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At high particle rates and high multiplicities, Time Projection Chambers can suffer from field distortions

due to slow moving ions that accumulate within the drift volume. These variations modify the electron

trajectory along the drift path, affecting the tracking performance of the detector. In order to calculate

the track distortions due to an arbitrary space charge distribution in a TPC, novel representations of the

Green’s function for a TPC-like geometry were worked out. This analytical approach permits accurate

predictions of track distortions due to an arbitrary space charge distribution (by solving the Langevin

equation) as well as the possibility to benchmark common numerical methods to calculate such space

charge fields.

& 2011 Elsevier B.V. All rights reserved.
The basic concept of calculating the trajectory-distortions of
charged particles due to space charge effects is shown in Fig. 1.
The first step is to calculate the electrical field deviations due to
positive ions accumulated within the volume. Up to now, this task
is usually performed by solving the Poisson equation with the
help of discrete numerical methods like Finite Elements. Due to
computational limitations, assumptions like radial symmetry are
common. Therefore, non-radially symmetric space charge distri-
bution are difficult to handle within a feasible time and accuracy.
Furthermore, due to limitations regarding the cell size of the
model, the space charge distribution are generally assumed to
be rather smooth. A short description of a common numerical
model as it is used within the STAR experiment can be found in
Ref. [1]. In contrast to Ref. [1], this paper presents the analytical
solution based on Green’s functions to calculate the field
deviations, for geometries typically used for TPCs (coaxial cavities,
see for example Ref. [2]). Further details can be found in
Ref. [3] (or Ref. [4] for a slightly different TPC geometry, namely
a bi-sected coaxial cavity as proposed for the PANDA experiment
[5, p. 115]). Step two in Fig. 1 represents the calculation of the
consequent distortions of the electron drift. This can be achieved
by solving the Langevin equation as shown in Ref. [6]. For the case
of E nearly parallel to B, a simplified integral technique was
introduced in Ref. [7] which is valid up to the second order. More
detailed algorithms, which solve the drift equation via algorithms
like Euler or Runge–Kutta, are built into the program packages
like Garfield or Aliroot (see Ref. [8] or Ref. [9]).
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egger).
More details on the individual steps, the calculation techni-
ques as well an application can be found in Ref. [10].
1. Point charge in a coaxial cavity

The geometry of a typical TPC (see Fig. 2) can be approximated
by two concentric cylinders of radii r¼a and r¼b with aob. The
cylinders are closed at z¼0 and z¼L. The conductivities of these
surfaces bounding a coaxial cylindrical cavity are assumed to be
infinite. The task is to calculate the potential and the electric field
due to an arbitrary charge distribution contained in this cavity.
This can be done with the help of the corresponding Green’s
function Gðr,f,z; ru,fu,zuÞ, which gives the potential at the point
ðr,f,zÞ of a point charge located at the point ðru,fu,zuÞ. The potential
of a charge cloud is obtained by integrating Green’s function
times the charge distribution over the volume occupied by the
charge distribution (see Section 2). Methods to derive Green’s
function and to express the solution are well described by
Refs. [11–13]. Useful representations of the solution for the
problem at hand are given in Ref. [14].

For the application to the TPC space charge effect it is
necessary to evaluate the potential and the electric field at almost
all points of the cavity, including configurations where the point
of observation is near to the source point, and both may be near to
one of the boundaries. These requirements lead to considerable
difficulties: Green’s functions for such a cavity can only be
represented by infinite series and/or integrals. These series or
integrals may become poorly convergent (those for the electric
field components even divergent) on and near manifolds, i.e.
curves or surfaces, passing through the source point. This unfa-
vorable behavior is not confined to the singular manifold but

www.elsevier.com/locate/nima
dx.doi.org/10.1016/j.nima.2010.12.213
mailto:Stefan.Rossegger@cern.ch
dx.doi.org/10.1016/j.nima.2010.04.042


Fig. 1. Basic concept of simulating space charge deviations. Solving the inhomo-

geneous Laplace equation for a given space charge accumulation r leads to the

electrical field deviations D~E . Then, by solving the Langevin equation, the resulting

electron drift distortions are calculated.

