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Kurzfassung

Die Arbeit präsentiert ein phänomenologisches Modell von dehnungsratenunabhängiger und

dehnungsratenabhängiger Thermoplastizität im logarithmischen Verzerrungs-Entropie Raum in

der Materialkonfiguration bei großen Verformungen. Die Formulierung und numerische Imple-

mentierung basiert auf einer additiven Zerlegung eines Verzerrungsmaßes in einen elastischen

und plastischen Anteil wie von Green & Naghdi vorgeschlagen. Ein dehnungsratenunabhängiges

und dehnungsratenabhängiges Materialgesetz im logarithmischen Verzerrungs-Entropie Raum

wird für die Modellierung von isotropem Materialverhalten im Elastischen und anisotropem

Verhalten im Plastischen aufgestellt. Weiters wird ein plastischer Metriktensor wie von Miehe

vorgeschlagen, eine isotrope Verfestigungsvariable und plastische Entropie wie von Simo &

Miehe vorgeschlagen eingeführt, die die interne Variablenformulierung dominieren. Das Modell

behält das klassische “General Return-Mapping” Schema im impliziten Integrationsalgorithmus

der internen Variablen bei, wie sie bei assoziativer Thermoplastizität auftritt. Das resultierende

gekoppelte thermo-mechanische Problem wird gestaffelt gelöst mit einer isentropen Phase für

das Verschiebungsfeld und einer iso-geometrischen Phase für das thermische Feld wie von

Armero & Simo vorgeschlagen. Repräsentative numerische Simulationen demonstrieren die

Tauglichkeit des vorgeschlagenen Modells. Der Fokus ist dabei auf Schalenstrukturen aus

Metall gerichtet. Alle Beispiele werden mit einem 8-Knoten “assumed-additively enhanced

hexahedral solid shell-element” diskretisiert. Dieser Elementtyp inkludiert eine “angenommene”

Verzerrungsmodifikation wie von Betsch & Stein und Dvorkin & Bathe vorgeschlagen und eine

additive Inkorporation einer “aufgebesserten” Verzerrungsmodifikation, die zu einer Hu-Washizu

Dreifeldvariationsformulierung in Verschiebungen, Verzerrungen und Spannungen führt.

Abstract

The thesis presents a phenomenological model of rate-independent and rate-dependent thermo-

plasticity in logarithmic Lagrangean strain-entropy space at finite strains. The formulation and

computational implementation are based on an additive decomposition of the strain measure

into an elastic and plastic part as proposed by Green & Naghdi. A rate-independent and rate-

dependent constitutive model in logarithmic Lagrangean strain-entropy space is developed for

the modelling of isotropic material behaviour in the elastic and anisotropic behaviour in the

plastic domain. Furthermore, the notion of a plastic metric as proposed by Miehe, an isotropic

hardening variable and the notion of a plastic entropy as proposed by Simo & Miehe dominate

internal variable description. The model keeps the classical general return-mapping scheme

in the implicit integration algorithm of internal variables of associative thermo-plasticity. The

resulting coupled thermo-mechanical problem is solved staggeredly via an isentropic phase for

the deformation and an iso-geometrical phase for the thermal field as proposed by Armero

& Simo. Representative numerical simulations demonstrate the performance of the proposed

model. The focus is laid on shell structures made of metal sheets. All examples are performed

with an 8-node assumed-additively enhanced hexahedral solid shell-element. This element type

includes assumed strain modifications as proposed by Betsch & Stein and Dvorkin & Bathe and

an additive incorporation of enhanced strain modifications, which leads to a Hu-Washizu three

field variational formulation in terms of displacements, strains and stresses.
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Chapter 1

Introduction

Many elastic-plastic problems undergo both large deformations and variation

in temperature as in sheet-metal forming processes for instance. Moreover,

especially metal sheets show an anisotropic behaviour in plastic deformation

due to rolling of slabs, which is mirrored in the crystallographic texture of the

sheet. This coupled thermo-mechanical problem has not been approached fully

in literature so far, however, many investigations on the mechanical part have

been done. Therefore, the aim of this work is to contribute positively in the

description of this thermo-mechanical coupling problem.

A widely accepted approach to finite plasticity denotes the locally multi-

plicative decomposition of the deformation gradient. It is split into an elastic

part, which depicts lattice distortions and rigid body rotations, and a plastic

part, which describes the movement of dislocations. This kinematic assumption

is based on works of Kröner [40] and Lee [43] yielding an intermediate

configuration. It finds wide acceptance and has been very successfully employed

rate-independently and rate-dependently in isotropic finite strain elasto-plasticity

in both phenomenological and crystal plasticity. Mechanical investigations of

anisotropic formulations using a multiplicative approach and a discussion about

occurring problems can be found for rate-independent plasticity for instance in

Eidel & Gruttmann [27], Menzel & Steinmann [55] and Sansour et al. [72, 73]

and for rate-dependent plasticity for instance in Miehe & Schotte [62], see also

references therein. Furthermore, this kinematic split shows great popularity in

isotropic thermo-mechanics, here Simo & Miehe [80] and Armero & Simo [3]

are given representatively as references.

In contrast to this approach, Green & Naghdi [31] proposed a rate-type theory

by the concept of an additive decomposition of the strain tensor in an elastic and

a plastic part. This access is employed in phenomenological plasticity solely so

far. Anisotropy effects in mechanical problems using additive, rate-independent

descriptions are examined in Miehe [56], Papadopoulos & Lu [69], Miehe et

1



2 CHAPTER 1. INTRODUCTION

al. [59], Schröder et al. [76], Löblein et al. [46], Lu & Papadopoulos [47] and

Schmidt [74], see also references therein. Especially Miehe & Apel [58] present

a comparison of the multiplicative and the additive approach in finite plasticity at

large strains. However, this approach lacks investigation in thermo-mechanics.

Basic outlines for thermodynamical restrictions are already given in Green &

Naghdi [31]. Miehe [57], Casey [14] and Lee & Chen [44] present a formulation

of isotropic additive thermo-plasticity at finite deformations and Göktepe &

Miehe [30] use a coupled finite rate-dependent thermo-plastic model for glassy

polymers based on an additive formulation. Eisenberg et al. [28] employ a kind

of additive decomposition of strain for thermo-plastic materials and provide an

experimental correlation to theory.

Thermo-mechanical problems can be solved in either a monolithic or a

staggered scheme. See Armero & Simo [2] for a discussion. In monolithic

schemes the balance equations for linear momentum and internal energy are

solved simultaneously. This strategy does not take advantage of different time

scales involved and leads to large, often non-symmetric formulations. On the

contrary, staggered schemes partition the coupled problem to different time-

stepping algorithms for each field described by one balance equation.

1.1 Outline of the work

The thesis presents a formulation and computational implementation of a

phenomenological rate-independent and rate-dependent thermo-plasticity model

at finite strains in logarithmic Lagrangean strain-entropy space suitable for the

description of anisotropy effects. It is mainly based on papers of coworkers at

the Institute of Applied Mechanics, Chair I, Prof. Dr.-Ing. C. Miehe, Universität

Stuttgart, theses by M. Lambrecht [42] and N. Apel [1] are mentioned, and

on papers of P. Papadopoulos and J. Lu from the University of California at

Berkeley. The additive decomposition of strain of Green-Naghdi plasticity

is employed, which is a typical feature of the geometrically linear theory of

plasticity. Therefore, by transforming tensors from the Lagrangean to the

logarithmic Lagrangean strain space it is possible to map large-strain scope in

the Lagrangean space to small-strain scope in the logarithmic Lagrangean space.

This is done in three steps: Firstly, obtain the total and plastic logarithmic

Lagrangean strains. Secondly, define constitutive equations in the logarithmic

Lagrangean strain space. The structure of these equations is identical to those in

geometrically linear theory. Finally, with the help of geometric transformations

logarithmic Lagrangean stress and modulus are mapped back to Lagrangean

strain space. Find this modular structure for instance in Miehe et al. [59].

Furthermore, the additive decomposition employing logarithmic Lagrangean
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strain measures allows convenient tracking of the incompressibility condition

of plastic deformation, however, the transformation to Lagrangean strain space

is a drawback.

The considered constitutive model represents a so-called generalized stan-

dard medium, introduced by works of Biot [8], Germain [29] and Halphen

& Nguyen [36]. These materials are completely determined by two scalar

functions: a thermodynamic potential and a dissipation potential. The first

potential is described by the internal energy of the system. This energy depends

on the elastic strain in logarithmic Lagrangean space, defined as the total strain

minus the plastic strain, and the entropy. The second potential is associated with

the plastic flow rule throughout the formulation.

The internal variable formulation of associative thermo-plasticity keeps the

classical general return-mapping algorithm. It is solved implicitly and based on

a plastic metric as suggested by Miehe [56], an isotropic hardening variable and

a plastic entropy as introduced by Simo & Miehe [80].

Anisotropy effects are modelled in the plastic domain. Classical represen-

tation theorems as outlined in Spencer [83] and Boehler [9, 10] are applied.

Anisotropic scalar tensor functions are obtained by taking isotropic functions

with appropriate structural tensors as additional arguments. These functions are

automatically invariant for coordinate transformations of the material symmetry

group under consideration. The assumption is made that the axes of anisotropy

do not evolve or are induced by plastic deformation, hence, the employed model

is capable of modelling elastic-plastic materials whose initial material symmetry

prevails throughout the deformation.

An unconditionally stable product formula algorithm as proposed by Armero

& Simo [3] is employed as a staggered solution algorithm in this thesis. The

algorithm is split first into an isentropic mechanical phase, which is solved for the

displacement field, then into an iso-geometrical thermal phase, which is solved

for the temperature field, and finally into an iso-geometrical, isothermal updating

of the internal variables.

Numerical examples are performed with an 8-node assumed-additively

enhanced hexahedral solid shell-element as outlined in Miehe & Schotte [62] and

Miehe & Apel [58]. This element type includes assumed strain modifications

as proposed by Dvorkin & Bathe [25], Bathe & Dvorkin [5] and Betsch &

Stein [7] and an additive incorporation of enhanced strain modifications, which

leads to a classical Hu-Washizu three field variational formulation in terms of

displacements, strains and stresses. Moreover, the deformation gradient changes

due to the mentioned strain modifications, hence, it has to be recovered to be

employed as an interface to common constitutive models.

The thesis is organized as follows: Chapter 2 gives a brief overview of the

fundamentals in continuum mechanics. Chapter 3 introduces the employed strain
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modifications to overcome locking effects in a thin brick element. In Section 3.3

assumed strain modifications are given. In Section 3.4 the additive incorporation

of enhanced strain modifications is described, which leads to a classical Hu-

Washizu three field variational formulation in terms of displacements, strains and

stresses. Chapter 4 introduces the proposed thermo-plastic model. Section 4.1

describes the basics of the thermo-plasticity theory of Green-Naghdi employed in

this work. Section 4.2 develops constitutive models of both rate-independent and

rate-dependent thermo-plasticity in the logarithmic Lagrangean strain-entropy

space for isotropic elastic-anisotropic plastic material behaviour of metals.

Section 4.3 defines the formulation of a general return algorithm in the implicit

internal variable integration algorithm for the rate-independent and the rate-

dependent scheme. Furthermore, a staggered solution algorithm is described

for the coupled thermo-mechanical problem. Chapter 5 shows the performance

of the proposed model by means of selected numerical examples. Finally,

concluding remarks appear in Chapter 6. In addition, Appendix A gives details

about the employed tensorial formulation, Appendix B describes the staggered

solution algorithm, Appendix C gives details about positively homogeneous

functions of degree one, Appendix D deals with spectral decomposition of

second-order tensors and Appendix E gives an inversion strategy for fourth-order

tensors.

1.2 Current state-of-the-art of local plasticity

Solids undergoing deformations are subject to both elastic and plastic deforma-

tion. The standard method to describe this plastic deformation represents rate-

independent local plasticity. It is based on the assumption that the equations

of balance are valid for every part of a given body. These deformations are

path-dependent and commonly analyzed by an incremental procedure, following

the prescribed loading or deformation history. Thus, rate-type measures of

deformation are required. However, there is no consensus on identification

of plastic strain as a measure for deformation. Several interpretations of

plastic strain have been suggested, but none of these are sufficiently general

to accommodate all features of permanent deformation in a finitely deforming

elastic-plastic material. The comprehensive review articles by Naghdi [63] and

Xiao et al. [88] can be taken for a discussion of this matter.

In the classical phenomenological approach to local plasticity, two major

approaches exist for the identification of plastic strain: a multiplicative decom-

position of deformation gradient and an additive decomposition of total strain.

These schemes are described in detail in the following.
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1.2.1 Multiplicative approach

In the rate-independent theory of elastic-plastic materials for small deformations,

plastic strain is commonly defined as the difference between total strain and

elastic strain. The plastic strain at a material point is then equal to the value

of the total strain when the stress is zero at that point. If a homogeneous

material is subject to applied loads and body forces, the stress can be reduced

to zero throughout the body by removing these applied loads and body forces.

Therefore, this leads to the attempt to define plastic strain in terms of an

intermediate stress-free configuration.

The multiplicative decomposition of the deformation gradient in elasto-

plasticity is based on an intermediate material configuration as given in Fig.

1.1. The intermediate configuration is obtained by an elastic unloading of the
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Figure 1.1: Kinematic setting for multiplicative plasticity. The Lagrangean

configuration B bounded by ∂B and the Eulerian configuration S bounded by

∂S are considered to be differentiable manifolds. The tangent map F = ∇ϕ
with det[F] > 0 is multiplicatively decomposed into a plastic part Fp and an

elastic part Fe according to Fe := F(Fp)−1. This introduces a local incompatible

intermediate configuration B̄.

Eulerian configuration, which results in a destressing to zero stress. It differs

from the Lagrangean configuration by the plastic deformation, and from the

Eulerian configuration by the reversible elastic deformation. This possibility

of modelling was introduced by Kröner [40] and employed in phenomenological

finite deformation elasto-plasticity by Lee [43]. The decomposition received

great attention in phenomenological theory of elasto-plasticity. Here, Nemat-

Nasser [66], Needleman [65], Simo & Ortiz [81], Dafalias [22, 23], Simo &

Miehe [80] and Lubarda [48] are given representatively as references. The mul-

tiplicative decomposition was subsequently extended and successfully applied to

the elastic-plastic deformation of single crystals, where the plastic deformation is
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solely depicted by the crystallographic slip. Furthermore, single crystal plasticity

can be conveniently described by the multiplicative approach and denotes a

strong argument for utilisation. The plastic part of the deformation gradient

accounts for the plastic flow on crystallographic planes that leaves the lattice

structure unaltered, while the elastic part describes the reversible distortion and

rigid body rotations of the lattice. Representative references are Asaro & Rice

[4], Havner [37], Gurtin [34] and Miehe & Schotte [62].

The multiplicative approach has some drawbacks. Firstly, the only possibility

to destress a material point without changing plastic strain is to return to the

origin in the stress space enclosed by a yield surface as mentioned by Naghdi

[63]. This denotes a serious limitation for a general plasticity theory, because

the yield surface may move about in stress space as a consequence of the

deformation of the material. However, this reduction is of minor interest for

metals for instance due to commonly assumed isotropic and kinematic hardening

laws. The latter, responsible for Bauschinger effect, has to be accordingly

chosen. Nevertheless, this is a restriction to constitutive equations. Secondly, the

decomposed parts of the deformation gradient are not uniquely defined, because

the intermediate configuration is not unique. Arbitrary local material rotations

can be superposed to the intermediate configuration preserving it unstressed.

This was topic of a rigorous discussion in literature on the invariance of variables

characterizing plastic strain, where Lubarda & Lee [49] and Casey & Naghdi

[16] are given representatively as references. It can be reduced to two contrary

opinions. The first opinion takes some assumptions on the invariance of Fp and

Fe, which leads to restricted models. This can be achieved for isotropic materials

by requiring that the elastic unloading takes place without rotation, which results

in a unique intermediate configuration. However, that implies that Fe has to be

equal to the stretch tensor and thus a symmetric positive definite tensor. Which

is in contrast to the opinion that the intermediate configuration has to be locally

just another configuration subject to exactly the same invariance requirements as

any other possible configuration.

1.2.2 Additive approach

In the context of classical continuum mechanics the deformation gradient is a

purely kinematical quantity. Various employed measures for elastic strain are

dependent on the deformation gradient, therefore, kinematical quantities as well.

On the contrary, the plastic strain is not entirely a kinematical quantity. The

unloading from an existing elastic-plastic state has a crucial influence on its

identification. Therefore, it appears to be meaningful to introduce the notion of

plastic strain as a primitive variable as given in Fig. 1.2 instead of decomposing

the deformation gradient. This draws the conclusion to introduce plastic strain
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represented by a symmetric second-order tensor Ep to finite plasticity and define

its rate by an appropriate constitutive equation. This was suggested by Green &

Naghdi [31, 32]. Following work is representatively given by Green & Naghdi

[33], Naghdi & Trapp [64], Casey & Naghdi [15] and Papadopoulos & Lu [68].
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Figure 1.2: Kinematic setting for additive plasticity. The Lagrangean config-

uration B bounded by ∂B and the Eulerian configuration S bounded by ∂S
are considered to be differentiable manifolds. The nonlinear deformation map

ϕ maps at time t a material point position X ∈ B onto a spatial position

x = ϕ (X, t) ∈ S. The local deformation gradient F = ∇ϕ with det[F] > 0 maps

tangent vectors of material curves onto tangent vectors of deformed material

curves via dx = FdX. The Lagrangean plastic strain Ep and its Eulerian

counterpart ep are measures for plastic deformation.

This assumption is general enough to form the basis for modelling a wide

spectrum of elastic-plastic materials. However, due to the focusing on special

material classes and the development of single crystal plasticity, which supports

the multiplicative decomposition by physical considerations, the more general

additive approach falls behind.

A recent development in this theory has been made by Miehe [56]. The

notion of a plastic metric is introduced in the Lagrangean configuration, which

is in line with the plastic strain Ep. Furthermore, a logarithmic strain measure

is introduced in additive approach to coincide numerical results with commonly

accepted multiplicative approach as shown for example in Miehe & Apel [58].

This theory imposes no restriction on initial material symmetry, therefore

denotes a convenient way to describe anisotropy in a unified manner. Recent

publications dealing with anisotropy effects in mechanical problems using addi-

tive descriptions are examined in Miehe [56], Papadopoulos & Lu [69], Miehe et

al. [59], Schröder et al. [76], Lu & Papadopoulos [47] and Schmidt [74].

1.2.3 Remark on multiplicative approach

The Eulerian rate version of theory is preferred in literature. This can be

traced back to the first attempts of an extension of Prandtl-Reuß theory to finite
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deformation, even when there is no physical reason to persist on the Eulerian

formulation.

Some authors begin their theoretical derivation instead of an a priori

decomposition of the deformation gradient into F = FeFp by considering the

decomposition of the spatial velocity gradient L or rate of deformation tensor

D into additive elastic and plastic parts as L = Le + Lp and D = De + Dp,

respectively. Subsequently, they prescribe a constitutive equation for Dp for

instance which is proportional to an objective rate of the Cauchy stress. There

is no agreement on the choice of this objective rate, on the contrary, various

schools raised different choices of rates. As references are representatively

given Dienes [24], Lee et al. [45], Nemat-Nasser [67] and Xiao et al. [87].

However, this procedure has the advantage to derive Fp out of Dp and therefore

circumvent the problems with an a priori decomposition of the deformation

gradient. Nevertheless, the additive decomposition of D has to be argued as well.

Furthermore, these decompositions imply an arbitrariness of the decomposition.

If L = Le + Lp is considered, it is not possible to define L = ḞF−1, while setting

Le = Ḟe(Fe)−1 and Lp = Ḟp(Fp)−1 the same time. This is strongly dependent on

the employed objective rate.

This decomposition can be seen as an attempt of generalization of the

corresponding expressions in infinitesimal plasticity. The expression D = De+Dp

would be identical in infinitesimal theory to the rate of additively decomposed

Green-Lagrange strain according to Ė = Ėe + Ėp. The rate of Green-Lagrange

strain Ė = FT DF. Compare also Naghdi [63] for comments in this subsection.

1.3 Motivation

The following work employs the additive decomposition of a strain measure as

proposed in Green & Naghdi [31] to coupled thermo-mechanical problems oc-

curring in sheet-metal forming processes. This thesis can be seen as an extension

to plasticity models for isothermal problems published by Papadopoulos & Lu

[69] and Miehe et al. [59] to coupled thermo-mechanical problems. Mentioned

plasticity models are capable of describing anisotropic plastic behaviour for

initially given anisotropy axes. Therefore, to circumvent known problems about

anisotropy axes and the intermediate configuration in multiplicative plasticity,

the additive approach is applied by defining these initially given anisotropy axes

in Lagrangean configuration.

Besides, the author shares the vision of P. M. Naghdi of deriving a compre-

hensive model of plasticity covering a general class of materials, initial material

anisotropy, general constitutive functions and which is valid for all possible

motions as discussed in [63]. Naghdi believed to find this in the additive
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approach to plasticity.

Finally, a brief summary of advantages and disadvantages of the additive

approach compared to the multiplicative approach from the point of view of the

author is given. The advantages can be summarized as follows. The theoretical

structure is simpler than in models using a multiplicative decomposition of

deformation gradient. Furthermore, the additive approach exhibits a modular

structure of the constitutive model. The interface to this model denotes the

deformation gradient, while stress and tangent modulus can be obtained as the

output. In contrast to that, the multiplicative approach has a deep impact on

the structure of the model due to the decomposition of deformation gradient.

Moreover, the additive approach does not have theoretical problems as occurring

in the multiplicative approach by introducing an intermediate configuration. This

intermediate configuration is not unique and may cause problems by defining

axes of anisotropy, which is circumvented by using the additive approach.

There are many additive plasticity models employing different strain measures,

however, the focus is laid on a logarithmic strain measure in the following. The

disadvantages include a missing physical motivation as given by crystal plasticity

for example, which supports the well accepted multiplicative decomposition

of deformation gradient. If logarithmic strain measures are employed, the

transformation to logarithmic space is very cumbersome and time consuming.
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Chapter 2

Fundamentals of continuum

mechanics

This chapter introduces briefly the continuum mechanical background and

notation of this work. The emphasis is drawn on the employed tensorial

formulation and depicts an excerpt to the description of continuum mechanics.

See classical text books on continuum mechanics for instance Truesdell & Noll

[85], Malvern [52], Marsden & Hughes [54] and Bonet & Wood [11] for a full

treatment. Firstly, finite kinematics of a continuum is outlined. Starting with the

motion of a body, the deformation gradient, metric tensors and strain measures

are introduced. This is followed by a polar decomposition and the definition

of the distortional component of the deformation gradient. Then, the notion of

stress and heat flux is given. Finally, balance equations are presented followed

by the description of constitutive equations.

