 

the liquid flow in analogy to a surface roughness effect. The 
proposed model correlates an equivalent surface roughness with 
the bubble size and the wall heat flux, such that the modified 
logarithmic law of the wall for rough surfaces can be applied. 
The proposed correlation for an equivalent surface roughness 
associated with the bubble layer yields good agreement of the 
predicted axial velocity profiles with experimental data. 
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