Fig. 2. Schematic representation of the ALICE TPC (dimensions taken from Ref. [2]).
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prevails in a volume surrounding it. Fortunately, the same Green’s
function can be represented in various ways; each representation
has its own singular manifold. But these manifolds have different
shapes and extents, so one representation may be usable in a
volume where another one fails. For that reason it is recom-
mended to find as many different representations as possible and
as long as these are practical to use from the point of view of
analytical and numerical evaluations.

There are unfavorable configurations where the field and the
source point are very near to each other or/and both are very near to
a boundary. There are recipes for curing these problems by extract-
ing poorly convergent terms from the series or integrals in such a
way that this subtraction can be compensated by known closed
expressions. Such remedies were described before Refs. [15,16]. An
additional representation using these methods is discussed in
Section 1.4.

1.1. Green’s function represented by ordinary Bessel functions

The complete expression of Green’s function for a coaxial
cavity represented by common Bessel functions was derived in
Ref. [3] and can be expressed as

Gðr,f,z; ru,fu,zuÞ ¼
1

2p
X1

m ¼ 0

X1
n ¼ 1

ð2�dm0Þcos½mðf�fuÞ�

�
RmnðrÞRmnðruÞ

N
2

mn

sinhðbmnzo ÞsinhðbmnðL�z4 ÞÞ

bmnsinhðbmnLÞ

ð1Þ

wherein Rmn(r), N
2

mn are given in Eqs. (2), (4) respectively. zo

stands for 0rzuozrL and z4 for 0rzozurL.
Accounting to the Dirichlet boundary conditions at the inner

and outer radii, r¼a and r¼b, we find the following solution for
the radial term of the separation ansatz:

RmnðrÞ ¼ YmðbmnaÞJmðbmnrÞ�JmðbmnaÞYmðbmnrÞ: ð2Þ

The expression trivially evaluates to zero for r¼a. Discrete
values of b result from the boundary condition at r¼b. bmn can be
calculated from xmn ¼ bmnb, which is the n-th zero of

JmðxÞYmðlxÞ�JmðlxÞYmðxÞ with l¼ a=b: ð3Þ
The normalization constant N
2

nm is

N
2

nm ¼
2

p2b2
mn

J2
mðbmnaÞ

J2
mðbmnbÞ

�1

� �
: ð4Þ

This is found from a formula for integrals over squares of
Bessel functions [17, p. 132, Eq. (11)].
1.2. Green’s function represented through modified Bessel functions

The representation of Green’s function for a coaxial cylindrical
cavity represented through modified Bessel functions is

Gðr,f,z; ru,fu,zuÞ ¼
1

pL

X1
m ¼ 0

X1
n ¼ 1

ð2�dm0Þcos½mðf�fuÞ�sinðbnzÞsinðbnzuÞ

�
Rmn 1ðro ÞRmn 2ðr4 Þ

ImðbnaÞKmðbnbÞ�ImðbnbÞKmðbnaÞ
ð5Þ

with

Rmn 1ðrÞ ¼ KmðbnaÞImðbnrÞ�ImðbnaÞKmðbnrÞ ð6Þ

and

Rmn 2ðrÞ ¼ KmðbnbÞImðbnrÞ�ImðbnbÞKmðbnrÞ: ð7Þ

The boundary conditions at the end of the z interval, Fðr,f,0Þ ¼
Fðr,f,LÞ ¼ 0 require discrete values for b, namely bn ¼ np=L.

A different derivation than described in Ref. [3], which leads to
the same solution, can be found in Ref. [14].
1.3. Green’s function represented through modified Bessel functions

of imaginary order and real argument

The two previous representations of Green’s function were
based on particular solutions with discontinuous first derivative
in z, Eq. (1), or in r, Eq. (5). The existence of a third kind of solution
which displays this behavior in f is mentioned in Ref. [18, p. 34].

As derived in Ref. [3], this third kind of a Green’s function for a
coaxial cavity is

Gðr,f,z; ru,fu,zuÞ ¼
1

L

X1
k ¼ 1

X1
n ¼ 1

cosh½mnkðp�jf�fujÞ�
mnksinhðpmnkÞ

�sinðbnzÞsinðbnzuÞ
RnkðrÞRnkðruÞ

N2
nk

ð8Þ

with

RnðrÞ ¼ LimðbnaÞKimðbnrÞ�KimðbnaÞLimðbnrÞ: ð9Þ

The solution is expressed by modified Bessel functions of
imaginary order. As discussed in Refs. [19,20], it is favorable for
numerical evaluation to use LimðbrÞ instead of IimðbrÞ, which is
defined by

LimðbrÞ :¼
1

2
ðI�imðbrÞþ IimðbrÞÞ ð10Þ

as the solutions of the modified Bessel differential equation in
radial direction.