2.1 Motion

The body under consideration is imagined as being an assemblage of material

particles that are described by the coordinates X at their initial positions at

time t = 0 with respect to a global coordinate basis. The configuration of this

assemblage is called the material or Lagrangean configuration. If this body is

under time-dependent body and surface loads, it will deform accordingly. The

current positions at t , 0 of these particles are located by the coordinates x with

respect to a global Cartesian basis. The configuration of the assemblage at time

t is called the current or Eulerian configuration. See Fig. 2.1 for mentioned

configurations.

The motion or trajectory of a particle as a function of time between the initial

11
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and current particle position is described as:

x = ϕ(X, t). (2.1)
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Figure 2.1: Kinematic setting of the continuum. The Lagrangean configurationB
bounded by ∂B and the Eulerian configuration S bounded by ∂S are considered

to be differentiable manifolds. The nonlinear deformation map ϕmaps at time t a

material point position X ∈ B onto a spatial position x = ϕ (X, t) ∈ S. The local

deformation gradient F = ∇ϕ with det[F] > 0 maps tangent vectors of material

curves onto tangent vectors of deformed material curves via dx = FdX.

Quantities under consideration can be given in a Lagrangean or Eulerian

description. Density, stresses and strains for instance can be described in terms

of where the body was before deformation or where it is during deformation.

The former is called a material or Lagrangean description, the latter is called a

spatial or Eulerian description. A Lagrangean description refers to the behaviour

of a material particle, therefore, it is the common approach in solid mechanics.

A Eulerian description refers to the behaviour at a spatial position, therefore, it

denotes the common approach in fluid mechanics.

2.2 Deformation gradient and metric

The deformation gradient tensor F enables the description of the relative spatial

position of two neighbouring particles after deformation with their relative

material position before deformation. Hence, it is the central description of

kinematics and crucial in definition of strain measures. Define the deformation

gradient tensor as:

F =
∂ϕ

∂X
= ∇ϕ. (2.2)

It is said to be a two-point tensor denoting its nature as part of both Lagrangean

and Eulerian configuration. If the motion is expressed as x = x(X, t), the

deformation gradient tensor can be given as commonly written:

F =
∂x

∂X
. (2.3)
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Note that F transforms tangent vectors of curves in the initial or reference

configuration onto tangent vectors of deformed curves in the current config-

uration. Mentioned tangent vectors form a natural covariant basis in tangent

space of the initial and current configuration. This basis can be transformed

to a contravariant basis in cotangent space. Covariant and contravariant base

vectors can be taken to define metric tensors. G gives the material or Lagrangean

metric tensor and g denotes the spatial or Eulerian metric tensor. Metric tensors

describe geometry of considered space. If the description is based on a Cartesian

coordinate system, then the covariant and contravariant bases equal each other.

See Malvern [52] for a detailed treatment.

2.3 Strain

This section presents some fundamental strain measures. Define C as the right

Cauchy-Green deformation tensor, which is given in terms of the deformation

gradient F:

C = FT gF. (2.4)

Alternatively, define the left Cauchy-Green deformation tensor or Finger tensor:

b = FG−1FT . (2.5)

Furthermore, take the Green-Lagrange strain tensor in Lagrangean configuration:

Ẽ =
1

2
(C −G). (2.6)

The Green-Lagrange strain tensor is commonly denoted as E, however, this

variable is used for a different strain measure later on.

Moreover, define the Euler-Almansi strain tensor in Eulerian configuration:

e =
1

2
(g − b−1). (2.7)

Based on (2.6), Seth [78] and Hill [38] defined a class of generalized strain

measures:

Em(C) =






1
m

(Cm/2 −Gm/2) : ∀m , 0
1
2

ln[C] : m = 0
, (2.8)

with m ∈ R. Choose m=2 to yield the classical Green-Lagrange strain tensor,

m=1 for the Biot strain tensor and m=0 for the Hencky strain tensor.
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2.4 Polar decomposition

The deformation gradient tensor F can be decomposed into stretch and rotation

components in two standard procedures. F transforms a material vector dX onto

the corresponding spatial vector dx.

In the first procedure, the tensor F is given as the product of a rotation tensor

R and a stretch tensor U for a polar decomposition as:

F = RU. (2.9)

Concerning a material vector, this can be seen as a stretching in material config-

uration first, followed by a rotation into the spatial configuration. Evaluation of

these tensors needs the definition of the right Cauchy-Green deformation tensor:

C = FT F = UT RT RU; (2.10)

where C is given in a Cartesian coordinate system with g = I. Define R as an

orthogonal rotation tensor with RT R = I and choose U to be a symmetric tensor.

This gives a unique definition of the material stretch tensor U in terms of C as:

C = U2 = UU. (2.11)

The determination of U needs the evaluation of the principal directions of C

denoted by the eigenvectors Na and their corresponding eigenvalues λ2
a for a =

1, 2, 3. This enables C to be expressed in a spectral decomposition as:

C =

3∑

a=1

λ2
aNa ⊗ Na. (2.12)

The material stretch tensor U can be obtained by combining (2.11) and (2.12):

U =

3∑

a=1

λaNa ⊗ Na. (2.13)

The rotation tensor R can be evaluated from (2.9) as R = FU−1.

In the second procedure, the polar decomposition of the tensor F is given as

the product of a stretch tensor V followed by a rotation tensor R:

F = VR. (2.14)

This can now be interpreted as a rotating of a material vector to the spatial

configuration followed by a stretching. It is possible to perform the same

operations as before with the finger tensor b and the spatial stretch tensor V.

However, the spatial stretch tensor V can be easily obtained in terms of U by

combining (2.9) and (2.14):

V = RURT . (2.15)

As can be seen in (2.15) the rotation tensor R stays the same in both procedures.
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2.5 Distortional component of deformation

gradient

Incompressible and nearly incompressible materials demand a separation into

a volumetric component and a distortional or isochoric component of the

deformation. This yields a separation of the deformation gradient tensor as the

main measure in deformation. For that, ensure that the distortional component F̂

of the deformation gradient does not imply any change in volume. Accepting that

the determinant of the deformation gradient tensor gives the ratio of the deformed

to the undeformed volume, the determinant of F̂ has to satisfy det[F̂] = 1.

Choose F̂ with det[F] = J as

F̂ = J−1/3F (2.16)

to achieve this condition. Due to the importance of the deformation gradient for

strain measures, similar decompositions can be obtained for those as well. The

distortional component of the right Cauchy-Green deformation tensor Ĉ reads

as:

Ĉ = F̂T F̂ = (det[C])−1/3C with det[C] = J2. (2.17)

2.6 Stress

This section introduces the notion of stress. For that, consider a general

deformable body at its current position at time t. Cut it into two pieces according

to Fig. 2.2 and replace the mechanical action of one piece to the other by the

surface traction t. Think of a point given by x in the cut surface located in an

area element ∆a. If the resultant force on this area is ∆f, the traction t follows as

limiting value:

t(x, t) = lim
∆a→0

∆f

∆a
=

df

da
. (2.18)

Cauchy’s theorem brings a distinct relationship between the traction vector t and

the Cauchy stress tensor σ in a point x on the cut surface:

t(x, t,n) = σ(x, t)n; (2.19)

where n denotes the normal of the area element da in x pointing outward of

surface. This classical formulation needs t and n to be defined as column vectors.

Several stress measures can be defined now. In the context of finite

deformations, σ relates the actual force to the actual deformed area element,

therefore, it is also denoted as the true stress. Furthermore, the stress tensor

τ = Jσ with J = det[F] is called the Kirchhoff stress tensor. The nominal

stress tensor or First Piola Kirchhoff stress tensor P relates the actual force to
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q
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x2
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Figure 2.2: Traction and heat flux vector. Cut-off part of body S at time t.

Surface traction vector t and Cauchy heat flux vector q in area element da in

cut surface with normal vector n pointing outward of surface.

the undeformed area element dA. Nanson’s formula dan = JF−T dAN, where dA

and N are Lagrangean counterparts to da and n, leads to the alternative Cauchy

theorem by insertion into (2.19):

T̃ = PN with P = τF−T and T̃ =
da

dA
t. (2.20)

Finally, the Second Piola Kirchhoff stress tensor S is introduced. It relates the

Lagrangean counterpart of the actual force to the undeformed area element dA.

Therefore, it is the Lagrangean counterpart of τ and is obtained by the pull-back

operation:

S = F−1
τF−T . (2.21)

Note that this tensor is a purely geometrical construct. It has almost no physical

interpretation, however, it is useful for the formulation of constitutive models.

See Fig. 2.3 for a summary of mentioned stress tensors.

2.7 Heat flux

This section introduces the notion of heat flux. For that, consider again a general

deformable body at its current position at time t. Cut it into two pieces according

to Fig. 2.2 and replace the thermal action of one piece to the other by the scalar

heat flux field h. Think of a point given by x in the cut surface located in an

area element da with normal n pointing outward of the surface. Stokes’ theorem
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Figure 2.3: Definition of stress tensors. TXB is the tangent and T ∗
X
B the co-

tangent space of the Lagrangean configuration B at X ∈ B. Analogous, TxS and

T ∗xS denote spaces in the Eulerian configuration S = ϕ {B, t}. The Second Piola

Kirchhoff stress S, First Piola Kirchhoff stress P, Kirchhoff stress τ and Cauchy

stress σ are visualised.

brings a distinct relationship between the heat flux h and the Cauchy heat flux

vector q in a point x on cut surface:

h(x, t,n) = qT (x, t)n. (2.22)

Furthermore, note that all vectors are defined again as column vectors. The

Lagrangean counterpart of q demands

∫

∂S

qT nda =

∫

∂B

QT NdA. (2.23)

Insert Nanson’s formula dan = JF−T dAN into (2.23) and observe for the

Lagrangean heat flux vector Q := JF−1q.

2.8 Balance equations

This section gives the governing balance equations. It is tried to present the main

results as briefly as possible for upcoming Lagrangean formulation. See Malvern

[52] for a detailed description of these general principles.

Balance laws and the entropy inequality are universal in the sense of that they

are not restricted to certain classes of materials. Moreover, they are isotropic and

homogeneous which corresponds to isotropy and homogeneity of physical space.

In contrast to that, constitutive equations describe special material classes which

may be anisotropic and inhomogeneous.
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Conservation of mass

The Lagrangean formulation of the conservation of mass can be written as:

∂ρ0

∂t
= 0; (2.24)

with ρ0 as the Lagrangean density of mass.

Balance of linear momentum

The local balance of linear momentum in quasi-static equilibrium yields:

DIV [P] + ρ0γ̃ = 0; (2.25)

with First Piola Kirchhoff stress tensor P, ρ0 as the Lagrangean density of mass

and the body force γ̃ per mass.

Balance of angular momentum

Balance of angular momentum yields:

σ = σT , S = ST and PFT = FPT ; (2.26)

with Cauchy stress tensorσ, Second Piola Kirchhoff stress tensor S = JF−1
σF−T ,

First Piola Kirchhoff stress tensor P and deformation gradient F with J = det[F].

First law of thermodynamics (Balance of internal energy)

The total energy E can be additively split up into the kinetic energy K and

internal energy U as E = K + U. The kinetic energy denotes the energy

with macroscopically observable velocity of the continuum, whereas the internal

energy includes the thermal motion of atoms, the stored elastic energy and

possibly other forms of energy not specified explicitly.

The local balance of internal energy per unit reference volume in Lagrangean

setting reads as:

U̇ = P − DIV[Q] + R. (2.27)

See Malvern [52] for the derivation. Where P denotes the stress power, Q the

Lagrangean heat flux vector and R the distributed internal heat source per unit

reference volume.
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Second law of thermodynamics

The entropy is regarded as a state function for a thermo-mechanical system,

which describes randomness and disorder on microscopic level, and determines

the direction of thermodynamical processes.

The Clausius-Duhem inequality is an often referred to formulation of the

second law of thermodynamics in continuum mechanics:

Dint +Dcond := P + θη̇ − U̇
︸        ︷︷        ︸

θγloc

−GRAD[θ]

θ
Q

︸           ︷︷           ︸

θγcond

≥ 0.
(2.28)

Dint describes the local internal dissipation and γloc the local entropy production.

P denotes the stress power, θ the absolute temperature, η̇ the rate of entropy

and U̇ the rate of internal energy per unit reference volume. Dcond denotes the

dissipation due to heat conduction, γcond the entropy production by conduction

of heat and Q the Lagrangean heat flux vector. Thus, the internal and conductive

dissipation are non-decreasing functions in time as given in Truesdell & Noll

[85] and Malvern [52].

2.9 Constitutive equations

Constitutive equations in the context of standard dissipative materials as intro-

duced by works of Biot [8], Germain [29] and Halphen & Nguyen [36] are

employed in this thesis. Their constitutive behaviour is governed by two scalar-

valued potentials: a thermodynamic potential and a dissipation potential. These

potentials described by tensor functions are not arbitrary and hence restricted by

fundamental principles as listed in Malvern [52] for instance.

Two principles, which are of crucial importance for this work, are introduced

briefly. Firstly, the principle of frame invariance or material objectivity. Sec-

ondly, material symmetry restrictions on constitutive equations. As a reference

to the latter a comprehensive work on crystallography edited by Hahn [35] is

given.

Material frame-indifference

Constitutive functions have to be invariant under changes of the reference frame.

Hence, from two different observation points with relative motion with respect to

each other, the same state of stress at a local position in a body has to be observed

in classical mechanics.

The principle of material frame-indifference demands that the reversible

free energy function ψ is independent of the chosen reference frame. This
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thermodynamic potential is dependent on the deformation, hence, on the

deformation gradient F. Thus, if two arbitrary Cartesian systems are linked with

an orthogonal rotation tensor Q, following has to be satisfied:

ψ(F) = ψ(QF). (2.29)

The free energy function has to be invariant with respect to superimposed

rigid body motions. This is commonly satisfied by assuming a dependence on an

invariant measure. The right Cauchy-Green deformation tensor with

C = FT F = FT QT QF (2.30)

is adequate due to QT Q = I. Thermodynamic potentials which satisfies the

principle of material objectivity are a priori denoted as reduced forms. These

functions are often formulated in terms of strain tensors of the Seth-Hill family

as given in (2.8).

Material symmetry

Take a body made of a material with transverse isotropic behaviour. Hence,

the material has a preferred direction and is furthermore described by a free

energy function ψ depending on the right Cauchy-Green deformation tensor. If

this material is subject to loading, the amount of this free energy depends on the

deformation which is furthermore strongly dependent on the material orientation.

Consider two alignments of the mentioned material in the body subject to

loading. The first alignment can be transformed to the second alignment by

an orthogonal rotation tensor Q. So, the geometry of the body and the loading in

the two sets do not change, but the material orientation is different. In general,

following behaviour will be observed:

ψ(C) , ψ(QCQT ). (2.31)

The stored energies will differ. This draws the conclusion that there might be

transformations, where the stored energies equal each other.

A material symmetry group G is defined. For that, assume a set of orthogonal

transformations Q ∈ G, which leaves the free energy invariant. Then:

ψ (C) = ψ
(

QCQT
)

∀Q ∈ G,
ψ (C) , ψ

(

QCQT
)

∀Q < G.
(2.32)

Transformations which are elements of the material symmetry group G result in

an invariance of the tensor function ψ, whereas, the remaining transformations

cause different amounts of ψ.



Chapter 3

Finite shell element implementation

This chapter gives an eight-node brick-type finite shell element design based on

assumed-additively enhanced strain modifications as given in Miehe & Schotte

[62] and Miehe & Apel [58]. Similar approaches can be found in Betsch [6],

Seifert [77] and Klinkel et al. [39]. The brick-type shell element is parameterized

in terms of the displacements of the nodes located at the top and bottom surface

of shell as firstly proposed by Schoop [75] and Kühhorn & Schoop [41].

The chapter is organised as follows: First, a brief overview of shell

formulations is presented. Then, the employed parameterization of the shell-

like continuum is given, followed by a discretization in finite element method.

Next, strain modification strategies to prevent locking phenomena are described:

assumed strain modifications and additively enhanced strain modifications.

Finally, a modified deformation gradient due to the strain modifications is

regenerated as the interface to strain-driven constitutive algorithms.

3.1 Shell formulations

There are several possible formulations for the description of shells when a finite

element implementation is concerned. Compare also Wriggers [86] for a deeper

discussion and references to described formulations.

Firstly, the classical approach by defining a middle surface and a shell

director in thickness direction in combination with a shell theory. The employed

shell theory may be the Kirchhoff-Love plate theory, where the plate fibres are

inextensible and remain normal to the reference surface. The complete local

stress tensor cannot be computed from a constitutive expression. The transverse

shear stresses and the normal stress in the fibre direction have to be computed

from additional equilibrium considerations. Moreover, this shell theory needs

C1-continuous finite element interpolation. The Reissner-Mindlin plate theory

drops the normal hypothesis of shell directors, however, the plate fibres are still

21
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inextensible. This allows C0-continuous finite element interpolation, but the

complete local state of stress cannot be computed either from the constitutive

expressions due to zero strain in fibre direction.

Secondly, the so called degenerated concepts. These concepts use the

equations of three-dimensional solids, however, they introduce shell kinematics

on the finite element discretization level. So, next to kinematical assumptions,

no shell theory is needed to discretize a shell continuum.

Thirdly, concepts without definition of a midsurface. This approach locates

nodes at the upper and lower side of a shell continuum, which is identical to

elements in three-dimensional continuum analysis. The third approach does

not need any assumptions in terms of stress. For complex phenomenological

material response a well defined intersection to three-dimensional local constitu-

tive stress functions is preferable, classical approaches are hence inappropriate.

However, it is well known that this class of elements show very poor performance

in thin shells. Hence, occurring locking effects have to be remedied. A possible

method is given in the following sections.

3.2 Parameterization of the shell-like continuum

The shell is considered as a standard continuum, where the thickness dimension

is small in comparison to its other dimensions. The shell continuum can be

formulated in the Lagrangean and Eulerian configuration. Furthermore, the con-

tinuum can be described in a parameter configuration by curvilinear coordinates

X̄i for i = 1, 2, 3. There, the continuum is described by the coordinates X̄1 and

X̄2 for the shell surface and X̄3 along the shell fibre. Furthermore, this allows

a description in the Lagrangean configuration as X = X(X̄) and in the Eulerian

configuration as x = x(X̄, t). Fig. 3.1 gives a visualization of configurations.

The Lagrangean metric G and the Eulerian metric g can be transformed to

the parameter configuration by comparing with Fig. 3.1 as:

Ḡ := JT GJ and C̄ := jT gj. (3.1)

The local state of stress is commonly derived by the consideration of a

hyperelastic material which is governed by a thermodynamic potential. This

thermodynamic potential can be defined in terms of an objective strain tensor.

Furthermore, when dealing with enhanced and assumed strain modifications like

in the following, it is of advantage to define this strain measure in the parameter

configuration. A classical objective strain measure is the Green-Lagrange tensor

Ē at X̄ in parameter configuration defined as:

Ē :=
1

2
[C̄ − Ḡ]. (3.2)
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Figure 3.1: Geometry of a shell. Points X = X(X̄) of the Lagrangean configura-

tion B and their Eulerian counterparts x = x(X̄, t) in the Eulerian configuration

are parameterized with the coordinates X̄ of the parameter configuration B̄ of

the shell. The associated linear tangent maps are given as J = ∂X̄X and

j = ∂X̄x. Hence, the deformation gradient is composed as F := jJ−1. The local

deformation of the shell-like continuum reads as ϕ = x ◦ X−1.

For the discretization of the shell continuum, it is divided into non-overlapping

elements of finite size as in classical finite element method. Furthermore, brick

elements are used, which results in a location of nodes at the bottom and top

surface of the shell. Fig. 3.2 gives one element in the parameter space as a

bi-unit cube of a single eight-node brick-type shell element.

Using a classical iso-parametric concept, the interpolations of the geometry

of the elements in the Lagrangean and Eulerian configuration are given by:

X =

8∑

I=1

N I(X̄1, X̄2, X̄3)XI and x =

8∑

I=1

N I(X̄1, X̄2, X̄3)xI . (3.3)

The quantities XI and xI depict the nodal coordinates in the Lagrangean and

Eulerian configuration, respectively. Furthermore, standard tri-linear shape

functions are taken for the interpolation:

N I(X̄1, X̄2, X̄3) =
1

8
(1 + X̄1X̄I

1)(1 + X̄2X̄I
2)(1 + X̄3X̄I

3). (3.4)

X̄I
j for j = 1, 2, 3 gives the nodal position in the bi-unit cube of the parameter

configuration. Where, X̄I
3

is associated with the thickness direction of the shell.

Based on the interpolations in (3.3) the discretized Jacobians as given in Fig.

3.1 are obtained as:

J =

8∑

I=1

XI ⊗ ∂X̄N I and j =

8∑

I=1

xI ⊗ ∂X̄N I . (3.5)
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X̄3

X̄2

X̄1

Figure 3.2: Parameter configuration of the shell element. Nodes of the element

are settled at corners of bi-unit cube. Coordinates X̄1 and X̄2 are correlated to

shell surface, X̄3 is associated to thickness direction. The four assumed strain

points for the thickness strain interpolation according to Dvorkin & Bathe are

marked with squares, the four assumed strain points for the transverse shear

strain interpolation according to Betsch & Stein are marked with circles.

This allows the computation of the discretized Lagrangean and Eulerian metrics

transformed to the parameter configuration as given in (3.1).

In the following, some tensorial quantities are given, which derive in the

finite element discretization. These have to be introduced, because they are

subject to modifications later on. The discrete formulations of the variation and

linearization of this variation of the Eulerian metric tensor transformed to the

parameter configuration are:

1

2
δC̄i j =

1

2

8∑

I=1

3∑

a=1

δua
I [N I

,ija j + N I
, jjai] =:

8∑

I=1

3∑

a=1

δua
I B̄I

(i j)a,

∆(
1

2
δC̄i j)S̄

i j =
1

2

8∑

I,J=1

3∑

a,b=1

δua
I [N I

i N J
j + N I

j N
J
i ]S̄i jδab∆ub

J

=:

8∑

I,J=1

3∑

a,b=1

δua
I ḠIJ

(i j)S̄
i jδab∆ub

J.

(3.6)

The matrices B̄ and Ḡ are defined as:

B̄I
(i j)a :=

1

2
[N I

,ija j + N I
, jjai] and ḠIJ

(i j) :=
1

2
[N I

i N J
j + N I

j N
J
i ]; (3.7)

where ua
I

denotes the displacement in coordinate direction a for node I of the
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element and S̄ depicts the Second Piola Kirchhoff stress transformed to the

parameter configuration.