By its definition this function fulfills the boundary condition at
r¼a. Since bn ¼ np=L is already discrete from the Dirichlet
boundary conditions in z, discrete values of m must be determined
to satisfy the Dirichlet condition at r¼b. The imaginary value imnk

represents the order of the Bessel function, where mnk is the k-th
zero of the following real function of the real variable m:

Rnkðmnk; a,bÞ ¼ LimðbnaÞKimðbnbÞ�KimðbnaÞLimðbnbÞ ¼ 0: ð11Þ
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The normalization integrals N2
nk in Eq. (8) is

N2
nk ¼

Z b

a
½Rnðm; rÞ2�m ¼ mnk

dr

r
ð12Þ

are found by numeric integration.
A representation of Green’s function equivalent to that given in

Eq. (8) may also be derived from the two-dimensional Green’s
function obtained from Eq. (5) by omitting the dependence on the
longitudinal coordinate z through a Watson (or Sommerfeld–
Watson) transformation. This is worked out in the appendix of
Ref. [3].

1.4. Convergence improvement close to the point charge

All three solutions shown above are hampered by slow con-
vergence properties close to the point charge itself. If combined,
they represent however a powerful tool to calculate the resulting
potential anywhere but close to the point charge. Several numer-
ical calculations showed that the thickness of the problematic
volumes as shown in Fig. 3 decrease rapidly with increasing
summation limit. A summation limit of 40 was found to be
sufficient to calculate Green’s function with sufficient accuracy
outside of a volume 0.05 m thick within the ALICE TPC geometry.
However, one may need a fast converging solution close to the
point charge itself, therefore remedies as proposed in Ref. [15] are
used to derive such a representation.

By looking at the Green function represented through ordinary
Bessel functions (1) we find the part of the hyperbolic functions to
be the decisive term for the convergence.

By expressing the hyperbolic

g0ðbÞ ¼
sinhðbzo ÞsinhðbðL�z4 ÞÞ

sinhðbLÞ
ð13Þ

in the following form:

g0ðbÞ ¼
e�bðz4�zo Þ�e�bðz4 þ zo Þ�e�bð2L�z4�zo Þ þe�bð2L�z4 þ zo Þ

2ð1�e�2bLÞ

ð14Þ

we can identify the problematic terms. The first, second and third
exponential in the numerator are responsible for the slow conver-
gence. Directly at the point charge z¼ zu as well as at the dangerous
boundaries in z direction, z¼ zu¼ 0 or z¼ zu¼ L, this expression
would, for increasing b, lead to 1/2. That means within the z¼ zu

plane it cannot contribute to the global converge anymore.
As is shown in Ref. [15], the following method can be used in

order to get a better behaved representation. By simply
Fig. 3. Problematic regions of Green’s functions: R1: z¼ zu, representation through

ordinary Bessel functions (1); R2: r¼ ru, representation through modified Bessel

functions (5); R3: f¼fu, representation through modified Bessel function of

imaginary order (8); R4: r¼a and r¼b, representation with improved convergence

close to the point charge (17).
subtracting a term of exponentials this behavior can be cured:

gs ¼ g0�
1

2
½e�bðz4�zo Þ�e�bðz4 þ zo Þ�e�bð2L�z4�zo Þ�

¼
e�bð2L�z4 þ zo Þ þe�bð2Lþ z4�zo Þ�e�bð2Lþ z4 þ zo Þ�e�bð4L�z4�zo Þ

2ð1�e�2bLÞ
:

ð15Þ

Now, every additional exponential term in Eq. (15) represents
a point charge in an infinite double cylinder which can be seen by
looking at the limits of the rewritten solution in z direction. For
convenience, instead of the boundaries 0 and L we are using h1

and h2. For h1,2-71 we get

lim
h1,2-1

sinhðbðh1�zo ÞÞsinhðbðh2�z4 ÞÞ

sinhðbðh1�h2ÞÞ
¼

1

2
e�bðz4�zo Þ ¼

1

2
e�bjz�zuj:

The expression a¼ z4�zo is independent of its sign since
within the term of the point charge in free space it is a2 and
within the correction term it appears within the cosine function,
which is symmetric. For that reason we can use a¼ z�zu instead.