3.3 Assumed strain modifications

Assumed strain modifications were first introduced by Dvorkin & Bathe [25]

and Bathe & Dvorkin [5] to avoid locking effects due to parasitic shear strains.

Betsch & Stein [7] extended this method to avoid locking caused by parasitic

thickness strains.

The strains mentioned above are associated with the coordinates Ḡ13 , Ḡ23

and Ḡ33 of the Lagrangean and with C̄13 , C̄23 and C̄33 of the Eulerian metric

transformed to the parameter configuration as given in (3.1). The assumed strain

interpolations are introduced as follows:

Ḡass
33 (X̄1, X̄2) =

4∑

P=1

1

4
(1 + X̄1X̄P

1 )(1 + X̄2X̄P
2 )ḠP

33,

Ḡass
13 (X̄2) =

6∑

P=5

1

2
(1 + X̄2X̄P

2 )ḠP
13, Ḡass

23 (X̄1) =

8∑

P=7

1

2
(1 + X̄1X̄P

1 )ḠP
23,

C̄ass
33 (X̄1, X̄2) =

4∑

P=1

1

4
(1 + X̄1X̄P

1 )(1 + X̄2X̄P
2 )C̄P

33,

C̄ass
13 (X̄2) =

6∑

P=5

1

2
(1 + X̄2X̄P

2 )C̄P
13, C̄ass

23 (X̄1) =

8∑

P=7

1

2
(1 + X̄1X̄P

1 )C̄P
23.

(3.8)

ḠP
i j and C̄P

i j for i j = 33, 13, 23 give the Lagrangean and Eulerian metric

transformed to the parameter configuration evaluated at according point position

P in the bi-unit cube of the parameter configuration.

In the bi-unit cube of the element in the parameter configuration of Fig. 3.2

the assumed strain points P = 1, ..., 4 of the Betsch-Stein approach are located in

the corners of an imaginary midsurface. They have the coordinates

(−1,−1, 0), (+1,−1, 0), (+1,+1, 0) and (−1,+1, 0). (3.9)

The assumed strain points P = 5, ..., 8 of the Dvorkin-Bathe approach are

set at the centres of the edges of the imaginary midsurface. They have the

coordinates

(0,−1, 0), (0,+1, 0), (−1, 0, 0) and (1, 0, 0). (3.10)
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The assumed strains of (3.8) replace the associated values of the Lagrangean

and Eulerian metric transformed to the parameter configuration. This yields:

C̄A =





C̄11 C̄12 C̄ass
13

C̄21 C̄22 C̄ass
23

C̄ass
31

C̄ass
32

C̄ass
33




and ḠA =





Ḡ11 Ḡ12 Ḡass
13

Ḡ21 Ḡ22 Ḡass
23

Ḡass
31

Ḡass
32

Ḡass
33




; (3.11)

where C̄A and ḠA denote the modified assumed metric tensors. These modifica-

tions have an impact on the B̄ and Ḡ matrices. The modified positions for the B̄

matrix are:

B̄I
(33)a(X̄1, X̄2) =

4∑

P=1

1

4
(1 + X̄1X̄P

1 )(1 + X̄2X̄P
2 )B̄IP

(33)a,

B̄I
(13)a(X̄2) =

6∑

P=5

1

2
(1 + X̄2X̄P

2 )B̄IP
(13)a, B̄I

(23)a(X̄1) =

8∑

P=7

1

2
(1 + X̄1X̄P

1 )B̄IP
(23)a.

(3.12)

The corresponding positions for the Ḡ matrix are:

ḠIJ
(33)(X̄1, X̄2) =

4∑

P=1

1

4
(1 + X̄1X̄P

1 )(1 + X̄2X̄P
2 )ḠIJP

(33),

ḠIJ
(13)(X̄2) =

6∑

P=5

1

2
(1 + X̄2X̄P

2 )ḠIJP
(13), ḠIJ

(23)(X̄1) =

8∑

P=7

1

2
(1 + X̄1X̄P

1 )ḠIJP
(23).

(3.13)

B̄IP
(i j)a

and ḠIJP
(i j)

for i j = 33, 13, 23 give position of B̄I
(i j)a

and ḠIJ
(i j)

evaluated at

according point position P in the bi-unit cube of the parameter configuration.

3.4 Additively enhanced strain modifications

The additively enhanced strain modifications alter the Green-Lagrange strain

transformed to the parameter configuration as defined in (3.2). A similar

approach can be found by Simo & Rifai [82] for continuum elements for small

strains. In the proposed enhancement for a brick-type shell element design, the

assumed Eulerian metric transformed to the parameter configuration as given in

(3.11) is enlarged by an element-wise incompatible contribution C̄E as proposed

by Seifert [77] to obtain

C̄mod = C̄A + C̄E. (3.14)



3.4. ADDITIVELY ENHANCED STRAIN MODIFICATIONS 27

C̄mod is the assumed enhanced Eulerian metric tensor transformed to parameter

configuration. C̄E takes following shape:

1

2
C̄E = B̄Ea; (3.15)

where B̄E denotes a matrix of shape functions that governs the enhanced

contributions and a the vector of internal element parameters:

a = [α1 α2 α3 α4 α5]T . (3.16)

For the determination of C̄E the matrix B̄E has to be set up. First, assume the

particular interpolation ansatz in the parameter configuration:

C̄∗E =





X̄1α1 X̄1α4 + X̄2α5 0

X̄1α4 + X̄2α5 X̄2α2 0

0 0 X̄3α3




. (3.17)

As can be seen, the five internal element parameters αi for i = 1, ..., 5 are placed

accordingly to govern the incompatible modes which enhance membrane and

thickness strains. The incompatible membrane shapes follow the classical works

of Taylor et al. [84] and Simo & Rifai [82]. The incompatible thickness shape

is taken from Büchter & Ramm [13]. The formulation of C̄∗E has to satisfy the

condition ∫

B̄

C̄∗EdB̄ = 0; (3.18)

where B̄ depicts the space of the parameter configuration. This can be seen

as a condition that the additional modes, which are artificial and do not exist

evidently, vanish in an integral over the considered space.

The patch test has to be passed, which requires that a regular and distorted

mesh give the same results. In order to satisfy this test, Simo & Rifai [82]

suggested a transformation for (3.17) of the form CE = (J0/J)J−T
0

C̄∗EJ−1
0

from

the parameter to the Lagrangean configuration. This yields the modification CE

relative to the Lagrangean configuration, where J = det[J] and the subscript

“0” indicates the evaluation of J at the center of the element at X̄ = (0, 0, 0).

Finally, the proposed ansatz has to be pulled back again from the Lagrangean to

the parameter configuration:

1

2
C̄E =

1

2

J0

J
(JT J−T

0 )C̄∗E(J−1
0 J) =: B̄Ea. (3.19)

Furthermore, that gives the definition of the enhanced matrix B̄E. Note that in

contrast to classic B-matrices, which evolve to be four dimensional arrays, B̄E

only exist in the two-dimensional representation. Hence, equations have to be

transformed from index notation to matrix notation at that point.
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Variational formulation

The problem is considered as a variational formulation which leads to a Hu-

Washizu-type three-field variational formulation. This formulation shows a

derivation of theory in terms of three fields: displacement, strain and stress.

Point of departure is the definition of a potential Π with respect to the

parameter space of the shell B̄. It is dependent on the displacement field u,

which can be connected to the Lagrangean metric represented by assumed metric

C̄A. Next, it is dependent on the enhanced metric C̄E, which is correlated to the

internal element parameters and hence to strain. Finally, there is a dependence

on the stress measure Ŝ. This yields a stationary potential given in terms of a

thermodynamic potential ψ:

Π(u, C̄E, Ŝ) = Πint(u, C̄E, Ŝ) + Πext(u)

= −
∫

B̄

[

ψ(C̄A + C̄E) − Ŝ :
1

2
(C̄E − Ḡ)

]

JdB̄ + Πext(u)→ Stat.

(3.20)

The external loads are assumed to be constant loads on the structure. If they are

prescribed for the body in the reference configuration, they can be written as:

Πext(u) =

∫

B

γBudB +
∫

∂B

γS ud(∂B); (3.21)

with γB given as the force per unit reference volume and γS given as the force

per unit reference area. The variation of (3.20) in terms of the three considered

fields gives:

δΠ = 2∂C̄A
Π :

1

2
δC̄A + 2∂C̄E

Π :
1

2
δC̄E + ∂ŜΠ : δŜ = 0. (3.22)

Each contribution of (3.22) has to be zero on its own. This yields with (3.14):
∫

B̄

(

2∂C̄mod
ψ :

1

2
δC̄A

)

JdB̄ − 2∂C̄mod
Πext = 0,

∫

B̄

(

[2∂C̄mod
ψ − Ŝ] :

1

2
δC̄E

)

JdB̄ = 0,

∫

B̄

(1

2
(C̄E − Ḡ) : δŜ

)

JdB̄ = 0.

(3.23)

In the finite element implementation, the element-wise discontinuous incom-

patible strains are L2-orthogonal to at least constant stress fields, which is a direct
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result to (3.18). Therefore, the stress variable Ŝ drops out and (3.23) reduces to

a two-field formulation:
∫

B̄

(

2∂C̄mod
ψ :

1

2
δC̄A

)

JdB̄ − 2∂C̄mod
Πext = G = 0,

∫

B̄

(

2∂C̄mod
ψ :

1

2
δC̄E

)

JdB̄ = GE = 0.

(3.24)

Linearization of (3.24) gives the coupled element equations:

G + ∆G = δuT {Rd +Kdd∆u +Kda∆a},
GE + ∆GE = δa

T {Ra +Kad∆u +Kaa∆a};
(3.25)

given in terms of the partial element residuals and the element stiffness matrices:

Rd :=

∫

B̄

B̄T S̄JdB̄, Ra :=

∫

B̄

B̄T
ES̄JdB̄,

Kdd :=

∫

B̄

(B̄T
C̄B̄ + Ḡ)JdB̄, Kda :=

∫

B̄

B̄T
C̄B̄E JdB̄, Kaa :=

∫

B̄

B̄T
EC̄B̄E JdB̄.

(3.26)

and Kad = KT
da

.

In (3.26), constitutive functions for the stress and consistent tangent modulus are

introduced:

S̄ = 2∂C̄mod
ψ(C̄mod) and C̄ = 4∂2

C̄modC̄mod
ψ(C̄mod). (3.27)

The internal element parameters in a are defined on the element level. Hence,

the increments ∆a in (3.25)2 can be eliminated by static condensation:

∆a = −K−1
aa (Ra +Kad∆d). (3.28)

Furthermore, (3.25)1 and (3.28) give the condensed element residual vector and

the element tangent matrix as:

R := Rd −KdaK−1
aa Ra and K := Kdd −KdaK−1

aa Kad; (3.29)

which corresponds to Schur complement. In a global Newton iteration step

the condensed element residual R and the element tangent modulus K of each

element are assembled to the global residual vector and tangent modulus. This

linear algebra system is solved for the displacement increments ∆u followed
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by a displacement update. Finally, after each iteration step the increments of

the internal element parameters ∆a can be obtained with (3.28) on element

level. Hence, no global assemblage is needed for the determination of ∆a. The

numerical integration must be performed with at least nine Gauss points to avoid

under integration as demonstrated in Miehe & Apel [58]. A proposed 9-point

integration scheme can be found for instance in Simo et al. [79].

3.5 Interface to constitutive models

Constitutive models commonly require a strain measure which is furthermore

dependent on the deformation gradient F. The assumed enhanced strain

modifications alter the Lagrangean and Eulerian metrics transformed to the

parameter configuration. Therefore, a modified deformation gradient Fmod has

to be recovered as an interface to strain-driven constitutive models.

The assumed enhanced Jacobians Jmod of the Lagrangean and jmod of the

Eulerian parameter mappings need to be recovered. This bases on a polar

decomposition of the original Jacobians J and j:

J = RU and j = ru. (3.30)

The symmetric and positive definite stretch tensors are obtained from the

Lagrangean and Eulerian metrics transformed to the parameter configuration

defined in (3.1) as:

U = Ḡ1/2 and u = C̄1/2. (3.31)

Then, the rotations are obtained by

R = JḠ−1/2 and r = jC̄−1/2. (3.32)

The assumed enhanced strain modifications have a significant effect on the metric

tensors. Therefore, define modified stretch tensors as:

Umod := Ḡ
1/2

A
and umod := C̄

1/2

mod
. (3.33)

As a basic assumption, which was conceptually outlined in Dvorkin et al.

[26], the rotations are taken as unaffected by the assumed enhanced strain

modifications. Hence, the assumed enhanced Jacobians can be derived as:

Jmod = RUmod and jmod = rumod. (3.34)

Insertion of the rotations (3.32) gives:

Jmod = JḠ−1/2Ḡ
1/2

A
and jmod = jC̄−1/2C̄

1/2

mod
. (3.35)
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Finally, the assumed enhanced deformation gradient can be defined as:

Fmod := jmodJ−1
mod. (3.36)

This assumed enhanced deformation gradient depicts a suitable interface to

strain-driven constitutive models.

Remark 3.5.1. The square root of a symmetric, positive definite tensor A can

be obtained by employing the method of diagonalization by writing A1/2 =

VD1/2VT . D denotes a diagonal matrix with the eigenvalues of A and V depicts

a matrix with the eigenvectors of A.
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Chapter 4

Additive approach to

thermo-plasticity

This chapter introduces the proposed thermo-plastic model. First, the basics of

the thermo-plasticity theory of Green-Naghdi is given. Then, constitutive models

of both rate-independent and rate-dependent thermo-plasticity in the logarithmic

Lagrangean strain-entropy space for isotropic elastic-anisotropic plastic material

behaviour is developed. This is followed by the algorithmic formulation of a

general return algorithm in the implicit internal variable integration algorithm

for the rate-independent and the rate-dependent scheme. Finally, a staggered

solution algorithm is described for the coupled thermo-mechanical problem.

4.1 Kinematics and additive Lagrangean approach

to finite plasticity

This section outlines the basic steps of a Lagrangean geometric approach to finite

plasticity in the logarithmic Lagrangean strain space. See Papadopoulos & Lu

[68] and Miehe et al. [59] for comparison. Firstly, the additive decomposition of

strain is described. Then, constitutive functions in the logarithmic Lagrangean

strain space are introduced including required transformation tensors.

4.1.1 Additive decomposition of strain and plastic metric

Point of departure is the definition of an elastic strain measure Ee for a framework

of finite plasticity. Note the controversy discussion about labeling of this quantity

as mentioned for instance in Naghdi [63]. This measure describes the constitutive

function that models macroscopic energy storage in the material and implies an

33
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additive decomposition in the logarithmic Lagrangean space:

Ee := E − Ep. (4.1)

Define the total logarithmic Lagrangean strain E out of the logarithm of the right

Cauchy-Green deformation tensor C according to the class of Seth-Hill strain

measures:

E :=
1

2
ln[C]; (4.2)

see Seth [78] and Hill [38]. Next, set the plastic logarithmic Lagrangean strain

as:

Ep :=
1

2
ln[Gp]. (4.3)

The plastic strain is based on the notion of a plastic metric Gp defined in the

Lagrangean configuration according to Miehe [56]. The utilisation of the loga-

rithmic strain measure maps the characteristics of large-strain elasto-plasticity,

which is commonly described by a multiplicative structure, to characteristics of

the geometrically linear theory, which is satisfied by an additive structure. Figs.

4.1 and 4.2 give a geometric description and illustration of kinematics.

6
@@R��	 X2, x2X1, x1

X3, x3
C,Gp,S

@@

B
�� X&%
'$r

g, cp, τ

��

S
@@x&%

'$rF = ∇ϕ -

ϕ� �

Figure 4.1: Kinematic setting for additive plasticity. The Lagrangean con-

figuration B bounded by ∂B and the Eulerian configuration S bounded by ∂S
are considered to be differentiable manifolds. The nonlinear deformation map

ϕ maps at time t a material point position X ∈ B onto a spatial position

x = ϕ (X, t) ∈ S. The local deformation gradient F = ∇ϕ with det[F] > 0 maps

tangent vectors of material curves onto tangent vectors of deformed material

curves via dx = FdX. The right Cauchy-Green deformation tensor C, plastic

metric Gp and Second Piola Kirchhoff stress S are given on the Lagrangean

configuration, their counterparts on the Eulerian configuration are standard

metric g, plastic metric cp and Kirchhoff stress τ.

An internal variable theory as outlined in Coleman & Gurtin [20] and

Lubliner [50] describes the history of plastic deformation. Choose as the

dominating internal variable the plastic metric Gp. It will develop within

the elastic-plastic deformation process by a given evolution law starting from

the initial condition Gp(t0) = G; where G denotes the constant Lagrangean
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T ∗

X
B

TXB

T ∗

x
S

TxS

C,Gp,S−1

?
g, cp, τ−1

?

F-

F−T

-

Figure 4.2: Definition of metric and stress tensors as mappings. TXB is the

tangent and T ∗
X
B the co-tangent space of the Lagrangean configuration B at

X ∈ B as given in Fig. 4.1. Analogous, TxS and T ∗xS denote spaces in the

Eulerian configuration S = ϕ {B, t}. The Eulerian standard metric g is the push-

forward of the right Cauchy-Green deformation tensor C := FT gF. The plastic

metric Gp gives the pull-back of its counterpart in the Eulerian configuration

cp := F−T GpF−1. The Lagrangean Second Piola Kirchhoff stress S := F−1
τF−T

specifies the pull-back of Kirchhoff stress τ. The stress power per unit volume

of reference configuration P = S : 1/2 · Ċ defines a canonical pair of dual stress

and deformation variable.

standard metric. The straightforward relationship in (4.3) between Gp and Ep

proposes to adopt the plastic logarithmic Lagrangean strain measure Ep as an

internal variable alternative to Gp. This yields a more compact formulation

if corresponding constitutive functions are defined in logarithmic Lagrangean

strain space as well.

The hypothesis of plastic incompressibility depicts a basic attribute in metal

plasticity. Gp has to preserve an isochoric plastic flow as a measure for plastic

deformation, thus,

det[Gp] = 1, which yields IEp = 0. (4.4)

The first invariant IEp of the plastic logarithmic Lagrangean strain Ep, which

correlates with its trace, allows comfortable tracking of the incompressibility

condition.

Remark 4.1.1. The logarithm of a symmetric, positive definite tensor A can

be obtained by employing the method of diagonalization by writing ln[A] =

V ln[D]VT . D denotes a diagonal matrix with the eigenvalues of A and V depicts

a matrix with the eigenvectors of A.
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4.1.2 Constitutive function in the logarithmic Lagrangean

strain space

The constitutive function is defined in the logarithmic Lagrangean strain space.

Define a framework starting in the large-strain scope of the Lagrangean strain

space. Then, move to the small-strain scope of the constitutive function in

the logarithmic Lagrangean strain space. Finally, a transformation back to the

Lagrangean strain space.

The framework displays as follows: Depart in the Lagrangean configuration

from the definition of the right Cauchy-Green deformation tensor C. Shift to

the logarithmic space by calculating the total logarithmic strain E according

to (4.2). A set I of internal variables consisting of the plastic logarithmic

Lagrangean strain tensor Ep of (4.3) and an additional hardening variable is

arranged. The output of the constitutive law are the logarithmic Lagrangean

stress T dual to the total logarithmic Lagrangean strain E and the associated

elastic-plastic logarithmic Lagrangean tangent modulus Eep. Note the advantage

of the possibility to adopt standard constitutive functions of small strain theory

due to the preservation of the additive structure of strains. The stress and

modulus have to be transformed back to the Lagrangean space to the Second

Piola Kirchhoff stress S and the associated elastic-plastic Lagrangean tangent

modulus Cep. This can be visualised as:

C =⇒ {E,I} ⇒ Constitutive function⇒ {T,Eep} =⇒ S,Cep. (4.5)

The tangent moduli for the rate-independent theory of plasticity govern the

rate of the stress with respect to the rate of the associated strain measure:

Ṫ = Eep : Ė and Ṡ = Cep :
1

2
Ċ. (4.6)

The stress T is power-conjugate to the rate of strain Ė. Both are symmetric

and defined in logarithmic Lagrangean strain space. The symmetric Lagrangean

tensors S and Ċ provide a pair of dual variables as well, because the rate of

Green-Lagrange strain equals 1/2 · Ċ. Hence, the local stress power can be

expressed as:

P = T : Ė = S :
1

2
Ċ. (4.7)

The transformation from the logarithmic Lagrangean to the Lagrangean

strain space is a purely geometric issue. Denote the symmetric fourth- and sixth-

order Lagrangean transformation tensors as:

P := 2∂CE and L := 4∂2
CCE. (4.8)
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Then, note the sensitivity of the total logarithmic Lagrangean strain E with

respect to the change of deformation:

Ė = P :
1

2
Ċ and Ṗ = L :

1

2
Ċ. (4.9)

Furthermore, obtain following by inserting (4.9)1 into (4.7):

S := T : P and C
ep = P : Eep : P + T : L. (4.10)

The latter can be derived by application of the chain rule and consideration of

(4.6) and (4.8).

4.2 Constitutive model of rate-independent and

rate-dependent thermo-plasticity in

logarithmic Lagrangean strain-entropy space

This section specifies a rate-independent and rate-dependent constitutive model

in the logarithmic Lagrangean strain-entropy space. The structure of these mod-

els can be chosen like in the geometrically linear theory due to the description in

the logarithmic space. Moreover, compare with the basic outlines given in Green

& Naghdi [31] for thermodynamics. Firstly, a thermodynamic potential, internal

variables and thermodynamically conjugated forces are introduced. Secondly, a

dissipation inequality is deduced. Thirdly, evolution equations are derived for

internal variables out of the principle of maximum of plastic dissipation. Finally,

a method of constructing anisotropic tensor functions is described. All discussed

points are generally formulated and specified in remarks.

4.2.1 Internal energy, free energy, internal variables, driving

forces

Assume as a thermodynamic potential the internal energy function U per unit

reference volume as:

U = U (E, η;I, ηp) . (4.11)

E denotes the total logarithmic Lagrangean strain and η the entropy field as a

quantitative measure of microscopic randomness and disorder. Declare a set of

strain-like internal variables I = {Ep, ξ}. Ep stands for the plastic logarithmic

Lagrangean strain and the scalar variable ξ models isotropic hardening. Intro-

duce the plastic entropy ηp as another internal variable as proposed by Simo &

Miehe [80]. It models the arising entropy on micro-level such as dislocation and

lattice-deformation.
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Let ψ be the free energy or Helmholtz energy per unit reference volume of the

considered elastic-plastic body. This energy amounts to the local elastic energy

stored in the body and is obtained by a Legendre-Fenchel transformation from

internal energy (4.11):

ψ (E, θ;I, θp) := U (E, η;I, ηp) − θ · (η − ηp) . (4.12)

θ is the absolute temperature, whereas θp denotes the plastic temperature. Both

are non-negative quantities.

Permit thermodynamically conjugated forces to introduced internal vari-

ables. Dual to the strain-like internal variables I = {Ep, ξ} the stress-like internal

forces F = {Tp, ζ} are defined as:

F := −∂IU (E, η;I, ηp) = −∂Iψ (E, θ;I, θp) ,

Tp := −∂EpU (E, η;I, ηp) ,

ζ := −∂ξU (E, η;I, ηp) .

(4.13)

Moreover, dual to the “strain-like” internal variable ηp the “stress-like” internal

force θp is defined as:

θp := −∂ηpU (E, η;I, ηp) . (4.14)

For completeness accept the elastic entropy ηe as:

ηe := η − ηp := −∂θψ (E, θ;I, θp) . (4.15)

The derivatives of ψ and U with respect to time yield:

ψ̇ = ∂Eψ : Ė + ∂θψ · θ̇ + ∂Iψ · İ + ∂θpψ · θ̇p,

U̇ = ∂EU : Ė + ∂ηU · η̇ + ∂IU · İ + ∂ηpU · η̇p;
(4.16)

where operation (•) · (•) denotes a scalar product in Rn.

Remark 4.2.1. The internal variables are dependent on the absolute temperature

like I = I(θ). However, note following dependencies according to employed

definition of F in (4.13)1, which have to be taken into account for derivations

with respect to θ:

F = −∂IU (E, η;I, ηp) −→ dF
dθ
=
∂F
∂I

∂I
∂θ
,

F = −∂Iψ (E, θ;I, θp) −→ dF
dθ
=
∂F
∂θ
+
∂F
∂I

∂I
∂θ
.

(4.17)
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Remark 4.2.2. This remark specifies a thermodynamic potential suitable to

model the constitutive behaviour of metals. The elastic strains are typically

small compared to the plastic ones, therefore, a quadratic scalar-valued potential

function of the symmetric second-order elastic logarithmic Lagrangean tensor

Ee can be used to describe the stored free energy ψ in a material point.

Take advantage of using structures like in the small strain regime and employ

a St. Venant-Kirchhoff model as a hyperelastic material. See Bruhns et al. [12]

and references therein for a discussion of logarithmic strain-energy functions.

Furthermore, define ea with a = 1, 2, 3 as the eigenvalues of Ee and êa = ea−1/3·
(
∑

a

ea) as the eigenvalues of the deviatoric part Êe. Then, in the logarithmic strain

space the often employed logarithmic elastic model ψe = 1/2 · κ(∑
a

ea)2 + µ
∑

a

ê2
a

equals a St. Venant-Kirchhoff model, where κ denotes the bulk modulus and µ

Lamé’s second parameter (shear modulus).

A typical example for ψ as a thermodynamic potential in the logarithmic La-

grangean strain-temperature space including saturation-type nonlinear isotropic

hardening decouples to:

ψ =
λ

2
(IEe)2

+ µIIEe

︸             ︷︷             ︸

ψe

+ 3κα (θ0 − θ) IEe
︸            ︷︷            ︸

ψte

+ c0 [(θ − θ0) − θ ln (θ/θ0)]
︸                         ︷︷                         ︸

ψt

+K (ξ, θ)
︸  ︷︷  ︸

ψh

.

(4.18)

ψe describes the hyperelastic contribution as the energy storage due to macro-

scopic lattice deformations. ψte yields the thermoelastic coupling as the thermal

expansion and the associated elastic structural entropy including Gough-Joule

effect. ψt characterises the thermal contribution as the purely thermal entropy and

ψh depicts isotropic hardening as the vanishing of dislocations and point defects

on the macroscopic level. λ denotes Lamé’s first parameter, IEe =
∑

a

ea the

first and IIEe =
∑

a

e2
a the second invariant of the elastic logarithmic Lagrangean

strain Ee, α the linear thermal expansion coefficient, θ0 the reference temperature

and c0 the constant heat capacity per unit reference volume. Furthermore, find

∂2
θθψ = −c0/θ and assume c0 ≥ 0. The factor K (ξ, θ) describes the strain

hardening dependent on the saturation parameter ω:

K (ξ, θ) =






1
2
h (θ) ξ2 ω = 0,

1
2
h (θ) ξ2 + [y∞ (θ) − y0 (θ)][ξ + 1

ω
exp[−ωξ]] ω , 0.

(4.19)

Factor K (ξ, θ) is subject to linear thermal softening governed by the soft-

ening parameter ωh. The isotropic hardening parameter h is described by

h (θ) = h (θ0) [1 − ωh (θ − θ0)], the infinite yield stress y∞ follows y∞ (θ) =

y∞ (θ0) [1 − ωh (θ − θ0)] and the yield stress y0 (θ) = y0 (θ0) [1 − ωh (θ − θ0)].
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The internal energy U as a thermodynamic potential is the basis for the

subsequent derivation. According to (4.12) U = ψ + θηe in the logarithmic

Lagrangean strain-entropy space and decouples in this example to:

U =
λ

2
(IEe)2

+ µIIEe

︸             ︷︷             ︸

Ue

+ 3καθ0IEe
︸    ︷︷    ︸

U te

+ c0θ0

{

exp[(η − ηp − 3καIEe + K,θ (ξ))/c0] − 1
}

︸                                                     ︷︷                                                     ︸

U t

+K (ξ, θ0) − θ0K,θ (ξ)
︸                  ︷︷                  ︸

Uh

.

(4.20)

This can be achieved with the help of following: defining ηe according to (4.15)

as

ηe = 3καIEe + c0 ln[θ/θ0] − K,θ (ξ) , (4.21)

consistent derivation of temperature

θ = θ0 exp[(c0 ln[θ/θ0] + 3καIEe − 3καIEe + K,θ − K,θ)/c0]

= θ0 exp[(ηe − 3καIEe + K,θ)/c0],
(4.22)

calculation of K,θ (ξ) = ∂θK (ξ, θ) and rearranging K (ξ, θ)− θK,θ (ξ) to K (ξ, θ0)−
θ0K,θ (ξ).

4.2.2 Dissipation inequality

The Clausius-Duhem inequality is an often referred to formulation of the second

law of thermodynamics. By assuming positive dissipation due to heat conduction

and assuring balance of energy, this inequality can be split into the Fourier

inequality Dcond := θγcond := −GRAD[θ]/θ · Q ≥ 0 and the Clausius-Planck

inequality:

Dint := θγloc := P + θη̇ − U̇ ≥ 0 with P := T : Ė. (4.23)

Dcond denotes the dissipation due to heat conduction, γcond the entropy production

by conduction of heat and Q the Lagrangean heat flux vector. Dint describes the

local internal dissipation and γloc the local entropy production. Thus, internal and

conductive dissipation are non-decreasing functions in time as given in Truesdell

& Noll [85].

The total rate of the internal energy function U̇ from (4.16)2 and (4.23) give

the internal dissipation as:

Dint = (T − ∂EU) : Ė +
(

θ − ∂ηU
)

· η̇ − ∂IU · İ − ∂ηpU · η̇p ≥ 0. (4.24)
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Following standard arguments from Coleman & Noll [21] and Coleman & Gurtin

[20], equation (4.24) is valid for all accessible processes. An isentropic elastic

deformation yields:

T = ∂EU (E, η;I, ηp) . (4.25)

Furthermore, with the help of Ee = E − Ep and (4.13)2 follows:

T = ∂EU = Te = ∂EeU = Tp = −∂EpU. (4.26)

Hence, the total stress T, the elastic stress Te and the plastic stress Tp in the

logarithmic space are equal. This can be seen as analogue to the equality of the

“kinematic stress” (4.25) and the “constitutive stress” (4.13)2 in formulations of

the small-strain case. For an “elastic” deformation with Ė = 0 follows:

θ = ∂ηU. (4.27)

Besides, with the help of ηe = η − ηp and (4.14) follows:

θ = ∂ηU = θ
e = ∂ηeU = θp = −∂ηpU. (4.28)

Therefore, the absolute temperature θ, the elastic temperature θe and the plastic

temperature θp are equal as well. Finally, the reduced Clausius-Duhem inequality

out of (4.24) with the help of (4.13)1 and (4.14) reads as:

Dint = F · İ︸︷︷︸

Dmech

+ θpη̇p

︸︷︷︸

Dthermo

≥ 0. (4.29)

The internal dissipation splits into a mechanical dissipationDmech and a thermal

dissipationDthermo.

4.2.3 Plastic flow response, thermo-mechanical principle of

maximum dissipation, evolution equations

Enclose the plastic flow described by F and θp by a convex yield criterion.

For that, define an elastic domain E, which is defined by the level set function

φ (F , θp;I, ηp) and the constant limit c > 0 associated with the initial yield

stress:

E = {(F , θp;I, ηp) ∈ Rn | φ (F , θp;I, ηp) ≤ c} . (4.30)

The level set function in the logarithmic Lagrangean stress-temperature space

determines the shape of the elastic domain with respect to the thermodynamic

forces F and θp. It is (i) convex φ(tF1 + (1 − t)F2) ≤ tφ(F1) + (1 − t)φ(F2)

for all {F1,F2} ∈ E and t ∈ [0, 1], (ii) positively homogeneous of degree one

φ(tF1, tF2) = tφ(F1,F2) for t > 0, (iii) zero at the origin φ(0) = 0 and (iv) always
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positive φ (F , θp;I, ηp) ≥ 0. The same is valid for θp. Besides, φ − c ≤ 0 gives a

classical representation of the yield criterion.

Determine a canonical form of the evolution equations for the internal

variables by the principle of maximum of plastic dissipation. The optimization

problem

Dint = sup
{F ,θp}∈E

{

F · İ + θpη̇p
}

(4.31)

is observed under the side condition φ ≤ c and is characterized by the Lagrange

function L (F , θp;I, ηp; λ) = F · İ+ θpη̇p−λ [

φ (F , θp;I, ηp) − c
]

. The solution

yields the normality rules of associated plasticity which define the evolution of

plastic flow, hardening variables and plastic entropy:

İ = λ∂Fφ (F , θp;I, ηp) , η̇p = λ∂θpφ (F , θp;I, ηp) . (4.32)

The initial conditions for the internal variables are set as I = 0 and ηp = 0.

The Lagrange multiplier λ can be defined for classical rate-independent

plasticity or accordingly to its rate-dependent viscoplastic regularization. In the

rate-independent plasticity stress states outside the closure of the elastic domain

of (4.30) are not allowed, whereas in the rate-dependent case such states are

permissible. In the rate-independent case λ is found as the well-known plastic

consistency parameter. Restrict λ to the Karush-Kuhn-Tucker conditions for

loading-unloading as part of the cone:

K := {λ|λ ≥ 0, φ (F , θp;I, ηp) ≤ c, λ
[

φ (F , θp;I, ηp) − c
]

= 0}. (4.33)

In a rate-dependent model according to Perzyna [71], λ is replaced by a

constitutive function, for instance:

λ :=
1

η
〈 f (F , θp;I, ηp)〉. (4.34)

Where η ∈ [0,∞) denotes viscosity which describes the time-dependent

viscous plastic flow of the material, 〈•〉 depicts Macaulay brackets and 〈 f 〉
the dimensionless, non-negative, convex constitutive function. Typical choices

for f of metals are exponentials and power laws to describe results of tests of

dynamical behaviour of materials. Note, if η → 0 the rate-independent case is

recovered.

Correlate the level set function with the internal dissipation. Equation (4.32)

in (4.29) yields under consideration of the positive homogeneity of degree one

of φ the simple representation

Dint = λφ ≥ 0 (4.35)
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of the internal dissipation. Hence, due to positive λ the requirements of the

second law of thermodynamics are a priori met. Specify the rate-independent

case with (4.33) to Dint = λc ≥ 0 and the rate-dependent case with (4.34) to

Dint = 1/η〈 f 〉φ ≥ 0.

Finally, the evolution equation of the elastic entropy η̇e is derived. The total

rate of internal energy (4.16)2 inserted into the local balance of internal energy

U̇ = P−DIV[Q]+R (see Malvern [52] for instance) with the help of (4.26) and

(4.28) leads to:

θη̇e = −DIV [Q] + R +Dmech; (4.36)

which serves as a basis for the upcoming thermal analysis. R denotes the

distributed internal heat source per unit reference volume. Table 4.1 pictures

a summary of the thermodynamically consistent internal variable formulation.

Table 4.1: Formulation of internal variables of thermo-plasticity.

1. internal energy U = U (E, η;I, ηp)

2. free energy ψ = ψ (E, θ;I, θp)

3. stress T = ∂EU (E, η;I, ηp)

4. absolute temperature θ = ∂ηU (E, η;I, ηp)

5. internal forces F = −∂IU (E, η;I, ηp)

6. plastic temperature θp = −∂ηpU (E, η;I, ηp)

7. level set function φ = φ (F , θp;I, ηp)

8. evolution equations İ = λ∂Fφ (F , θp;I, ηp)

η̇p = λ∂θpφ (F , θp;I, ηp)

η̇eθ = −DIV [Q] + R +Dmech

9. internal dissipation Dint = λφ (F , θp;I, ηp)

Remark 4.2.3. Focus on the modelling of initially plastic anisotropy occurring

in metal plasticity. The initial axes of anisotropy dominate throughout the

deformation. Consider the model of Mandel [53] with a yield criterion

F(Tp, ζ, θp) = φ(Tp, ζ, θp) − c = 0. The level set function φ decouples in a

typical example to:

φ = ||Tp||H
︸︷︷︸

φe

+

√

2

3
ζ

︸︷︷︸

φh

+

√

2

3
y0 (θ0)ω0θ

p

︸              ︷︷              ︸

φr

. (4.37)

φe denotes the hyperelastic, φh the isotropic hardening and φr the thermal

contribution. The norm ||•||H =
√

(•) : H : (•) is evaluated with respect to the

constant fourth-order Hill tensor H with major and minor symmetries

HIJKL = HKLIJ = HJIKL = HIJLK (4.38)
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and the deviatoric projection tensor property

H : I = 0. (4.39)

Different kinds of anisotropy effects can be modelled by defining H accordingly

as discussed in the next section. As a special case H = I − 1/3 · I ⊗ I defines

(4.37) as the classical Huber-von Mises function. Where the fourth-order identity

tensor is given as IIJKL = 1/2 · (IIKIJL + IILIJK). Finally, define the constant limit

c in (4.30) as c =
√

2/3 · y0 (θ0) [1 + ω0θ0]. The definitions of c and φr are

results out of an assumed linear thermal softening of the yield stress y0 (θ) =

y0 (θ0) [1 − ω0 (θ − θ0)] with ω0 as the yield stress softening parameter.

Remark 4.2.4. The constitutive function f (F , θp;I, ηp) in (4.34) can be de-

scribed by the following power law:

f (F , θp;I, ηp) =

(

φ (F , θp;I, ηp)

κ0

)1/ǫ

− 1. (4.40)

Where κ0 and ǫ ∈ [0, 1] are material parameters, compare also Perić [70].

4.2.4 Formulation of anisotropic constitutive tensor functions

with specification to orthotropy

Anisotropy effects in scalar tensor functions can be described by defining

material symmetry groups in which the tensor function is invariant. Take as

a basis an isotropic tensor function depending on a set of tensor arguments.

Extend this set of arguments by so called constant structural tensors to construct

anisotropic tensor functions. These structural tensors are invariant with respect

to their material symmetry group. Hence, the obtained anisotropic functions

are coordinate-freely formulated and automatically invariant for coordinate

transformations of the material symmetry group under consideration. Classical

representation theorems as outlined in Spencer [83] and Boehler [9, 10] are

applied.

Let χ be a tensor function depending on a symmetric second-order tensor

argument A. Define a set of orthogonal transformations Q ∈ O(3) which leaves

the function invariant. This set specifies the material symmetry group

G :=
{

Q ∈ O(3)|χ (A) = χ
(

QAQT
)}

(4.41)

of the tensor function χ. The function χ is isotropic if G = O(3). The invariants

tr[A], tr[A2] and tr[A3] are fundamental invariants of isotropic tensor functions.

An anisotropic tensor function can be found by enlarging the set of arguments

of an isotropic function with a structural tensor to χ(A,M). For a second-order
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structural tensor M, the function χ is isotropic if:

χ (A,M) = χ
(

QAQT ,QMQT
)

∀Q ∈ O(3). (4.42)

Keep the invariance of A for all transformations Q ∈ O(3) with A = QAQT .

Next, assume transformations Q ∈ G which leave the structural tensor invariant

according to M = QMQT . Observe following response:

χ (A,M) = χ
(

QAQT ,QMQT
)

∀Q ∈ G,
χ (A,M) , χ

(

QAQT ,QMQT
)

∀Q < G.
(4.43)

Transformations which are elements of the material symmetry group G result in

an isotropic response of the tensor function, whereas, remaining transformations

cause an anisotropic response. Consequently, the type of anisotropy is solely

determined by the material symmetry group under consideration described by

the structural tensor M.

Focus on the construction of orthotropic tensor functions. The three

privileged directions are described through the orthonormal base vectors ai for

i = 1, 2, 3 with δi j = ai · a j. Following Zheng [89], define a symmetric structural

tensor M = a1⊗a1−a2⊗a2. The second-order tensor M describes the orthotropic

material symmetry group G := {±1,Ri,D
π
i
} for i = 1, 2, 3 comprising identity,

central inversion, reflection transformations Ri in the planes normal to ai and

rotations Dπ
i

of angle π about ai. A possible irreducible integrity basis consisting

of invariants for the orthotropic function reads with Mi j = 1/2 · [ai⊗a j+a j⊗ai]:

Ī =
{

tr[M11A], tr[M22A], tr[M33A], tr[M11A2], tr[M22A2], tr[M33A2], tr[A3]
}

.

(4.44)

Following Miehe et al. [59], reformulate this basis to:

I =
{

tr[M11A], tr[M22A], tr[M33A], tr[M12A]2, tr[M23A]2, tr[M13A]2, det[A]
}

.

(4.45)

Define the constitutive function χ depending on a symmetric second-order tensor

A with an additional argument M for anisotropic response out of the invariants

Ii for i = 1, ..., 7 in (4.45):

χ =
1

2
α1I2

1 +
1

2
α2I2

2 +
1

2
α3I2

3 +α4I1I2+α5I2I3+α6I1I3+α7I4+α8I5+α9I6. (4.46)

Set the fourth-order structural tensor M := ∂2
AA
χ (I1, ..., I7) as the second

derivative of the function χ and find:

M = α1M11 ⊗M11 + α2M22 ⊗M22 + α3M33 ⊗M33

+ 2α4sym [M11 ⊗M22] + 2α5sym [M22 ⊗M33] + 2α6sym [M11 ⊗M33]

+ 2α7M12 ⊗M21 + 2α8M23 ⊗M32 + 2α9M13 ⊗M31;

(4.47)
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with the abbreviation sym
[

Mii ⊗M j j

]

= 1/2 ·
(

Mii ⊗M j j +M j j ⊗Mii

)

. The

tensorM has major and minor symmetries.

Remark 4.2.5. The plastic level set function of Remark 4.2.3 is determined by

setting H = M specifying orthotropic behaviour in the plastic regime. Satisfy the

deviatoric property of (4.39) by introducing the incompressibility constraints:

α4 =
1

2
(α3 − α1 − α2) , α5 =

1

2
(α1 − α2 − α3) , α6 =

1

2
(α2 − α3 − α1) .

(4.48)

Relate the remaining six independent material parameters to the initial yield

stress obtained from three simple tension modes y11, y22 and y33 and three simple

shear modes y12, y23 and y13:

α1 =
2

3

y2
0

y2
11

, α2 =
2

3

y2
0

y2
22

, α3 =
2

3

y2
0

y2
33

, α7 =
1

3

y2
0

y2
12

, α8 =
1

3

y2
0

y2
23

, α9 =
1

3

y2
0

y2
13

.

(4.49)

Note that the isotropic case follows by setting y11 = y22 = y33 = y0 and y12 =

y23 = y13 = y0/
√

3.

4.3 Discrete algorithmic formulation in

rate-independent and rate-dependent

thermo-plasticity in the logarithmic

Lagrangean strain-entropy space

This section outlines a solution algorithm for coupled thermo-mechanical prob-

lems based on the Green-Naghdi approach of plasticity. The considered

problems are quasi-static, thus inertia forces are negligible. The beforehand

formulated constitutive model of a generalized standard material as introduced

by Biot [8], Germain [29] and Halphen & Nguyen [36] for geometrically linear

strain case is discretized into a suitable numerical solution algorithm. This

solution algorithm decouples into two iteration routines in the time step [tn, tn+1]

under consideration:

1. Local iteration scheme:

(a) Rate-independent plasticity: Find the solution for the Lagrange

multiplier λ and the internal variables I and ηp at quadrature point

in the plastic domain at time tn+1. Hence, this has to be done solely

if one of the Karush-Kuhn-Tucker loading conditions (4.33) is not

fulfilled. Determine the local stress and the tangent modulus.



4.3. ALGORITHMIC FORMULATION IN THERMO-PLASTICITY 47

(b) Rate-dependent plasticity: Find the solution for the internal variables

I and ηp at quadrature point in the plastic domain at time tn+1. Hence,

this has to be done solely if the Lagrange multiplier (4.34) is positive.

Determine the local stress and the tangent modulus.

The local iteration takes place in the logarithmic Lagrangean space,

therefore, transform the stress and the tangent modulus to the Lagrangean

space.

2. Global iteration scheme: Find the solution for the current deformation

field ϕ and the temperature field θ at time tn+1. This can be done in a

simultaneous or a staggered scheme.

4.3.1 Local iteration scheme

This subsection deals with the discrete constitutive description determined

locally at the quadrature point at time tn+1 for the rate-independent and the

rate-dependent plasticity. Compare with algorithmic formulations of rate-

independent plasticity in Miehe et al. [59] and rate-independent thermo-plasticity

in Armero & Simo [3] and Simo & Miehe [80]. Compare also with algorithmic

formulations of rate-dependent additively decomposed plasticity in Miehe et

al. [60] and thermo-plasticity in Göktepe & Miehe [30] and rate-dependent

multiplicatively decomposed thermo-plasticity in Celigoj [18]. The references

are given representatively. Firstly, a numerical integration algorithm of the

internal variables is introduced. Secondly, several analytical derivations of the

internal variables are given. Finally, the algorithmic stress and tangent modulus

turn out to be the first and second derivatives of the employed thermodynamical

potential.