If using gs instead of g0 the series is converging rather fast. The
correction of these additional terms can be done by using
analytical expressions for an infinite (non-closed) coaxial geome-
try. Such integral representations can be found in Ref. [16]:

GCðr,f,ru,fu,aÞ ¼ GF ðr,f,ru,fu,aÞþHCðr,f,ru,fu,aÞ

¼
1

4p
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2�2rrucosðf�fuÞþru2þa2

q
�

1

2p2

X1
m ¼ 0

emcos½mðf�fuÞ�

�

Z 1
0

dlcosðlaÞ½ImðlrÞcmðlÞþKmðlrÞdmðlÞ� ð16Þ

with

em ¼ ð2�dm0Þ

cmðlÞ ¼ KmðlbÞRmða,ruÞ=Nm

dmðlÞ ¼ ImðlaÞRmðru,bÞ=Nm

Rmðs,tÞ ¼ ImðlsÞKmðltÞ�ImðltÞKmðlsÞ

Nm ¼ ImðlaÞKmðlbÞ�ImðlbÞKmðlaÞ:

In Eq. (16), the first term is simply the solution of the potential
equation for a unit source in free space. The second term is
applying the boundary conditions on the surfaces of the double
cylinder geometry. This representation converges as long as both
r and ru do not coincide with either the inner or outer radius.

With the help of these converging representations we can rewrite
formula (1) with GCðr,f,ru,fu,aÞ from Eq. (16) and gsðbÞ from Eq. (15).

Gðr,f,z,ru,fu,zuÞ ¼ GCðr,f,ru,fu,z�zuÞ�GCðr,f,ru,fu,zþzuÞ

�GCðr,f,ru,fu,2L�z�zuÞþ
1

2p
X1

m ¼ 0

X1
n ¼ 1

ð2�dm0Þ

�cos½mðf�fuÞ�
RmnðrÞRmnðruÞ

N2
mn

gsðbmnÞ

bmn

: ð17Þ

The analytic solution (17) is converging fast close to the unit
source in every direction but rather slowly close to the cylinder
boundaries. This means that in order to improve the convergence
close to the point charge itself, the price of slow convergence at
the cylinder boundaries must be accepted.
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1.5. Comparison and regions of fast convergence

All three representations of Green’s function which were derived
in the previous section are converging rather fast if the point of
observation is sufficiently far away from the source point. Basically,
all three representations are infinite sums. Each term of such a sum
comprises two eigenfunctions with eigenvalues chosen such that
they fulfill the Dirichlet boundary conditions. The third factor
consists of non-oscillating functions introduced by the method of
particular integrals; its first derivative is discontinuous at the
manifold where the coordinate of the point of observation coincides
with that of the source point. A closer look reveals that just this
factor is mainly responsible for the convergence of the infinite sum;
but its convergence generating power diminishes as the coordinate
of the point of observation approaches that of the source.

In the case of Eq. (1), the eigenfunctions, which have oscillatory
character, contribute weakly to the convergence. The singular
manifold is the plane z¼ zu. For Eq. (5) we find slow convergence
on the cylinder r¼ ru. The third solution (8) shows such a behavior
in the plane f¼fu. Therefore, by choosing judiciously among the
representations of Green’s function one can find a representation
which converges sufficiently well for all regions of the coaxial cavity
except for a neighborhood close to the point charge itself. Thus,
methods as discussed in Ref. [15] were used in order to derive
Eq. (17), where the region of slow convergence was projected onto
the cylindrical boundary. However, the problematic region of slow
convergence close to the unit source diminishes when the integra-
tion over the charge rðr,f,zÞ is performed (see Section 2).

A schematic overview of the dangerous regions with slow
convergence is shown in Fig. 3 where all four solutions are compared
to each other.

Fig. 4 contains a typical example, a contour plot demonstrating
the smooth properties (within the plane z¼ zu) of the innovative
representation (8).

Only Green’s function (5) is known from the literature [14] which
just allowed a convergent representation for the electrical field in
the radial direction. The other representation (1) is rather similar as
far as the derivation is concerned but it does allow only a convergent
representation of the electric field in the longitudinal direction. The
third representation derived in Ref. [4] is a novel representation of a
Green’s function within a coaxial cavity. It renders a convergent
infinite sum for the electrical field in the azimuthal direction.