Numerical integration of internal variables

The evolution of the internal variables is observed in the time interval [tn, tn+1]

under consideration. All variables are considered to be known at the beginning

tn and the logarithmic Lagrangean strain En+1 of the material is prescribed,

therefore, given throughout the interval. The integration of (4.32) yields for the

internal variables at time tn+1

In+1 = In +

tn+1∫

tn

λ∂Fφ (F , θp;I, ηp) dt,

ηp
n+1 = η

p
n +

tn+1∫

tn

λ∂θpφ (F , θp;I, ηp) dt

(4.50)
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in a deformation driven simulation.

Employ a numerical integration in (4.50) due to the dependence of the normal

∂•φ (F , θp;I, ηp) on the internal variables with (•) = {F , θp}. The solution can

be found by either an explicit or an implicit integration. The internal forces F
and θp are computed at the time tn for Fn and θ

p
n in the explicit and at the time

tn+1 for Fn+1 and θ
p

n+1
in the implicit scheme:

In+1 = In + γ






∂Fφn : explicit

∂Fφn+1 : implicit
,

η
p

n+1
= ηp

n + γ






∂θpφn : explicit

∂θpφn+1 : implicit
.

(4.51)

Where the normal ∂•φ⋆ = ∂•φ
(F⋆, θp

⋆;I⋆, ηp
⋆

)

with (⋆) = {n, n + 1}. A

dimensionless multiplier γ = λ∆t is introduced as directly proportional to the

Lagrange multiplier λ from (4.32) via the time interval ∆t = tn+1 − tn.

In the rate-independent formulation γ is referred to as the plastic multiplier

γp. Limits for γp are found according to (4.33) and furthermore assuming a

positively homogeneous level set function φ:

Kn+1 :=






{γp|γp ≥ 0,Fn+1 · ∂Fφn + θ
p

n+1
· ∂θpφn ≤ c,

γp[Fn+1 · ∂Fφn + θ
p

n+1
· ∂θpφn − c] = 0} : explicit

{γp|γp ≥ 0, φn+1 ≤ c, γp[φn+1 − c] = 0} : implicit

. (4.52)

In the rate-dependent formulation γ is denoted as the viscoplastic multiplier

γvp. According to (4.34) follows:

γvp =
∆t

η
〈 f (F , θp;I, ηp)〉. (4.53)

For completeness, the total entropy at time tn+1 with (4.15) reads as:

ηn+1 = η
p

n+1
+ ηe

n+1. (4.54)

Remark 4.3.1. The equations (4.52) and (4.53) show a crucial difference between

the rate-independent and the rate-dependent formulation. In the rate-independent

case, γp defines a parameter which evolves locally to fulfill the Karush-Kuhn-

Tucker loading conditions, whereas γvp presents a constitutive function which

is determined locally throughout the internal variable algorithm. Thus, explicit

derivations of γp with respect to the thermodynamic conjugated forces of (4.13)

and (4.14) do not exist, whereas these derivations are possible with γvp.



4.3. ALGORITHMIC FORMULATION IN THERMO-PLASTICITY 49

Implicit integration algorithm of internal variables for rate-independent

plasticity

This subsection specifies the implicit integration algorithm of the internal

variables in time interval [tn, tn+1] for rate-independent plasticity in detail. Set

the implicit evolution equations of (4.51) given for the internal variables and

the yield criterion out of the Karush-Kuhn-Tucker conditions in (4.52) to a non-

linear system:

In+1 = In + γ
p∂Fφn+1,

η
p

n+1
= ηp

n + γ
p∂θpφn+1,

0 = φn+1 − c.

(4.55)

Define out of the equations given in (4.55) residuals, which have to vanish in the

solution point:

RI := −In+1 + In + γ
p∂Fφn+1,

Rηp := −ηp

n+1
+ ηp

n + γ
p∂θpφn+1, (4.56)

R f := φn+1 (I, ηp) − c.

Linearization of these residuals with respect to the internal variables I, ηp and

γp yields:

0 = RI − ∆I + γp∂2
FFφn+1 · ∂IF · ∆I + ∂Fφn+1 · ∆γp,

0 = Rηp − ∆ηp + γp∂2
θpθpφn+1 · ∂ηpθp · ∆ηp + ∂θpφn+1 · ∆γp,

0 = R f + ∂Fφn+1 · ∂IF · ∆I + ∂θpφn+1 · ∂ηpθp · ∆ηp.

(4.57)

Out of (4.57)1,2 follows with (4.13)1 and (4.14):

∆I =
(

I + γp∂2
FFφn+1 · ∂2

IIUn+1

)−1
(RI + ∆γ

p∂Fφn+1) ,

∆ηp =
(

1 + γp∂2
θpθpφn+1 · ∂2

ηpηpUn+1

)−1 (

Rηp + ∆γp∂θpφn+1

)

.
(4.58)

Equations (4.56)3 and (4.58) in (4.57)3 yields with the help of

A =
(

I + γp∂2
FFφn+1 · ∂2

IIUn+1

)−1
and B =

(

1 + γp∂2
θpθpφn+1 · ∂2

ηpηpUn+1

)−1
:

∆γp =
φn+1 − c − ∂Fφn+1 · ∂2

IIUn+1 · A · RI − ∂θpφn+1 · ∂2
ηpηpUn+1 · B · Rηp

∂Fφn+1 · ∂2
IIUn+1 · A · ∂Fφn+1 + ∂θpφn+1 · ∂2

ηpηpUn+1 · B · ∂θpφn+1

.

(4.59)

Hence, the obtained system can be solved through a Newton-Raphson iteration

scheme for instance.
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Implicit integration algorithm of internal variables for rate-dependent

plasticity

This subsection specifies the implicit integration algorithm of the internal

variables in time interval [tn, tn+1] for rate-dependent plasticity in detail. Set

the implicit evolution equations of (4.51) given for the internal variables to a

non-linear system and determine the residuals given in (4.56)1,2. Linearization

of these residuals with respect to the internal variables I = {Ep, ξ} and ηp yields:

0 = REp + ∂EpREp∆Ep + ∂ξREp∆ξ + ∂ηpREp∆ηp,

0 = Rξ + ∂EpRξ : ∆Ep + ∂ξRξ∆ξ + ∂ηpRξ∆η
p,

0 = Rηp + ∂EpRηp : ∆Ep + ∂ξRηp∆ξ + ∂ηpRηp∆ηp.

(4.60)

Find the derivatives of the residuals given in (4.56)1,2 with the help of (4.13)1

and (4.14) as:

∂EpREp = −I − ∂Tpφn+1 ⊗ ∂Tpγvp∂2
EpEpUn+1 − γvp∂2

TpTpφn+1∂
2
EpEpUn+1,

∂ξREp = −∂Tpφn+1∂ζγ
vp∂2

ξξUn+1,

∂ηpREp = −∂Tpφn+1∂θpγvp∂2
ηpηpUn+1,

∂EpRξ = −∂ζφn+1∂Tpγvp∂2
EpEpUn+1,

∂ξRξ = −1 − ∂ζφn+1∂ζγ
vp∂2

ξξUn+1 − γvp∂2
ζζφn+1∂

2
ξξUn+1,

∂ηpRξ = −∂ζφn+1∂θpγvp∂2
ηpηpUn+1,

∂EpRηp = −∂θpφn+1∂Tpγvp∂2
EpEpUn+1,

∂ξRηp = −∂θpφn+1∂ζγ
vp∂2

ξξUn+1,

∂ηpRηp = −1 − ∂θpφn+1∂θpγvp∂2
ηpηpUn+1 − γvp∂2

θpθpφn+1∂
2
ηpηpUn+1.

(4.61)

The increments of the internal variables follow by staying in the index notation

with the substitution method as:

∆Ep = [(∂ξRξ∂ηpRηp − ∂ηpRξ∂ξRηp)∂EpREp − ∂ξRξ(∂EpRηp ⊗ ∂ηpREp)

+ ∂ηpRξ(∂EpRηp ⊗ ∂ξREp) + ∂ξRηp(∂EpRξ ⊗ ∂ηpREp) − ∂ηpRηp(∂EpRξ ⊗ ∂ξREp)]−1

[(∂ηpRξ∂ξRηp − ∂ξRξ∂ηpRηp)REp + (∂ηpRηpRξ − ∂ηpRξRηp)∂ξREp

+ (∂ξRξRηp − ∂ξRηpRξ)∂ηpREp],

∆ξ = [∂ηpRξ∂ξRηp − ∂ξRξ∂ηpRηp]−1

[∂ηpRηpRξ − ∂ηpRξRηp + (∂ηpRηp∂EpRξ − ∂ηpRξ∂EpRηp) : ∆Ep],

∆ηp = −[∂ηpRηp]−1[Rηp + ∂EpRηp : ∆Ep + ∂ξRηp∆ξ].

(4.62)

Hence, the obtained system can be solved through a Newton-Raphson iteration

scheme for instance.



4.3. ALGORITHMIC FORMULATION IN THERMO-PLASTICITY 51

Derivatives of internal variables with respect to multiplier γ and logarithmic

Lagrangean strain E

This subsection specifies the derivations of the internal parameters with respect

to the multiplier γ and the logarithmic Lagrangean strain E. The multiplier γ

can be replaced by the plastic multiplier γp for the rate-independent formulation

or accordingly by the viscoplastic multiplier γvp for a rate-dependent treatment.

Due to the implicit dependence, the derivations of (4.51) with respect to the

incremental multiplier follow as:

∂γI = ∂Fφn+1 + γ∂
2
FFφn+1 · ∂IF · ∂γI,

∂γη
p = ∂θpφn+1 + γ∂

2
θpθpφn+1 · ∂ηpθp · ∂γηp.

(4.63)

This yields with the help of (4.13)1 and (4.14):

∂γI =
(

I + γ∂2
FFφn+1 · ∂2

IIUn+1

)−1
∂Fφn+1,

∂γη
p =

(

1 + γ∂2
θpθpφn+1 · ∂2

ηpηpUn+1

)−1
∂θpφn+1.

(4.64)

Furthermore, due to the implicit dependence, the derivations of (4.51) with

respect to the logarithmic Lagrangean strain follow as:

∂EI = γ∂2
FFφn+1 · ∂EF + γ∂2

FFφn+1 · ∂IF · ∂EI,
∂Eη

p = γ∂2
θpθpφn+1 · ∂Eθ

p + γ∂2
θpθpφn+1 · ∂ηpθp · ∂Eη

p.
(4.65)

This yields with the help of (4.13)1 and (4.14):

∂EI = −γ
(

I + γ∂2
FFφn+1 · ∂2

IIUn+1

)−1
∂2
FFφn+1 · ∂2

IEUn+1,

∂Eη
p = −γ

(

1 + γ∂2
θpθpφn+1 · ∂2

ηpηpUn+1

)−1
∂2
θpθpφn+1 · ∂2

ηpEUn+1.
(4.66)

In the rate-independent case, the derivation of (4.55)3 with respect to E gives:

∂Eφn+1 + ∂γpφn+1∂Eγ
p = 0. Find:

∂Eγ
p = −∂Eφn+1 ·

(

∂γpφn+1

)−1
. (4.67)

Evaluate (4.67) with the help of (4.13)1, (4.14), (4.64), (4.66) and the tensors

E
p =

(

I + γp∂2
FFφn+1 · ∂2

IIUn+1

)−1
and Fp =

(

1 + γp∂2
θpθpφn+1 · ∂2

ηpηpUn+1

)−1
:

∂Eφn+1 = − ∂2
EIUn+1 · Ep · ∂Fφn+1 − ∂2

EηpUn+1 · Fp · ∂θpφn+1,

∂γpφn+1 = − ∂Fφn+1 · ∂2
IIUn+1 · Ep · ∂Fφn+1 − ∂θpφn+1 · ∂2

ηpηpUn+1 · Fp · ∂θpφn+1.

(4.68)

See Appendix A for the derivation of (4.68)1.
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In the rate-dependent case, the derivation of (4.53) with respect to E results

in:

∂Eγ
vp = ∂F γ

vp · ∂EF + ∂F γvp · ∂IF · ∂EI + ∂F γvp · ∂IF · ∂γvpI · ∂Eγ
vp

+ ∂θpγvp · ∂Eθ
p + ∂θpγvp · ∂ηpθp · ∂Eη

p + ∂θpγvp · ∂ηpθp · ∂γvpηp · ∂Eγ
vp.

(4.69)

Evaluate (4.69) with the help of (4.13)1, (4.14), (4.64), (4.66) and the tensors

E
vp =

(

I + γvp∂2
FFφn+1 · ∂2

IIUn+1

)−1
and Fvp =

(

1 + γvp∂2
θpθpφn+1 · ∂2

ηpηpUn+1

)−1
to

∂Eγ
vp = N/D:

N = −∂2
EIUn+1 · Evp · ∂F γvp − ∂2

EηpUn+1 · Fvp · ∂θpγvp,

D = 1 + ∂F γ
vp · ∂2

IIUn+1 · Evp · ∂Fφn+1 + ∂θpγvp · ∂2
ηpηpUn+1 · Fvp · ∂θpφn+1.

(4.70)

See Appendix A for the derivation of (4.70)1.

Derivatives of internal variables and multiplier γ with respect to absolute

temperature θ

This subsection specifies the derivations of the internal parameters and the

multiplier γ with respect to the absolute temperature θ. In the following it is

useful to switch to the logarithmic Lagrangean strain-temperature space, because

these derivatives will be used in the solution phase for the thermal field of

the upcoming global iteration scheme. Therefore, swap the level set function

φ (F , θp;I, ηp) to φ (F ;I, ηp; θ) and the constitutive function f (F , θp;I, ηp) to

f (F ;I, ηp; θ) and find ∂θpφn+1 = ∂θφn+1, ∂θpγvp = ∂θγ
vp and ∂θpθpφn+1 = ∂θθφn+1.

Furthermore, set F = −∂Iψn+1 according to (4.13)1. The derivation of (4.51)

with respect to θ yields:

∂θI = ∂θγ · ∂Fφn+1 + γ∂
2
FFφn+1 · ∂θF + γ∂2

FFφn+1 · ∂IF · ∂θI,
∂θη

p = ∂θγ · ∂θpφn+1 + γ∂
2
θpθpφn+1.

(4.71)

Derive from (4.71)1:

∂θI =
(

I + γ∂2
FFφn+1 · ∂2

IIψn+1

)−1 (

∂θγ · ∂Fφn+1 − γ∂2
FFφn+1 · ∂2

Iθψn+1

)

. (4.72)

In the rate-independent formulation, the derivation of (4.55)3 with respect to

θ gives:

0 = ∂θpφn+1 + ∂Fφn+1 · ∂θF + ∂Fφn+1 · ∂IF · ∂θI. (4.73)
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Inserting equation (4.72) in (4.73) yields with Cp =
(

I + γp∂2
FFφn+1 · ∂2

IIψn+1

)−1
:

∂θγ
p =

∂θpφn+1 − ∂Fφn+1 · ∂2
Iθψn+1 + γ

p∂Fφn+1 · ∂2
IIψn+1 · Cp · ∂2

FFφn+1 · ∂2
Iθψn+1

∂Fφn+1 · ∂2
IIψn+1 · Cp · ∂Fφn+1

.

(4.74)

In the rate-dependent formulation, the derivation of (4.53) with respect to θ

results in:

∂θγ
vp = ∂θpγvp + ∂F γ

vp · ∂θF + ∂F γvp · ∂IF · ∂θI. (4.75)

Inserting equation (4.72) in (4.75) yields withCvp =
(

I + γvp∂2
FFφn+1 · ∂2

IIψn+1

)−1
:

∂θγ
vp =

∂θpγvp − ∂F γvp · ∂2
Iθψn+1 + γ

vp∂F γ
vp · ∂2

IIψn+1 · Cvp · ∂2
FFφn+1 · ∂2

Iθψn+1

1 + ∂F γvp · ∂2
IIψn+1 · Cvp · ∂Fφn+1

.

(4.76)

Finally, there is a distinct relation between the derivatives of the multiplier γ and

the Lagrange multiplier λ according to Subsection 4.3.1:

∂θγ = ∂θλ (tn+1 − tn) . (4.77)

Remark 4.3.2. Switching to the logarithmic Lagrangean strain-temperature

space involves additional numerical computation by determining new tensorial

quantities. However, due to the distinct relation between the thermodynamic

potentials according to (4.12) U = ψ + θηe the additional effort is limited.

Remark 4.3.3. The given formulation of the thermodynamic potential ψ and the

level set function φ in the preceding remarks leads to ∂2
FFφn+1 · ∂2

Iθψn+1 = 0 in

isotropic and orthotropic plastic material behaviour. Furthermore, ∂2
FFφn+1 is

singular and thus not invertible.

Algorithmic stress and consistent tangent modulus

The internal energy U from equation (4.11) is dependent on the logarithmic La-

grangean strain E. Take this thermodynamic potential to govern the constitutive

expressions at time tn+1. Define the algorithmic stress according to (4.25) and

the algorithmic consistent elastic-plastic tangent modulus

Tn+1 := dEU (En+1) and E
ep

n+1
:= d2

EEU (En+1) (4.78)

as the first and second derivative, respectively. Moreover, remind that the

principle of minimum of potential energy of elastic materials has to be valid.
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Therefore, the required minimum of the internal energy with respect to plastic

quantities represented by the multiplier γ yields ∂γU = 0. This holds if the

internal energy is convex with respect to γ and the second derivative ∂2
γγU > 0.

Replace γ accordingly with γp and γvp for rate-independent and rate-dependent

plasticity, respectively. Hence, the quantities of (4.78) follow as:

Tn+1 = ∂EU + ∂γU
︸︷︷︸

=0

∂Eγ and E
ep

n+1
= ∂2

EEU
︸︷︷︸

elastic

+ ∂2
EγU∂Eγ

︸    ︷︷    ︸

so f tening

. (4.79)

The tangent modulus consists of an elastic and a softening part. The latter results

out of the change of the internal variables in the time step under consideration

traced by the multiplier γ. Furthermore, exploiting the positive homogeneity

of degree one of the level set function φ according to Subsection 4.2.3 yields:

• · ∂•φ = φ and • · ∂2
••φ = 0 with (•) = {F , θp}. With the help of (4.66),

F · ∂EI = 0 and θp · ∂Eη
p = 0 can be evaluated. This yields with the help of

(4.13)1 and (4.14) for the stress

Tn+1 = ∂EU + ∂IU∂EI + ∂ηpU∂Eη
p = ∂EU −F ∂EI − θp∂Eη

p

︸                ︷︷                ︸

=0

= ∂EU (4.80)

and for the tangent modulus

E
ep

n+1
= ∂2

EEU + ∂2
EIU∂EI + ∂2

EηpU∂Eη
p

︸                                   ︷︷                                   ︸

elastic

+β · [∂2
EIU∂γI∂Eγ + ∂

2
EηpU∂γη

p∂Eγ]
︸                                    ︷︷                                    ︸

so f tening

.

(4.81)

Introduce a factor β = 1 for γ > 0, otherwise it is zero. This factor plays the role

of a switch in computation.

A negative value of the multiplier γ in the plastic regime is not permitted due

to (4.52) and (4.53). In this case reset the plastic quantities to time tn. Hence, the

multiplier γ is set to zero, all internal variables are reset In+1 = In, ηp
n+1 = η

p
n

and β = 0 to disable softening.

Expand the elastic part of (4.81) to:

E
ep

n+1el.
= ∂2

EEU − γ∂2
EIUn+1 · Ep/vp · ∂2

FFφn+1 · ∂2
IEUn+1

− γ∂2
EηpUn+1 · Fp/vp · ∂2

θpθpφn+1 · ∂2
ηpEUn+1.

(4.82)

Where Ep/vp and Fp/vp have to be set accordingly for rate-independent or rate-

dependent plasticity. Expand the softening part of (4.81) in the rate-independent

case with the help of (4.64), (4.67) and (4.68)1 to:

E
ep

n+1so f t.
= [∂2

EIUn+1 · Ep · ∂Fφn+1 + ∂
2
EηpUn+1 · Fp · ∂θpφn+1]∂Eγ

p

= ∂Eφn+1 ⊗ ∂Eφn+1 ·
(

∂γpφn+1

)−1
.

(4.83)
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Expand the softening part of (4.81) in the rate-dependent case with the help of

(4.64) to:

E
ep

n+1so f t.
= [∂2

EIUn+1 · Evp · ∂Fφn+1 + ∂
2
EηpUn+1 · Fvp · ∂θpφn+1]∂Eγ

vp. (4.84)

Replace the viscoplastic multiplier γvp according to (4.70).

Remark 4.3.4. Note that the proposed description leads to a symmetric for-

mulation in seven-dimensional space for rate-independent plasticity. If the

constitutive function f in (4.53) is expressed through the level set function φ

as for instance in Remark 4.2.4, a symmetric formulation for rate-dependent

plasticity is revealed.

4.3.2 Transformation tensors from logarithmic Lagrangean

space to Lagrangean space

Transform the logarithmic stress T and modulus Eep to the Lagrangean stress S

and modulus Cep by employing chain rule operations according to (4.10). The

consecutive description follows formulations outlined in Miehe & Lambrecht

[61].

The Lagrangean stress and associated elasticity modulus at time tn+1 are

obtained from the internal energy U (4.11) in the logarithmic Lagrangean strain-

entropy space by the derivatives

Sn+1 := 2∂CU (En+1) and C
ep

n+1
:= 4∂CCU (En+1) (4.85)

with respect to the right Cauchy-Green deformation tensor Cn+1. These tensors

are obtained from the stress T and modulus Eep in the logarithmic Lagrangean

space by the transformation tensors P and L defined in equation (4.8).

The derivation of the tensors P and L is based on a spectral decomposition of

the tensor C and the total logarithmic Lagrangean strain E as:

C =

3∑

a

λaNa ⊗ Na and E (C) =

3∑

a

eaNa ⊗ Na. (4.86)

Here, λa and ea denote the eigenvalues of tensors C and E, respectively. Both

tensors are co-axial and posses the same eigenvectors Na, which are combined

to the eigenvalue bases Ma associated with the eigenvalue λa:

Ma := Na ⊗ Na and ea =
1

2
ln[λa]. (4.87)

This yields for

P =

3∑

a

daMa ⊗Ma +

3∑

a

3∑

b,a

ϑabGab (4.88)
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and

L =

3∑

a

faMa ⊗Ma ⊗Ma +

3∑

a

3∑

b,a

ξab(Hbab +Hbba +Habb)+

3∑

a

3∑

b,a

3∑

c,a,c,b

ηHabc.