Together, the representations presented in here finally permit the
treatment of any space charge distribution within a coaxial cavity,
and not only radially symmetrical ones. Combined, they yield con-
vergent series representations for the potential as well as for the
electric field in every direction almost everywhere within a coaxial
cavity. The following sections contains the fast converging
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Fig. 4. Potential due to a point charge in the ðr,fÞ�plane plotted with Green’s function

in arbitrary positions.
representations for every electrical field component as well as a fast
evaluation model which is used for space charge calculations for the
ALICE TPC.

The corresponding Green’s functions for a rather untypical
TPC geometry as that proposed for the PANDA experiment [5,
p. 115] require a modification of the boundary conditions in the
azimuthal (f) direction. The corresponding Green’s functions,
plots which display the slow convergence regions as well as
certain electrical field plots at chosen representative positions, are
given in the appendix of Ref. [4].

1.6. Electric field due to a point charge

The three Green’s functions presented in this section can be
used to calculate the electric field components. Due to the specific
convergence properties of each single representation, a fast
converging formula for every electrical field component (Er, Ef,
Ez) can be found via the following derivatives.

1.6.1. Derivative of G in longitudinal (z) direction

Calculating the derivatives of solution (1), which is the
representation using ordinary Bessel functions, leads to a conver-
ging expression for the field in the longitudinal direction, Ez, but
reveals problems in the radial (r) and the azimuthal (f) direction.
The converging expression for the derivative in z can be written as

@

@z
Gðr,f,z,ru,fu,zuÞ ¼

1

2p
X1

m ¼ 0

X1
n ¼ 1

ð2�dm0Þcos½mðf�fuÞ�
RmnðrÞRmnðruÞ

N2
mn

�
@

@z

sinhðbmnzo ÞsinhðbmnðL�z4 ÞÞ

bmnsinhðbmnLÞ

� �
ð18Þ

with

@

@z
ðsinhðbmnzo ÞsinhðbmnðL�z4 ÞÞÞ

¼
bmncoshðbmnzÞsinhðbmnðL�zuÞÞ for 0rzozurL

�bmncoshðbmnðL�zÞÞsinhðbmnzuÞ for 0rzuozrL:

(

The (increasing) factor bmn in the numerator would lead to a
diverging expression. This divergence is intercepted by the factor
bmn in the denominator of the longitudinal term in Eq. (18).
Unfortunately, no such compensating factors exist for the radial
and azimuthal terms. For example, the additional (increasing)
summation indices m in the numerator of the azimuthal cosine
expression, which occurs when calculating the derivative in the f
direction, destroys the convergence of the sum for the Ef
component. For that reason, we use the other representations of
-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5
.5
-2
.5
-1
.5
0

.5
1

.5
2

.5

(8) at z¼ zu; summation limits set to 40; a¼0.8 m, b¼2.53 m. Point-charges placed
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Green’s function to express the electric field components in the
radial and the azimuthal direction.

1.6.2. Derivative of G in radial (r) direction

Due to the non-oscillating behavior of the radial term in
solution (5), which makes use of modified Bessel function, a
non-diverging expression for the field in the radial direction, Er,
can be expressed as shown in the following equation:

@

@r
Gðr,f,z,ru,fu,zuÞ ¼

1

pL

X1
m ¼ 0

X1
n ¼ 1

ð2�dm0Þcos½mðf�fuÞ�sinðbnzÞsinðbnzuÞ

�
@

@r

Rmn 1ðro ÞRmn 2ðr4 Þ

ImðbnaÞKmðbnbÞ�ImðbnbÞKmðbnaÞ

� �
ð19Þ

with

@

@r
ðRmn 1ðro ÞRmn 2ðr4 ÞÞ ¼

Rumnða,rÞRmn 2ðruÞ for arrorurb

Rmn 1ðruÞRumnðb,rÞ for arruorrb

(

ð20Þ

wherein Rumnðs,tÞ is

Rumnðs,tÞ ¼
bn

2
ðKmðbnsÞðIm�1ðbntÞþ Imþ1ðbntÞÞÞ

þ
bn

2
ðImðbnsÞðKm�1ðbntÞþKmþ1ðbntÞÞ: ð21Þ

The attempt to use solution (5) to derive a converging expression
for fields in the azimuthal and longitudinal directions fails due to
the increasing arguments m and bn in the first two terms, which
are not compensated by any factors in the denominators. The
resulting expressions diverge with increasing summation indices.