(4.89)

Where following coefficients are introduced:

da := λ−1
a and fa := −2λ−2

a . (4.90)

Furthermore, define:

(Gab)i jkl := (Ma)ik(Mb) jl + (Ma)il(Mb) jk,

(Habc)
i jklmn := (Ma)ik(Mb) jm(Mc)

ln + (Ma)ik(Mb) jn(Mc)
lm

+ (Ma)il(Mb) jm(Mc)
kn + (Ma)il(Mb) jn(Mc)

km

+ (Ma) jl(Mb)im(Mc)
kn + (Ma) jl(Mb)in(Mc)

km

+ (Ma) jk(Mb)im(Mc)
ln + (Ma) jk(Mb)in(Mc)

lm.

(4.91)

Let for three different eigenvalues λa , λb , λc:

ϑab := (ea − eb)/(λa − λb),

ξab := (ϑab −
1

2
db)/(λa − λb),

η :=

3∑

a

3∑

b,a

3∑

c,a,c,b

ea/[2(λa − λb)(λa − λc)].

(4.92)

For two different eigenvalues λa = λb , λc, the rules of de l’Hospital yield

following limiting values:

lim
λb→λa

ϑab =
1

2
da, lim

λb→λa

ξab =
1

8
fa, lim

λb→λa
λc,λa

η = ξca; (4.93)

for three equal eigenvalues λa = λb = λc follows next to (4.93)1,2

lim
λb→λa
λc→λa

η =
1

8
fa. (4.94)

See Appendix D for a help in the derivation of the transformation tensors given

in (4.88) and (4.89).
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4.3.3 Global iteration scheme

The coupled thermo-mechanical problem is solved discretely in an uncondi-

tionally stable fractional method as proposed by Armero & Simo [2] in the

time increment [tn, tn+1] under consideration. An isentropic mechanical phase

is followed by an iso-geometrical thermal phase and an updating of the internal

variables at last. Therefore, the first two phases are calculated with constant

internal variables, which are kept at time tn.

Isentropic mechanical phase

Firstly, in the isentropic mechanical phase the balance of linear momentum is

solved for the current deformation field ϕn+1 with a global Newton-Raphson

iterative method for instance. The entropies and the internal variables are kept

constant at time tn.

• rate of entropies η̇e = η̇p = 0

• primary variables: (ϕn, θn)→ (ϕn+1, θn)

• internal variables:
(In, η

p
n

)→ (In, η
p
n

)

1. Local iteration scheme: Determine the internal variables according to

Table 4.2 for rate-independent plasticity and Table 4.3 for rate-dependent

plasticity. The Lagrangean heat flux vector Q, the heat source R and the

thermal boundary conditions are not taken into account, however, due to

(4.15) a phantom temperature evolves locally at the quadrature point in the

update algorithm of the internal variables.

2. Global iteration scheme: After the determination of the internal variables

and the transformation of the stress and the algorithmic tangent modulus to

the Lagrangean space solve for ϕn+1. Equation (4.95) gives a formulation

of the mechanical problem defined in virtual power δPM. δPM can be split

into a virtual power δPM,int of the internal mechanical forces and a virtual

power δPM,ext of the external mechanical forces. δu̇ denotes the rate of

the virtual displacement, fB and fS the body and surface force densities,

respectively. The internal variables are not updated at the end of this phase.

δPM (δu̇;ϕ (C) ,S) = −
∫

B

1

2
S : δĊdB

︸              ︷︷              ︸

δPM,int

+

∫

B

fB · δu̇dB +
∫

∂B

fS · δu̇d(∂B)

︸                                   ︷︷                                   ︸

δPM,ext

= 0

(4.95)
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Iso-geometrical thermal phase

Secondly, in the iso-geometrical thermal phase the balance of internal energy

is solved for the current thermal field θn+1 with a global Newton-Raphson

iterative method for instance. The deformation field ϕn+1 is already known

from Subsection 4.3.3. The entropies are normally taken into account, while

the internal variables are still kept constant at time tn.

• rate of deformation field ϕ̇ = 0

• primary variables: (ϕn+1, θn)→ (ϕn+1, θn+1)

• internal variables:
(In, η

p
n

)→ (In, η
p
n

)

1. Local iteration scheme: Determine the internal variables according to

Table 4.4 for rate-independent plasticity and Table 4.5 for rate-dependent

plasticity. The Lagrangean heat flux vector Q, the heat source R and the

thermal boundary conditions are taken into account this time.

2. Global iteration scheme: After determination of the internal variables and

the transformation of the stress and the algorithmic tangent modulus to the

Lagrangean space solve for θn+1. Equation (4.96) gives a formulation of

the thermal problem defined in virtual power δPT based on the evolution

of the elastic entropy (4.36). δPT can be split into a virtual power δPT,int

of the internal thermal forces and a virtual power δPT,ext of the external

thermal forces. δθ denotes the virtual temperature and QS the Lagrangean

heat flux on the surface. See Appendix B for details. At the end of this

phase the internal variables are not updated.

δPT (δθ; θn+1) =

∫

B

(

thermo−mech.
coupling

︷          ︸︸          ︷

(θη̇e −Dmech) δθ −QGRAD [δθ])dB

︸                                               ︷︷                                               ︸

δPT,int

−
∫

B

RδθdB +
∫

∂B

Qsδθd (∂B)

︸                                ︷︷                                ︸

δPT,ext

= 0

(4.96)
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Iso-geometrical isothermal update phase

Thirdly, in the update phase the internal variables are calculated at time tn+1. This

phase consists solely of a local iteration scheme due to given ϕn+1 and θn+1.

• primary variables: (ϕn+1, θn+1)→ (ϕn+1, θn+1)

• internal variables:
(In, η

p
n

)→
(

In+1, η
p

n+1

)

1. Local iteration scheme: Determine the internal variables according to

Table 4.6 for rate-independent plasticity and Table 4.7 for rate-dependent

plasticity. The Lagrangean heat flux vector Q, the heat source R and the

thermal boundary conditions are taken into account.
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Table 4.2: General return algorithm for single-surface rate-independent elasto-

plasticity in logarithmic Lagrangean strain-entropy space for mechanical phase

(constitutive function of (4.5)).

1. Database {En+1, ηn, θn;In, η
p
n} is given. Initialize plastic multiplier γp = 0

and set (Ep)i=0
n+1 = (Ep)n, ξi=0

n+1
= ξn, (ηp)i=0

n+1 = (ηp)n and ηi=0
n+1
= ηn.

2. Check Karush-Kuhn-Tucker conditions (4.52), if none is violated due to

elastic response go to 6.

3. Compute plastic increment and update internal variables according to

(4.59) and (4.58), respectively.

(γp)i+1
n+1 = (γp)i

n+1 + ∆(γp)i

(Ep)i+1
n+1 = (Ep)i

n+1 + ∆(Ep)i

ξi+1
n+1 = ξ

i
n+1 + ∆ξ

i

(ηp)i+1
n+1 = (ηp)i

n+1 + ∆(ηp)i

(a) A phantom temperature evolves locally at quadrature point out of

constant ηe = 3καIEe
n
+c0 ln[θn/θ0]−K,θ (ξn) from last converged time

step tn.

(b) The rate of entropies are η̇p = 0, η̇e = 0 and hence η̇ = 0. According

to (4.51)2 ∆η
p = γp∂θpφ = 0, therefore, ∂θpφ = ∂2

θpθpφ = 0. Hence,

φ is constant with respect to θp, which draws the conclusion φr =

φr (θn). This has an important impact on derivatives of consistent

tangent modulus in (4.81), the “thermal” parts drop out.

4. Check convergence: if |φn+1 − c| > tol go to 3.

5. If γp < 0 set β = 0 in (4.81) and reset quantities to 1.

6. Set stress Tn+1 and tangent modulus E
ep

n+1
according to (4.80) and (4.81),

respectively.
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Table 4.3: General return algorithm for single-surface rate-dependent elasto-

plasticity in logarithmic Lagrangean strain-entropy space for mechanical phase

(constitutive function of (4.5)).

1. Database {En+1, ηn, θn;In, η
p
n} is given. Set (Ep)i=0

n+1 = (Ep)n, ξi=0
n+1
= ξn,

(ηp)i=0
n+1 = (ηp)n and ηi=0

n+1
= ηn.

2. Check constitutive function f in (4.53), if f = 0 due to elastic response go

to 6.

3. Update internal variables according to (4.62).

(Ep)i+1
n+1 = (Ep)i

n+1 + ∆(Ep)i

ξi+1
n+1 = ξ

i
n+1 + ∆ξ

i

(ηp)i+1
n+1 = (ηp)i

n+1 + ∆(ηp)i

(a) A phantom temperature evolves locally at quadrature point out of

constant ηe = 3καIEe
n
+c0 ln[θn/θ0]−K,θ (ξn) from last converged time

step tn.

(b) The rate of entropies are η̇p = 0, η̇e = 0 and hence η̇ = 0. According

to (4.51)2 ∆η
p = γvp∂θpφ = 0, therefore, ∂θpφ = ∂2

θpθpφ = 0. Hence,

φ is constant with respect to θp, which draws the conclusion φr =

φr (θn). This has an important impact on derivatives of consistent

tangent modulus in (4.81), the “thermal” parts drop out.

4. Check convergence by evaluating norm of viscoplastic residuals of

(4.56)1,2: if
√

REp : REp + RξRξ + RηpRηp > tol go to 3.

5. If γvp < 0 set β = 0 in (4.81) and reset quantities to 1.

6. Set stress Tn+1 and tangent modulus E
ep

n+1
according to (4.80) and (4.81),

respectively.
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Table 4.4: General return algorithm for single-surface rate-independent elasto-

plasticity in logarithmic Lagrangean strain-entropy space for thermal phase

(constitutive function of (4.5)).

1. Database {En+1, ηn, θn,Qn+1,Rn+1;In, η
p
n} is given. Initialize plastic mul-

tiplier γp = 0 and set (Ep)i=0
n+1 = (Ep)n, ξi=0

n+1
= ξn, (ηp)i=0

n+1 = (ηp)n and

ηi=0
n+1
= ηn.

2. Check Karush-Kuhn-Tucker conditions (4.52), if none is violated due to

elastic response go to 6.

3. Compute plastic increment and update internal variables according to

(4.59) and (4.58), respectively. See Table 4.2.

(a) Use θn+1 and ηe
n+1

as they evolve in theoretical description.

4. Check convergence: if |φn+1 − c| > tol go to 3.

5. If γp < 0 set β = 0 in (4.81) and reset quantities to 1.

6. Set stress Tn+1 and tangent modulus E
ep

n+1
according to (4.80) and (4.81),

respectively. Calculate ∂θγ
p according to (4.74) and ∂θE

p and ∂θξ

according to (4.72) as they will be needed in global iteration scheme.
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Table 4.5: General return algorithm for single-surface rate-dependent elasto-

plasticity in logarithmic Lagrangean strain-entropy space for thermal phase

(constitutive function of (4.5)).

1. Database {En+1, ηn, θn,Qn+1,Rn+1;In, η
p
n} is given. Set (Ep)i=0

n+1 = (Ep)n,

ξi=0
n+1
= ξn, (ηp)i=0

n+1 = (ηp)n and ηi=0
n+1
= ηn.

2. Check constitutive function f in (4.53), if f = 0 due to elastic response go

to 6.

3. Update internal variables according to (4.62). See Table 4.3.

(a) Use θn+1 and ηe
n+1

as they evolve in theoretical description.

4. Check convergence by evaluating norm of viscoplastic residuals of

(4.56)1,2: if
√

REp : REp + RξRξ + RηpRηp > tol go to 3.

5. If γvp < 0 set β = 0 in (4.81) and reset quantities to 1.

6. Set stress Tn+1 and tangent modulus E
ep

n+1
according to (4.80) and (4.81),

respectively. Calculate ∂θγ
vp according to (4.76) and ∂θE

p and ∂θξ

according to (4.72) as they will be needed in global iteration scheme.
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Table 4.6: General return algorithm for single-surface rate-independent elasto-

plasticity in logarithmic Lagrangean strain-entropy space for update phase.

1. Database {En+1, ηn, θn,Qn+1,Rn+1;In, η
p
n} is given. Initialize plastic mul-

tiplier γp = 0 and set (Ep)i=0
n+1 = (Ep)n, ξi=0

n+1
= ξn, (ηp)i=0

n+1 = (ηp)n and

ηi=0
n+1
= ηn.

2. Check Karush-Kuhn-Tucker conditions (4.52), if none is violated due to

elastic response go to 6.

3. Compute plastic increment and update internal variables according to

(4.59) and (4.58), respectively. See Table 4.2.

(a) Use θn+1 and ηe
n+1

as they evolve in theoretical description.

4. Check convergence: if |φn+1 − c| > tol go to 3.

5. If γp < 0 set β = 0 in (4.81) and reset quantities to 1.

6. Balance at time tn+1 is obtained and exit.

Table 4.7: General return algorithm for single-surface rate-dependent elasto-

plasticity in logarithmic Lagrangean strain-entropy space for update phase.

1. Database {En+1, ηn, θn,Qn+1,Rn+1;In, η
p
n} is given. Set (Ep)i=0

n+1 = (Ep)n,

ξi=0
n+1
= ξn, (ηp)i=0

n+1 = (ηp)n and ηi=0
n+1
= ηn.

2. Check constitutive function f in (4.53), if f = 0 due to elastic response go

to 6.

3. Update internal variables according to (4.62). See Table 4.3.

(a) Use θn+1 and ηe
n+1

as they evolve in theoretical description.

4. Check convergence by evaluating norm of viscoplastic residuals of

(4.56)1,2: if
√

REp : REp + RξRξ + RηpRηp > tol go to 3.

5. If γvp < 0 set β = 0 in (4.81) and reset quantities to 1.

6. Balance at time tn+1 is obtained and exit.



Chapter 5

Numerical examples

This chapter presents numerical simulations employing the constitutive models

previously described. With this object, it is tried to show a brief overview of

easily computable benchmark examples. The focus is laid on shell structures

made of metal sheets.

Firstly, the thermally triggered necking of a rectangular strip is observed

for isotropic rate-dependent thermo-plasticity. Secondly, the compression of a

rectangular strip is investigated for orthotropic rate-dependent thermo-plasticity.

Thirdly, the drawing of a thin circular flange is examined for orthotropic rate-

independent thermo-plasticity and membrane behaviour of a sheet. Fourthly, the

inflation of a thin circular sheet is simulated for orthotropic rate-independent

thermo-plasticity and bending behaviour of a sheet. The employed materials

consider thermally isotropic behaviour. All examples are performed with an 8-

node assumed-additively enhanced hexahedral solid shell-element. The element

is subject to strain modifications to overcome locking effects as described for

instance in Miehe & Apel [58], see also references therein. Alternatively, a

higher order brick element can be used for the discretization. The numerical

integration is done by a Legendre-Gauss quadrature with a 3x3x3 integration

scheme. This leads to a better coincidence with the isothermal reference in

Example 5.3 than using for instance an integration scheme with 9 points as

proposed in Simo et al. [79]. Furthermore, having more quadrature points in

the thickness direction of the sheet is advantageous for the examination of the

bending behaviour in Example 5.4.

The figures show the distribution of equivalent plastic strain as given for

example in Lubliner [51] as κ =
∫ √

2/3 · Ėp : Ėpdt. This yields in a considered

time span [t0, tn] by defining Ep (t0) = 0 the employed formulation κ =
√

2/3 ·
√

E
p
n : E

p
n .

The program is written in C++ and all simulations are done on a PC

running on gentoo linux. Multithreading is used by employing the OpenMP

65
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implementation for C++ of the gcc compiler. The pictures are made with GiD

and the graphs with MATLAB.

5.1 Thermally triggered necking of a thin

rectangular strip

A thin rectangular strip with isotropic rate-dependent elastic-plastic material

response is examined. Necking is triggered by a non-homogeneous temperature

field induced via self heating due to plastic deformation. This problem has been

isothermally analyzed by Miehe & Apel [58], where the width in the middle

of the specimen was reduced in order to trigger necking by this geometrical

imperfection.

The specimen is subject to a deformation driven analysis, which leads to a

initially homogeneous state of stress. The strip is pulled in 320 increments of

∆u = 0.0125 mm. Geometry and boundary conditions can be found in Fig. 5.1.

a3

1.0

a2

a1

u u

13.545

17.78

a1

Figure 5.1: Thermally triggered necking of a thin rectangular strip. Geometry

and boundary conditions. The strip is stretched to a total displacement of

u = 4 mm. Adiabatic thermal boundary conditions at the lateral surfaces.

Temperature is kept at reference temperature θ0 at the short edges of the strip.

Lengths in mm.

One quarter of the specimen is discretized using 5x10 assumed-additively

enhanced hexahedral solid shell-elements. The strip is pulled in time increments

of ∆t = 0.0125 µs. A saturation-type non-linear isotropic hardening is assumed

and the set of material parameters is summarized in Table 5.1. The problem

is treated with rate-dependent plasticity. The viscosity η is set according to

∆t/η=25, whereas the factor ǫ in the employed viscoplastic constitutive function

in (4.40) equals 1. Moreover, the material parameter κ0 = c from (4.30). Necking

is triggered via thermal boundary conditions and occurs at around u = 1.4 mm in

this case.
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Table 5.1: Thermally triggered necking of a thin rectangular strip: material

properties.

Bulk modulus κ 164.206 GPa

Shear modulus µ 80.1938 GPa

Initial yield stress y0 450 MPa

Saturation yield stress y∞ 715 MPa

Linear isotropic hardening h 129.24 MPa

Saturation parameter ω 16.93

Reference temperature θ0 293 K

Thermal expansion coefficient α 0.00001 K−1

Heat conductivity k 45 N/(s K)

Heat capacity c0 3.588 MPa/K

Dissipation factor χ 0.9

Thermal softening parameter of yield stress ω0 0.0002 K−1

Thermal softening parameter of hardening ωh 0.0002 K−1

Fig. 5.2 shows the deformed strip and the distribution of the equivalent

plastic strain. The deformed mesh at u = 2.5 mm shows a localization of a shear

band, which develops with necking. Due to the large stretching and the coarse

mesh this shear band starts to vanish at u = 3 mm. The zig-zag line between the

first two columns of elements in the deformed mesh for u = 4 mm results out

of the employed element type, compare also with the corresponding figures in

Miehe & Apel [58]. Furthermore, elements in the first column close to the middle

of the strip are stretched to a large extent. Fig. 5.3 shows the deformed strip and

the distribution of the relative temperature compared to reference temperature.

The relative temperature distribution equals the distribution of equivalent plastic

strain.

The influence of the element size on the shear band is investigated in the

following. For that, a quarter of the specimen is discretized by two meshes: a

coarse 5x10 and a fine 10x20 elements mesh. The same element type, hardening

law and set of material parameters as before are taken. The strip is pulled in time

increments of ∆t = 0.0125 s and necking occurs again at around u = 1.4 mm.

Figs. 5.4 and 5.5 show for u = 2.5 mm the deformed strips and the distribution

of the equivalent plastic strain and the relative temperature compared to reference

temperature, respectively. The fine mesh shows clearly a thinner and better

developed shear band than in the coarse mesh. Figs. 5.6 and 5.7 show for

u = 4 mm the deformed strips and the distribution of the equivalent plastic strain

and the relative temperature compared to reference temperature, respectively.

Due to the large stretching the shear band starts to vanish at u = 3 mm for the

coarse mesh, however, the shear band remains in the fine mesh. The zig-zag line
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can be again seen in the coarse mesh as a result out of the employed element type.

Furthermore, even elements in the first column of the fine mesh experience large

stretching and a kind of zig-zag line can be recognized. The relative temperature

distribution of the coarse mesh is comparable to the one of the fine mesh.

Some detailed numerical results are given in Fig. 5.8. The load-displacement

and change of thickness-displacement curves show the same behaviour in all

simulations, except in the ones with the fine mesh. The reason for that lies in

the better developed shear band, which results in a locally higher distribution

of plastic strain. The material is softer than in a worse developed shear band

and shows hence a bigger contraction in thickness direction. Furthermore, the

load is smaller as a direct result. The degressive behaviour of the temperature

in Fig. 5.8 is a result of the temperature dependence of the isotropic hardening

modulus denoted by ωh. Starting of necking at u = 1.4 mm and vanishing of

the shear band at u = 3 mm have a significant influence on the temperature

history of the simulations with a coarse mesh. However, the temperature history

of the simulation with the fine mesh is comparable to its counterpart with

the coarse mesh. A smaller time increment leads of course to a significantly

higher temperature development as seen in the relative temperature-displacement

curves. The change of width-displacement curves are very similar to each other

in all simulations. As a reference the load-displacement and change of width-

displacement curves of Miehe & Apel [58] are given. This reference treats the

problem isothermally with a 5x10 elements mesh and triggers necking by a geo-

metrical imperfection, however, results are very similar to this implementation.
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0.0 0.14 0.28 0.42 0.56 0.70 0.84 0.98 1.12 1.26

Figure 5.2: Thermally triggered necking of a thin rectangular strip. Deformed

meshes and distribution of equivalent plastic strain as shown in colour bar for

∆t = 0.0125 µs and 50 elements at displacements u = 2.5 mm and u = 4 mm.

0.0 14.6 29.2 43.8 58.4 73.0 87.6 102.2 116.8 131.4 [K]

Figure 5.3: Thermally triggered necking of a thin rectangular strip. Deformed

meshes and distribution of relative temperature as shown in colour bar for ∆t =

0.0125 µs and 50 elements at displacements u = 2.5 mm and u = 4 mm.

0.0 0.13 0.26 0.39 0.52 0.65 0.78 0.91 1.04 1.17

Figure 5.4: Thermally triggered necking of a thin rectangular strip. Deformed

meshes and distribution of equivalent plastic strain as shown in colour bar for 50

and 200 elements at displacement u = 2.5 mm and ∆t = 0.0125 s.



70 CHAPTER 5. NUMERICAL EXAMPLES

0.0 4.3 8.6 12.9 17.2 21.5 25.8 30.1 34.4 38.7 [K]

Figure 5.5: Thermally triggered necking of a thin rectangular strip. Deformed

meshes and distribution of relative temperature as shown in colour bar for 50 and

200 elements at displacement u = 2.5 mm and ∆t = 0.0125 s.

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8

Figure 5.6: Thermally triggered necking of a thin rectangular strip. Deformed

meshes and distribution of equivalent plastic strain as shown in colour bar for 50

and 200 elements at displacement u = 4 mm and ∆t = 0.0125 s.

0.0 5.6 11.2 16.8 22.4 28.0 33.6 39.2 44.8 50.4 [K]

Figure 5.7: Thermally triggered necking of a thin rectangular strip. Deformed

meshes and distribution of relative temperature as shown in colour bar for 50 and

200 elements at displacement u = 4 mm and ∆t = 0.0125 s.
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Figure 5.8: Thermally triggered necking of a thin rectangular strip. Load, relative

temperature ∆T at the centre of the strip, change of thickness ∆h at the centre

of the strip and change of width ∆w in the cross section versus displacement.

Dashed line gives data for time increment of 0.0125 µs. For time increment of

0.0125 s the solid and dash-dotted line denote data for 50 and 200 elements,

respectively. The (×) mark the reference curves given in Miehe & Apel [58].
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5.2 Compression of a thin rectangular strip

A thin rectangular strip with isotropic rate-dependent elastic-plastic material re-

sponse is examined under compression. The specimen is subject to a deformation

driven analysis. The strip is pushed in 300 increments of ∆u = 0.01 mm in

time increments of ∆t = 0.01 s. Geometry and boundary conditions can be

found in Fig. 5.9. The bottom of the strip is supported to prevent buckling.

The specimen is discretized using 7x7 assumed-additively enhanced hexahedral

solid shell-elements. Saturation-type non-linear isotropic hardening is assumed

and the set of material parameters is summarized in Table 5.2.
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Figure 5.9: Compression of a thin rectangular strip. Geometry and boundary

conditions. The strip is compressed by a total displacement of u = 3 mm.

Coordinates of the observed points are P=(10/10/1)mm and Q=(10/0/1)mm.

Thermal boundary conditions are corresponding to convective heat exchange at

the lateral surfaces. Lengths in mm.

The viscosity η is set according to ∆t/η=25, whereas the factor ǫ in the

employed viscoplastic constitutive function in (4.40) equals 1. Moreover, the

material parameter κ0 = c from (4.30). Assume the normal heat flux input as

qs = hc (θ∞ − θ) on the lateral surfaces. Where hc stands for the heat convection

coefficient and θ∞ for the environmental temperature.

Isotropic elastic and anisotropic plastic response is assumed. The latter is

governed by an orthotropic Hill-type level set function, in particular a function

modelling cubic symmetry. The axes of orthotropy ai for i = 1, 2, 3 are given

according to Fig. 5.9. Cubic symmetry specifies the normal yield stresses as

y11 = y22 = y33 and the shear yield stresses as y12 = y23 = y13. As a measure for

the deviation of the orthotropic from the isotropic state define the ratio of normal

to shear yield stresses δ = yii/yi j. Furthermore, the normal yield stresses are set

to the initial yield stress y0.

Three sets of material parameters are computed for comparison. The first set

is associated to isotropy with δ =
√

3. The second and third set depict orthotropic
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Table 5.2: Compression of a thin rectangular strip: material properties.

Bulk modulus κ 164.206 GPa

Shear modulus µ 80.1938 GPa

Initial yield stress y0 450 MPa

Saturation yield stress y∞ 715 MPa

Linear isotropic hardening h 129.24 MPa

Saturation parameter ω 16.93

Reference temperature θ0 293 K

Environmental temperature θ∞ 293 K

Thermal expansion coefficient α 0.00001 K−1

Heat conductivity k 45 N/(s K)

Convection coefficient hc 0.0175 N/(mm s K)

Heat capacity c0 3.588 MPa/K

Dissipation factor χ 0.9

Thermal softening parameter of yield stress ω0 0.002 K−1

Thermal softening parameter of hardening ωh 0 K−1

plastic responses with δ1 = 2
√

3 and δ2 = 0.5
√

3, respectively.

Fig. 5.10 shows the deformed strip and the distribution of the equivalent

plastic strain. Due to the orientation of the axes of orthotropy the two orthotropic

material sets do not show a homogeneous state of deformation. Fig. 5.11 shows

the deformed strip and the distribution of the relative temperature compared to

reference temperature. The relative temperature shows the same distribution as

the equivalent plastic strain. Note that for the material set with δ1 only a small

relative temperature develops. Some detailed numerical results are given in Fig.

5.12, where the left column shows data of point P and the right column gives

data of point Q according to Fig. 5.9. The curves for P and Q are identical

for the isotropic case, however, both differ for the two sets of orthotropic cases.

The development of the nodal force and displacement in z-direction throughout

the deformation process are especially interesting at point Q for δ2. The strip

becomes thicker until a displacement of approximately u = 0.5 mm. Due to

the deformation of the strip, the thickness at point Q decreases and hence the

corresponding nodal force. Furthermore, the nodal force in x-direction becomes

negative at a displacement of u = 1.5 mm. This means in a deformation driven

analysis that the strip would take a bigger displacement in x-direction at this point

than the prescribed displacement. Finally, the development of the displacement

in y-direction of observed points is examined. The relative movement of point P

to point Q gives the dilatation of the strip in y-direction. Whereas for the material

set with δ1 a higher dilatation can be seen as for the isotropic case, the material

set with δ2 shows nearly no dilatation at all.
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0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 5.10: Compression of a thin rectangular strip. Deformed meshes and

distribution of equivalent plastic strain as shown in colour bar for displacement

u = 3 mm. From the left to the right: isotropic response for δ =
√

3, orthotropic

response for δ1 = 2
√

3 and orthotropic response for δ2 = 0.5
√

3.

21.2 23.8 26.4 29.0 31.6 34.2 36.8 39.4 42.0 44.6 [K]

Figure 5.11: Compression of a thin rectangular strip. Deformed meshes and

distribution of relative temperature as shown in colour bar for displacement u =

3 mm. From the left to the right: isotropic response for δ =
√

3, orthotropic

response for δ1 = 2
√

3 and orthotropic response for δ2 = 0.5
√

3.
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Figure 5.12: Compression of a thin rectangular strip. Solid lines for δ =
√

3, dash-dotted lines

for δ1 = 2
√

3 and dashed lines for δ2 = 0.5
√

3. Nodal force in x-direction, relative temperature

∆T, displacement w in z-direction and displacement v in y-direction versus displacement are

given for observed points P and Q in the left and right column, respectively.
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5.3 Drawing of a thin circular flange

A drawing process of a thin circular flange is observed. This benchmark for the

analysis of isotropic elastic-anisotropic plastic response has been investigated

by Papadopoulos & Lu [69], Miehe et al. [59] and Löblein et al. [46]. Firstly,

the problem is treated isothermally and the results are compared with those

given in Miehe et al. [59]. Secondly, the coupled thermo-mechanical problem

is examined by permitting heat conduction and convection on surface.

The problem can be linked to the three-dimensional deep drawing of a

circular sheet into a cup. It holds as an idealized simplified model of the outer

part of the circular sheet while deep-drawn. No out of plane drawing occurs and

therefore no contact elements are needed. Hence, the problem is modelled by a

ring as given in Fig. 5.13.

400200 200

a3

10

Q

a2

a1

u

a1

P

Figure 5.13: Drawing of a thin circular flange. Geometry and boundary

conditions. The inner side of the ring is drawn in radial direction to a total

displacement of u = 75 mm. Coordinates of observed points are P=(200/0/0)mm

and Q=((200/
√

2)/(200/
√

2)/0)mm. Thermal boundary conditions are corre-

sponding to convective heat exchange at the lateral surfaces. Lengths in mm.

The inner rim of the ring is drawn in radial direction up to a total displace-

ment of u = 75 mm. In order to prevent buckling of the ring no deflection

in the vertical direction is allowed, thus, the lower layer is supported in that

direction. One quarter of the structure is discretized using 10x10 assumed-

additively enhanced hexahedral solid shell-elements. In a deformation driven

simulation increments of ∆u = 0.1 mm for the radial displacement are applied

in ∆t = 0.1 s. Assume the normal heat flux input as qs = hc (θ∞ − θ) on the

lateral surfaces. Where hc stands for the heat convection coefficient and θ∞ for
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the environmental temperature.

Isotropic elastic and rate-independent anisotropic plastic response is as-

sumed. Moreover, the same thermal boundary conditions and three sets of

material parameters as in the preceding example are observed as listed in Table

5.3. The axes of orthotropy ai for i = 1, 2, 3 are given according to Fig. 5.13.

Table 5.3: Drawing of a thin circular flange and inflation of a thin circular sheet:

material properties.

Bulk modulus κ 164 GPa

Shear modulus µ 80.190 GPa

Initial yield stress y0 450 MPa

Saturation yield stress y∞ 450 MPa

Linear isotropic hardening h 100 MPa

Saturation parameter ω 0

Reference temperature θ0 293 K

Environmental temperature θ∞ 293 K

Thermal expansion coefficient α 0.00001 K−1

Heat conductivity k 45 N/(s K)

Convection coefficient hc 0.0175 N/(mm s K)

Heat capacity c0 4.1078 MPa/K

Dissipation factor χ 0.9

Thermal softening parameter of yield stress ω0 0.002 K−1

Thermal softening parameter of hardening ωh 0 K−1

All simulations are subject to isotropic linear hardening by setting the

saturation parameter ω = 0. Fig. 5.14 shows the deformed flanges and the

distribution of the equivalent plastic strain. Fig. 5.15 shows the deformed

flanges and the distribution of the relative temperature compared to reference

temperature. Some detailed numerical results for comparison are given in Fig.

5.16.

The distributions of the equivalent plastic strain and the relative temperature

show differences in the three considered material sets. The isotropic case in

Figs. 5.14 and 5.15 shows an independence of these two scalar variables of the

orientation. Results for δ1 are associated with an increase of plastic deformations

in the direction of maximum shear stresses at 45 degrees. The results for δ2 yield

an increase of plastic deformations in the directions of maximum normal stresses

in direction of a1 and a2 according to Fig. 5.13. The temperature distributions

equal the distributions of the equivalent plastic strain. Moreover, the outer rim of

the ring becomes wavelike during the deformation, which is commonly denoted

as earing.
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Detailed results are given for two representative nodes P and Q as depicted

in Fig. 5.13. The development of the nodal forces and relative temperature

throughout the drawing process are given in Fig. 5.16 . The curves for points

P and Q are identical for the isotropic case, however, both differ for the two

sets of orthotropic cases. For δ1 the material is softer in the direction of 45

degrees. Therefore, the nodal force at P is bigger than the one at Q. For δ2 the

material behaves softer in the direction of a1 and a2. Thus, the nodal force at

P is smaller than the one at Q. The relative temperature distribution shows the

same behaviour. The softer the material in a direction the higher the relative

temperature due to more accumulated plastic strain.

Fig. 5.13 shows a comparison of the coupled thermo-mechanical problem

with the results of the problem treated isothermally. Dashed lines in the figure,

which correspond to the isothermal problem, coincide very well with Miehe et al.

[59]. The history of the nodal forces of the isothermal and the coupled problem

show coincidences until u = 5 mm. Then, the nodal forces of the isothermal

problem are higher than those of the coupled problem. The reason for this

difference lies in the assumption of linear softening of the initial yield stress

with temperature. Therefore, the higher the temperature the smaller the needed

nodal force to reach plastic domain.
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(a)

(b)

(c)
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Figure 5.14: Drawing of a thin circular flange. Deformed meshes and distribu-

tion of equivalent plastic strain as shown in colour bar for radial displacements

u = 25 mm, 50 mm and 75 mm. (a) Isotropic response for δ =
√

3, (b)

orthotropic response for δ1 = 2
√

3 and (c) orthotropic response for δ2 = 0.5
√

3.
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(a)

(b)

(c)
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Figure 5.15: Drawing of a thin circular flange. Deformed meshes and distri-

bution of relative temperature as shown in colour bar for radial displacements

u = 25 mm, 50 mm and 75 mm. (a) Isotropic response for δ =
√

3, (b)

orthotropic response for δ1 = 2
√

3 and (c) orthotropic response for δ2 = 0.5
√

3.
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Figure 5.16: Drawing of a thin circular flange. Radial nodal force-displacement

and relative temperature-displacement curves at nodes P and Q. (a) Orthotropic

response for δ1 = 2
√

3 and (b) orthotropic response for δ2 = 0.5
√

3. Isotropic

response is shown for reference. Dashed line represents isothermal problem for

comparison with Miehe et al. [59]. Solid line gives coupled thermo-mechanical

problem.
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5.4 Inflation of a thin circular sheet

The inflation of a thin circular sheet is observed. This problem has been

investigated isothermally by Eidel & Gruttmann [27] and Sansour et al. [73]

in a similar way. Geometry and boundary conditions are shown in Fig. 5.17.
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400400
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Figure 5.17: Inflation of a thin circular sheet. Geometry and boundary

conditions. The bottom of the sheet is subject to pressure p and the outer

rim is simply supported. Coordinates of observed points are P=(400/0/0)mm,

Q=((400/
√

2)/(400/
√

2)/0)mm and the centre (0/0/0)mm. Thermal boundary

conditions are corresponding to convective heat exchange at the lateral surfaces.

Lengths in mm.

The lower surface of the sheet is loaded with a pressure p = 12 MPa.

Furthermore, the edge at the bottom is simply supported in the thickness

direction. One quarter of the structure is discretized using 147 assumed-

additively enhanced hexahedral solid shell-elements. In a force driven simulation

increments of ∆p = 0.03 MPa are applied in ∆t = 0.03 s.

Isotropic elastic and rate-independent anisotropic plastic response is assumed

once more. Moreover, the same thermal boundary conditions and three sets of

material parameters as in the preceding example are observed as listed in Table

5.3. The axes of orthotropy ai for i = 1, 2, 3 are given according to Fig. 5.17.

Fig. 5.18 shows the deformed sheets and the distribution of the equivalent

plastic strain. Fig. 5.19 shows the deformed sheets and the distribution of

the relative temperature compared to reference temperature. Detailed numerical

results for comparison are given in Fig. 5.20.

Similar to the preceding example, the distributions of the equivalent plastic

strain and the relative temperature show differences in the three considered
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material sets. The isotropic case in Figs. 5.18 and 5.19 shows clearly an

independence of these two scalar variables of the orientation. Results for

δ1 = 2
√

3 are associated with an increase of plastic deformations in the direction

of maximum shear stresses at 45 degrees especially at supported edge. The

results for δ2 = 0.5
√

3 yield an increase of plastic deformations in the directions

of maximum normal stresses in the direction of a1 and a2 according to Fig. 5.17.

Once again, the outer rim of the sheet becomes wavelike during the deformation.

Detailed results are given for representative nodes: P, Q and the centre of the

sheet as depicted in Fig. 5.17. The development of the displacements and the

relative temperature throughout the inflation process are given in Fig. 5.20 . The

curves for points P and Q are identical for the isotropic case, however, both differ

for the two sets of orthotropic cases. The distributions show the same behaviour

as in the preceding example, the softer the material in a direction the higher the

relative temperature due to more accumulated plastic strain. The temperature

distribution of the centre at the bottom of the circular sheet shows first due to

compression a heating, then a cooling down through tension and finally due to

evolution of plastic strains a heating up.
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Figure 5.18: Inflation of a thin circular sheet. Deformed meshes and distribution

of equivalent plastic strain as shown in colour bar. First column: top view for

pressure p = 4.5 MPa. Second column: top view for p = 12 MPa. Third column:

view from below for p = 12 MPa. (a) Isotropic response for δ =
√

3, (b)

orthotropic response for δ1 = 2
√

3 and (c) orthotropic response for δ2 = 0.5
√

3.
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Figure 5.19: Inflation of a thin circular sheet. Deformed meshes and distribution

of relative temperature as shown in colour bar. First column: top view for

pressure p = 4.5 MPa. Second column: top view for p = 12 MPa. Third

column: view from below for p = 12 MPa. (a) Isotropic response for δ =
√

3, (b)

orthotropic response for δ1 = 2
√

3 and (c) orthotropic response for δ2 = 0.5
√

3.
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Figure 5.20: Inflation of a thin circular sheet. Displacement-pressure and relative

temperature-pressure curves at centre, node P and Q. (a) Orthotropic response

for δ1 = 2
√

3 and (b) orthotropic response for δ2 = 0.5
√

3 for nodes P and Q.

Isotropic response is shown for reference. (c) Response of centre for employed

material sets.



Chapter 6

Conclusion

A model of Green-Naghdi plasticity for coupled thermo-mechanical problems

in the logarithmic Lagrangean strain-entropy space is presented. The thesis

presents both a rate-independent and a rate-dependent formulation. The devel-

oped model is capable of describing isotropic elastic-anisotropic plastic material

behaviour. Especially metal sheets show this manner in deep drawing processes

due to the crystallographic texture of the sheet, while experiencing both large

deformations and variation in temperature.

The concept of the Green-Naghdi plasticity is based on an additive de-

composition of the employed strain measure into an elastic and plastic part.

Logarithmic strain measures are utilised in this work. This allows a formulation

of constitutive equations in the logarithmic Lagrangean strain space, where a

structure identical to the small-strain theory is available. Furthermore, mapping

back to the Lagrangean strain space yields large-strain scope again.

The constitutive model denotes a generalized standard medium. It is

described by an internal energy, which depends on the logarithmic elastic strain

and the entropy, and a dissipation potential, which yields under side condition

of a yield criterion the evolution equations of the internal variables. All

initial anisotropy effects can be incorporated to a yield criterion by introducing

appropriately defined structural tensors as additional arguments. Moreover, the

proposed rate-independent and rate-dependent models keep the classical general

return-mapping scheme employed successfully in the isotropic case. Therefore,

robust implicit integration algorithms for the internal variables of associative

thermo-plasticity are obtainable. As these variables serve a plastic metric, an

isotropic hardening variable and a plastic entropy.

The coupled thermo-mechanical problem is solved via an unconditionally

stable staggered algorithm. Firstly, an isentropic mechanical phase yields the

deformation field. Secondly, an iso-geometrical thermal phase gives the thermal

field. Finally, an iso-geometrical isothermal phase updates the internal variables.
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The approach of additive plasticity in the logarithmic strain space leads to a

much simpler structure than compared to that of multiplicative plasticity, how-

ever, it has the drawback of cumbersome transformations from the logarithmic

Lagrangean to the Lagrangean strain space. The enlargement to a thermo-

mechanical coupling is straightforward and shows no disadvantages compared

to the multiplicative approach.

Lastly, a set of representative numerical simulations demonstrate the per-

formance of the proposed model. All examples are performed with an 8-

node assumed-additively enhanced hexahedral solid shell-element. This element

shows a very good behaviour compared to the plain 8-node element in terms of

locking effects. The brick-type shell element is not subject to any shell theory.

Therefore, no special assumptions in the constitutive laws have to be made and

hence the full deformation gradient can be taken as an interface to a constitutive

law.



Appendix A

Derivations of thermodynamic

potentials ψ and U, level set

function φ and

constitutive function f

This appendix shows the formulations and tensors employed in the numerical

examples according to the introduced material description in the remarks.

Remind that the internal variables I = {Ep, ξ} and θp are conjugated to the

internal forces F = {Tp, ζ} and ηp, respectively. As the main variable serves the

elastic logarithmic Lagrangean strain Ee. It is defined as the plastic logarithmic

Lagrangean strain Ep subtracted from the logarithmic Lagrangean strain E.

Take the free energy ψ as:

ψ =
λ

2
(IEe)2

+µIIEe+3κα (θ0 − θ) IEe+c0 [(θ − θ0) − θ ln (θ/θ0)]+K (ξ, θ) . (A.1)

λ and µ denote the Lamé parameters, IEe = tr[Ee] the first and IIEe = Ee : Ee

the second invariant of the elastic logarithmic Lagrangean strain Ee, κ the bulk

modulus, α the linear thermal expansion coefficient, θ0 the reference temperature,

θ the absolute temperature and c0 the constant heat capacity per unit reference

volume. The factor K (ξ, θ) describes the strain hardening dependent on the

saturation parameter ω. Factor K = 1/2 · h (θ) ξ2 if ω = 0, whereas, factor K =

1/2 · h (θ) ξ2 +
[

y∞ (θ) − y0 (θ)
] [

ξ + 1/ω · exp[−ωξ]] if ω , 0. Factor K (ξ, θ) is

subject to linear thermal softening governed by the softening parameter ωh. The

isotropic hardening parameter h is described by h (θ) = h (θ0) [1 − ωh (θ − θ0)],

the infinite yield stress follows as y∞ (θ) = y∞ (θ0) [1 − ωh (θ − θ0)] and the yield

stress y0 (θ) = y0 (θ0) [1 − ωh (θ − θ0)].
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Then, determine the internal energy U with K,θ (ξ) = ∂θK (ξ, θ) as:

U =
λ

2
(IEe)2

+ µIIEe + 3καθ0IEe

+ c0θ0

{

exp[(η − ηp − 3καIEe + K,θ (ξ))/c0] − 1
}

+ K (ξ, θ0) − θ0K,θ (ξ) .

(A.2)

Assume the level set function φwith the norm ||•||H =
√

(•) : H : (•) and with

ω0 for the yield stress softening parameter as:

φ = ||Tp||H +
√

2

3
ζ +

√

2

3
y0ω0θ

p. (A.3)

Finally, take the constitutive function f with the material parameter ǫ ∈ [0, 1]

and the constant c =
√

2/3 · y0 [1 + ω0θ0] as:

f =

(
φ

c

)1/ǫ

− 1. (A.4)

Following derivatives are of interest:

K,θ (ξ) = −1

2
h (θ0)ωhξ

2 − [

y∞ (θ0)ωh − y0 (θ0)ωh

]

[ξ +
1

ω
exp[−ωξ]],

(A.5)

∂ξK,θ (ξ) = −h (θ0)ωhξ −
[

y∞ (θ0)ωh − y0 (θ0)ωh

] [

1 − exp[−ωξ]] , (A.6)

∂ξK (ξ, θ0) = h (θ0) ξ +
[

y∞ (θ0) − y0 (θ0)
] [

1 − exp[−ωξ]] , (A.7)

∂2
ξξK,θ (ξ) = −h (θ0)ωh −

[

y∞ (θ0)ωh − y0 (θ0)ωh

]

ω exp[−ωξ], (A.8)

∂2
ξξK (ξ, θ0) = h (θ0) +

[

y∞ (θ0) − y0 (θ0)
]

ω exp[−ωξ], (A.9)

∂2
ξξK (ξ, θ) = h (θ) +

[

y∞ (θ) − y0 (θ)
]

ω exp[−ωξ], (A.10)

∂2
EpEpψ = λGi j ⊗Gkl + µ

(

Gik ⊗G jl +Gil ⊗G jk
)

, (A.11)

∂2
ξξψ = ∂

2
ξξK (ξ, θ) , (A.12)

∂2
Epθψ = ∂

2
θEpψ = 3καG−1, (A.13)

∂2
ξθψ = ∂

2
θξψ = ∂ξK,θ (ξ) , (A.14)

Tp = −∂EpU = λIEeG−1 + 2µEe−1

+ 3καθ0

(

1 − exp[(η − ηp − 3καIEe + K,θ (ξ))/c0]
)

G−1, (A.15)

ζ = −∂ξU = −θ0 exp[(η − ηp − 3καIEe + K,θ (ξ))/c0]∂ξK,θ (ξ)

− ∂ξK (ξ, θ0) + θ0∂ξK,θ (ξ) , (A.16)

θp = −∂ηpU = θ0 exp[(η − ηp − 3καIEe + K,θ (ξ))/c0], (A.17)
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∂2
EpEpU = ∂

2
EpEU = ∂2

EEpU = ∂
2
EEU

= λGi j ⊗Gkl + µ
(

Gik ⊗G jl +Gil ⊗G jk
)

+
1

c0

(3κα)2 θ0 exp[(η − ηp − 3καIEe + K,θ (ξ))/c0]Gi j ⊗Gkl, (A.18)

∂2
ξξU =

θ0

c0

exp[(η − ηp − 3καIEe + K,θ (ξ))/c0](∂ξK,θ (ξ))2

− θ0(1 − exp[(η − ηp − 3καIEe + K,θ (ξ))/c0])∂2
ξξK,θ (ξ) + ∂2

ξξK (ξ, θ0) ,

(A.19)

∂2
ηpηpU =

θ0

c0

exp[(η − ηp − 3καIEe + K,θ (ξ))/c0], (A.20)

∂2
ξEU = ∂2

EξU = −
1

c0

3καθ0 exp[(η − ηp − 3καIEe + K,θ (ξ))/c0]∂ξK,θ (ξ) G−1,

(A.21)

∂2
ηpEU = ∂2

EηpU =
1

c0

3καθ0 exp[(η − ηp − 3καIEe + K,θ (ξ))/c0]G−1,

(A.22)

∂Tpφ =
H : Tp

||Tp||H
, (A.23)

∂ζφ =

√

2

3
, (A.24)

∂θpφ =

√

2

3
y0ω0, (A.25)

∂2
TpTpφ =

H

||Tp||H
− [H : Tp] ⊗ [H : Tp]

||Tp||3
H

, (A.26)

∂2
ζζφ = 0, (A.27)

∂2
θpθp = 0, (A.28)

∂Tp f =
1

ǫc

(
φ

c

) 1−ǫ
ǫ

∂Tpφ, (A.29)

∂ζ f =
1

ǫc

(
φ

c

) 1−ǫ
ǫ

∂ζφ, (A.30)

∂θp f =
1

ǫc

(
φ

c

) 1−ǫ
ǫ

∂θpφ. (A.31)

Note that G−1 and Ee−1 denote the contravariant Lagrangean metric tensor G and

the contravariant logarithmic Lagrangean elastic strain Ee, respectively.
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Lastly, the derivative ∂Eφ in the rate-independent case is rearranged into a

more concise formulation. Reminding

F = −∂IU, θp = −∂ηpU,

∂EI = −γp
(

I + γ∂2
FFφn+1 · ∂2

IIUn+1

)−1
∂2
FFφn+1 · ∂2

IEUn+1 and

∂Eη
p = −γp

(

1 + γ∂2
θpθpφn+1 · ∂2

ηpηpUn+1

)−1
∂2
θpθpφn+1 · ∂2

ηpEUn+1

(A.32)

yields for the derivative:

∂Eφ = + ∂Fφ · ∂EF + ∂Fφ · ∂IF · ∂EI + ∂θpφ · ∂Eθ
p + ∂θpφ · ∂ηpθp · ∂Eη

p

= − ∂Fφ · ∂2
IEU + γp∂Fφ · ∂2

IIU
(

I + γp∂2
FFφ · ∂2

IIU
)−1

∂2
FFφ · ∂2

IEU

− ∂θpφ · ∂2
ηpEU + γp∂θpφ · ∂2

ηpηpU
(

1 + γp∂2
θpθpφ · ∂2

ηpηpU
)−1

∂2
θpθpφ · ∂2

ηpEU

= − L · C + γpL · A (I + γp
B · A)−1

B · C
− L · C + γpL · A (1 + γpB · A)−1B · C
= − L

(

I − γp
A (I + γp

B · A)−1
B

)

C − L
(

1 − γpA (1 + γpBA)−1B
)

C

= − L

(

I − γp
(

B
−1 · A−1 + γp

I

)−1
)

C − L
(

1 − γp
(

B−1 · A−1 + γp
)−1

)

C

= − L

((

B
−1 · A−1 + γp

I − γp
I

) (

B
−1 · A−1 + γp

I

)−1
)

C

− L
((

B−1 · A−1 + γp − γp
) (

B−1 · A−1 + γp
)−1

)

C

= − L (I + γp
A · B)−1

C − L (1 + γpA · B)−1 C
= − C (I + γp

B · A)−1
L − C (1 + γpB · A)−1L

= − ∂2
EIU

(

I + γp∂2
FFφ · ∂2

IIU
)−1

∂Fφ

− ∂2
EηpU

(

1 + γp∂2
θpθpφ · ∂2

ηpηpU
)−1

∂θpφ. (A.33)

Where
[

∂Eφ
]

=
[

∂Eφ
]T

, L = LT ,C = CT ,A = AT ,B = BT , L and C are scalars,

(I + γp
B · A)−1

= (I + γp
A · B)−T and (I + γpB · A)−1

= (I + γpA · B)−T .

Remind the viscoplastic multiplier γvp = ∆t/η · f with the time increment

∆t and the viscosity η. The derivation of the multiplier γvp with respect to

the logarithmic Lagrangean strain E in the rate-dependent case yields in the

numerator of ∂Eγ
vp the same formulation as given in (A.33) if ∂Fφ and ∂θpφ

are replaced with ∂F γ
vp and ∂θpγvp, respectively.



Appendix B

Thermal Phase

B.1 Mixed formulation

This appendix outlines the utilisation of balance equations for the staggered

solution algorithm of coupled thermo-mechanical problems. The solution

algorithm decouples into two major phases: the mechanical and the thermal

phase. Firstly, the balance of linear momentum governs the mechanical phase,

which results in a classical formulation obtained in structural analysis. Secondly,

the thermal phase is described by the balance of internal energy. The latter is

observed in detail in the following, compare also Celigoj [19]. Furthermore, the

linearization of the employed equation is shown, which is suitable for a Newton-

Raphson iteration scheme for instance.

B.1.1 Weak form of balance of internal energy

Point of departure is the evolution of the elastic entropy θη̇e = −DIV [Q] + R +

Dmech within a time step under consideration [tn, tn+1]. θ denotes the absolute

temperature, η̇e the rate of elastic entropy, Q the Lagrangean heat flux vector,

R the distributed internal heat source per unit reference volume and Dmech the

mechanical dissipation. Furthermore, introduce a restriction to the Lagrangean

heat flux Qs = QT N̄ on the surface ∂B of the Lagrangean configuration B. The

unit normal vector to the surface N̄ is pointing outward.

Employing the method of weighted residuals, solve out of the evolution of
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elastic entropy under the side condition Qs = QT N̄ on the boundary:

δPT (δθ; θ) =

∫

B

(

thermo−mech.
coupling

︷        ︸︸        ︷

θη̇e −Dmech +DIV [Q] − R)δθdB

+

∫

∂B

(

Qs −QT N̄
)

δθd (∂B) = 0.

(B.1)

This yields a formulation of virtual power δPT depending on the virtual temper-

ature δθ, which can be split into a virtual power δPT,int of the internal thermal

forces and a virtual power δPT,ext of the external thermal forces. Modifications

in vector analysis and applying Gauss’ theorem yields:

δPT (δθ; θ) =

∫

B

(

thermo−mech.
coupling

︷          ︸︸          ︷

(θη̇e −Dmech) δθ −QGRAD [δθ])dB

︸                                               ︷︷                                               ︸

δPT,int

−
∫

B

RδθdB +
∫

∂B

Qsδθd (∂B)

︸                                ︷︷                                ︸

δPT,ext

= 0.

(B.2)

Assume Fourier’s law for the Eulerian heat flux vector q = −kgrad [θ] =

−k∂θ/∂x and the Eulerian heat flux qs = −k∂θ/∂n̄ = −hc (θ∞ − θ) on the Eulerian

surface. Here, qs is not explicitly given as a heat flux input like commonly

defined, thus, a minus has to be set in the definition. Moreover, k stands for the

heat conductivity, x for the current point position, n̄ denotes the coordinate axis

in direction of the unit normal vector n̄ to surface pointing outward, hc stands

for the heat convection coefficient and θ∞ for the environmental temperature.

Transformation to the Lagrangean configuration yields the Lagrangean heat flux

vector Q = JF−1q and the Lagrangean heat flux Qs = J sqs. This requires both

the deformation gradient F of the body with its determinant J = det[F] and the

deformation gradient Fs on the surface with its determinant J s = det[Fs].

Define the rate of elastic entropy as:

η̇e = 3καİEe + c0

θ̇

θ
− K̇,θ. (B.3)

Where κ depicts the bulk modulus, α the linear thermal expansion coefficient,

IEe = tr[Ee] the first invariant of the elastic logarithmic Lagrangean strain Ee, c0

the constant heat capacity per unit reference volume and a factor K̇,θ describing

the rate of strain hardening.
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Modify the mechanical plastic dissipation Dmech in order to fit experimental

data to χDmech. The constant dissipation factor χ ∈ [0, 1] is typically in the range

0.85-0.95 according to Simo & Miehe [80]. Assume in the following for the

mechanical dissipation:

χDmech = χF · İ. (B.4)

F = {Tp, ζ} denotes the thermodynamically conjugated forces to internal

variables I = {Ep, ξ}.
Accept the existence of a thermodynamic potential ψ and a level set function

φ associated with a yield criterion as introduced in Chapter 4. Furthermore, find

the following derivatives with respect to the absolute temperature θ:

∂θ (Fn+1 · [In+1 − In]) = −[∂2
Iθψn+1 + ∂

2
IIψn+1∂θI][In+1 − In] + Fn+1∂θφn+1,

∂θ (IEe) = ∂Ep IEe : ∂θE
p,

∂θ
(

K,θ

)

= ∂ξK,θ · ∂θξ.
(B.5)

These derivatives expect IEe dependent on an internal variable Ep and the

dependence of K,θ on an internal variable ξ. The quantities with indices n and

n + 1 are given at respective time.

Take the internal variables dependent on a plastic parameter λ. Define ∆t =

tn+1 − tn in the time step under consideration and set a plastic multiplier γ = λ∆t

and thus ∂θγ = ∂θλ∆t. Here, γ serves as a variable for both rate-independent and

rate-dependent plasticity.

Integrate (B.2) over the time step [tn, tn+1] and discretize θ with the shape

functions N in the body, the shape functions Ns on the surface and the nodal

temperatures θ̂; this time all defined as row vectors. Lastly, linearize the obtained

equation with respect to θ for solving in a Newton-Raphson iteration scheme for

instance. This yields on element level the temperature increments ∆θ̂:





∫

B

(

NT · k̄ · N + BT · Jk∆t · B
)

dB +
∫

∂B

NsT · J shc∆t · Nsd (∂B)




∆θ̂T

α =

∫

B

R∆tNT dB +
∫

∂B

J shc

(

Ns
θ̂

T
∞ − Ns

θ̂
T
)

∆tNsT
d (∂B)

−
∫

B

(

f̄ · NT + BT · Jk∆t · B · θ̂T
)

dB.

(B.6)

All quantities are given at time tn+1 if not explicitly mentioned. Following
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definitions are made:

k̄ = 3κα(∂Ep IEe : ∂θE
p)Nθ̂T + 3κα(IEe − IEe n) + c

− ∂ξK,θ∂θξNθ̂
T − (K,θ − K,θn) − χ∂θ (F · [I − In]) ,

B = j−T∂X̄N,

f̄ = 3κα(IEe − IEe n)Nθ̂T + c(Nθ̂T − Nθ̂T
n )

− (K,θ − K,θn)Nθ̂T − χF · [I − In].

(B.7)

Where X̄ denotes the natural coordinates in the isoparametric bi-unit cube.

Finally, in the special case of elastic response or setting γ = 0 after the local

iteration scheme, these quantities reduce to:

k̄ = 3κα(IEe − IEe n) + c,

f̄ = 3κα(IEe − IEe n)Nθ̂T + c(Nθ̂T − Nθ̂T
n ).

(B.8)



Appendix C

Positively homogeneous function of

degree one

This appendix outlines the positive homogeneity of degree one of a scalar-valued

function f as used for level set functions in yield criteria for standard dissipative

materials for instance. For a scalar-valued function f (A) of a single second-order

tensor A the homogeneity of degree one is defined by the property:

f (ǫA) = ǫ1 f (A); (C.1)

with a scalar constant ǫ ∈ R.

The key properties of f are:

dA f : A = f (A) and d2
AA f : A = 0. (C.2)

The first property follows directly from the Gâteaux-derivative of f in direction

of A:

D f (A) : A = dA f : A =
d

dǫ

∣
∣
∣
∣
∣
∣
ǫ=0

[

f (A + ǫA)
]

=
d

dǫ

∣
∣
∣
∣
∣
∣
ǫ=0

[

(1 + ǫ) f (A)
]

= f (A).

(C.3)

The second property follows by deriving (C.2)1 with respect to A:

0 = dA

[

dA f : A − f (A)
]

= d2
AA f : A + dA f − dA f = d2

AA f : A. (C.4)

Finally, a simple example is given to verify the preceding derivations. The

scalar-valued function f is dependent on a second-order tensor A and a scalar B:

f (A, B) =
√

A : A + B. (C.5)

The property of (C.1) can be easily obtained. Furthermore, the first key property

in equation (C.2) can be obtained as

dA f : A =
A

√
A : A

: A =
√

A : A and dB f · B = 1 · B = B. (C.6)
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Moreover, the second key property in equation (C.2) follows with the help of

(C.6)1 as:

d2
AA f : A =

I

(A : A)1/2
: A − A ⊗ A

(A : A)3/2
: A

=
I

(A : A)1/2
: A − A ⊗ dA f

A : A
: A

=
A

(A : A)1/2
− A

(A : A)1/2

= 0,

d2
BB f · B = 0 · B

= 0.

(C.7)



Appendix D

Spectral decomposition of a

second-order tensor

This appendix outlines briefly the spectral decomposition of a second-order

tensor and the derivations of its components. In the following, all vectors are

defined as row vectors. Assume a second-order tensor A, which can be spectrally

decomposed to:

A =
∑

a

λaNa ⊗ Na. (D.1)

Here, λa denotes the eigenvalues of the tensor A and Na its eigenvectors. Hence,

the tensor can be expressed as a linear combination of its eigenvalues and dyadic

products of its eigenvectors.

Next, the derivations of the eigenvalues λa and the eigenvectors Na with

respect to the tensor A are observed. Find for the derivation of the eigenvalue

with respect to its tensor:

∂λa

∂A
=

∂λa

∂





∑

b

λbNb ⊗ Nb





=
∑

b

∂λa

∂λb

Nb ⊗ Nb = Na ⊗ Na. (D.2)

Furthermore, the derivation of the eigenvector with respect to its tensor can

be obtained by taking ANa = λaNa. Derive this equation with respect to the

tensor A, where Na depicts a column vector. With the help of I =
∑

b

Nb ⊗ Nb

and δab = NT
a Nb conclude:

(I − Na ⊗ Na) ⊗ Na =
∑

b,a

(λa − λb) Nb ⊗ Nb

∂Na

∂A
. (D.3)
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With the help of (I − Na ⊗ Na) =
∑

b,a

Nb ⊗ Nb find for a symmetric tensor A:

2
∂ (Na)i

∂Akl

=
∂ (Na)i

∂Akl

+
∂ (Na)i

∂Alk

=
∑

b,a

1

λa − λb

(Nb)i

[
(Na)k (Nb)l + (Na)l (Nb)k

]

.

(D.4)



Appendix E

Inversion of a fourth-order tensor

This appendix gives a brief outline on the inversion of fourth-order tensors.
Consider a fourth-order tensor A with the components Ai jkl for i, j, k, l =
1, 2, 3 and two second-order tensors b and c with the components bi j and ckl,
respectively. Put these into a linear algebra system as bi j = Ai jklckl and transform
the system into matrix formulation as b9 = A9x9 ∗ c9:





b(11)

b(22)

b(33)

b(23)

b(13)

b(12)

b(32)

b(31)

b(21)





=





A(11)11 A(11)22 A(11)33 A(11)23 A(11)13 A(11)12 A(11)32 A(11)31 A(11)21

A(22)11 A(22)22 A(22)33 A(22)23 A(22)13 A(22)12 A(22)32 A(22)31 A(22)21

A(33)11 A(33)22 A(33)33 A(33)23 A(33)13 A(33)12 A(33)32 A(33)31 A(33)21

A(23)11 A(23)22 A(23)33 A(23)23 A(23)13 A(23)12 A(23)32 A(23)31 A(23)21

A(13)11 A(13)22 A(13)33 A(13)23 A(13)13 A(13)12 A(13)32 A(13)31 A(13)21

A(12)11 A(12)22 A(12)33 A(12)23 A(12)13 A(12)12 A(12)32 A(12)31 A(12)21

A(32)11 A(32)22 A(32)33 A(32)23 A(32)13 A(32)12 A(32)32 A(32)31 A(32)21

A(31)11 A(31)22 A(31)33 A(31)23 A(31)13 A(31)12 A(31)32 A(31)31 A(31)21

A(21)11 A(21)22 A(21)33 A(21)23 A(21)13 A(21)12 A(21)32 A(21)31 A(21)21





∗





c11

c22

c33

c23

c13

c12

c32

c31

c21





.

(E.1)

Moreover, evaluate A−1
9x9

to perform c9 = A−1
9x9
∗ b9.

The evaluation of A−1 demands that the tensor has to be invertible. If

a symmetric tensor is given, which leads in the transformation to A9x9 to a

linear dependence of rows and columns, the tensor of fourth-order has to be

transformed into a 6x6 equivalent matrix. Equation (E.1) can be given in matrix

formulation in 6x6 notation as b6 = A6x6 ∗ c6:





b11

b22

b33

b23

b13

b12





=





A(11)11 A(11)22 A(11)33 2A(11)23 2A(11)13 2A(11)12

A(22)11 A(22)22 A(22)33 2A(22)23 2A(22)13 2A(22)12

A(33)11 A(33)22 A(33)33 2A(33)23 2A(33)13 2A(33)12

2A(23)11 2A(23)22 2A(23)33 4A(23)23 4A(23)13 4A(23)12

2A(13)11 2A(13)22 2A(13)33 4A(13)23 4A(13)13 4A(13)12

2A(12)11 2A(12)22 2A(12)33 4A(12)23 4A(12)13 4A(12)12





∗





c11

c22

c33

c23

c13

c12





. (E.2)

The coefficients of the matrix A−1
6x6

can be shifted now to a fourth-order tensor
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A
−1. This yields:

Ai jklA
−1
klmn = Ii jmn =

1

2
(δimδ jn + δinδ jm). (E.3)

Note that a construction Ai jkl = mi jnkl is not invertible in both 9x9 and 6x6

notation. Therefore, the structure of the tensor has to be properly chosen.



Bibliography

[1] N. Apel, Approaches to the description of anisotropic material behaviour

at finite elastic and plastic deformations-theory and numerics, Dissertation,

Bericht-Nr. I-12, Institut für Mechanik (Bauwesen) Lehrstuhl I der Univer-

sität Stuttgart, 2004.

[2] F. Armero, J.C. Simo, A new unconditionally stable fractional step method

for non-linear coupled thermomechanical problems, Int. J. Numer. Methods

Eng. 35 (1992) 737-766.

[3] F. Armero, J.C. Simo, A priori stability estimates and unconditionally

stable product formula algorithms for nonlinear coupled thermoplasticity,

Int. J. Plasticity 9 (1993) 749-782.

[4] R.J. Asaro, J.R. Rice, Strain localization in ductile single crystals, J. Mech.

Phys. Solids 25 (1977) 309-338.

[5] K.-J. Bathe, E.N. Dvorkin, A four-node plate bending element based on

Mindlin/Reissner plate theory and a mixed interpolation, Int. J. Numer.

Methods Eng. 21 (1985) 367-383.

[6] P. Betsch, Statische und dynamische Berechnungen von Schalen endlicher

elastischer Deformationen mit gemischten Finiten Elementen, Dissertation,

Bericht-Nr. F 96/4, Institut für Baumechanik und Numerische Mechanik

der Universität Hannover, 1996.

[7] P. Betsch, E. Stein, An assumed strain approach avoiding artificial thickness

straining for a non-linear 4-node shell element, Commun. Numer. Meth.

Engng. 11 (1995) 899-909.

[8] M.A. Biot, Mechanics of incremental deformations: theory of elasticity

and viscoelasticity of initially stressed solids and fluids, including ther-

modynamic foundations and applications to finite strain (Wiley, New York

1965).

103



104 BIBLIOGRAPHY

[9] J.P. Boehler, A simple derivation of representations for non-polynomial

constitutive equations in some cases of anisotropy, Z. Angew. Math. Mech.

59 (1979) 157-167.

[10] J.P. Boehler (ed.), Applications of tensor functions in solid mechanics,

Course held at International Centre For Mechanical Sciences (CISM),

Udine, Courses and lectures No. 292 (Springer, Vienna 1987).

[11] J. Bonet, R.D. Wood, Nonlinear continuum mechanics for finite element

analysis, 2. ed. (Cambridge Univ. Press, Cambridge 2008).

[12] O.T. Bruhns, H. Xiao, A. Meyers, Constitutive inequalities for an isotropic

elastic strain-energy function based on Hencky’s logarithmic strain tensor,

Proc. R. Soc. Lond. A 457 (2001) 2207-2226.
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Errata

• The databases in Point 1 of Tables 4.2 - 4.7 are slightly incorrect. The viscosity ηn

is not part of the database and, hence, ηi=0
n+1
= ηn is meaningless. Instead, the plastic

entropy ηp is evaluated with its evolution equation and ηe is evaluated according to

ηe
= −∂θψ = 3καIE

e + c0 ln[θ/θ0] − K,θ (ξ). Therefore, η is a result out of η = ηe
+ ηp.

• In the thermal phase the elastic tangent modulus does not have to be determined as

written in Tables 4.4 and 4.5. The stress T
p
= T will be needed for the dissipation as

seen in the Appendix B.

Manfred Ulz, Graz, April 2009