1.6.3. Derivative of G in azimuthal (f) direction

The third representation as shown in Eq. (8), which uses
modified Bessel functions of imaginary order, leads to a conver-
ging expression for the electric field in the f direction, whereas
the derivatives in radial or longitudinal direction do diverge due
to the reasons already mentioned.

@

@f
Gðr,f,z,ru,fu,zuÞ ¼

1

L

X1
k ¼ 1

X1
n ¼ 1

sinðbnzÞsinðbnzuÞ
RnkðrÞRnkðruÞ

N2
nk

�
@

@f
cosh½mnkðp�jf�fujÞ�

mnksinhðpmnkÞ

� �
ð22Þ

with

@

@f
ðcosh½mnkðp�jf�fujÞ�Þ ¼

�mnksinh½mnkðp�ðf�fuÞÞ for 0rfuofr2p
mnksinh½mnkðp�ðfu�fÞÞ for 0rfofur2p:

(

In summary, each representation of the Green’s function derived
in Section 1 has its specific application by providing a fast conver-
ging expression for one specific electric field component in cylind-
rical coordinates (Er ,Ef,Ez). Thus, they finally permit the treatment
of any truly three-dimensional space charge distribution rðr,f,zÞ
within a TPC field cage, and not only radially symmetric ones.
2. Electrical field due to an arbitrary space charge distribution

In order to calculate the potential or the electrical field
components due to an arbitrary space charge configuration
rcðru,fu,zuÞ we use Green’s functions according to

Fðr,f,zÞ ¼
1

e0

Z
ru dru

Z
dfu

Z
dzurcðru,fu,zuÞ � Gðr,f,z,ru,fu,zuÞ ð23Þ
wherein e0 is the permittivity of free space. The corresponding
electrical field components are the corresponding derivatives

Eðr,f,zÞ ¼ �rFðr,f,zÞ

¼�
1

e0

Z
ru dru

Z
dfu

Z
dzurcðru,fu,zuÞ � rGðr,f,z,ru,fu,zuÞ:

ð24Þ

2.1. Electric field due to a radially symmetric charge

The field components Er and Ez due to a charged ring at an
arbitrary position (ru,zu) can simply be calculated via Eq. (18) or
(19) by means of skipping the azimuthal summation over m. The
summation indices m can be set to zero. The azimuthal field
component Ef is anyway zero due to the radial symmetric nature
of the problem.

When applying a radial symmetric charge rðru,zuÞ within a
certain volume (Dr,Dz), the resulting field configurations can be
calculated by integrating over dr and dz.

These solutions can be used to crosscheck the results as
obtained via Finite Element methods, which are almost always
limited to such two-dimensional (radially symmetric) cases due
to computational reasons.

2.2. Electric field due to a constant charge within a voxel

The fields due to a space charge distribution are calculated by
multiplying the corresponding charge distribution r with Green’s
function and by integrating over the volume occupied by the
charge distribution. When integrating over the complete volume
within the coaxial cavity one finds that all three solution, as given
in Section 1, comprise rather fast converging expressions for the
electric field components. However, when smaller voxels are
demanded the specific convergence properties of each solution
start to manifest themselves.

In the following we want to calculate the field components
due to a constant charge Q within a defined voxel (Dr,Df,Dz)
around a center at (r0,f0,z0). We refer to this volume as POC
(Piece Of Cake) volume, since it resembles a curved box. The
constant charge density rQ ¼Q=V is used throughout this sub-
section where V is the volume of the voxel.

The general expression for the potential in such a POC volume is

Fðr,f,zÞ ¼
1

e0

Z r0þDr=2

r0�Dr=2
ru dru

Z f0 þDf=2

f0�Df=2
dfu

�

Z z0 þDz=2

z0�Dz=2
dzurQ � Gðr,f,z,ru,fu,zuÞ: ð25Þ

As an example we use Green’s function of Eq. (18) which
shows good convergence for the calculation of the z-component
of the electric field:

Ezðr,f,z,ru,fu,zuÞ ¼
1

e0

Z r0þDr=2

r0�Dr=2
ru dru

Z f0 þDf=2

f0�Df=2
dfu

�

Z z0 þDz=2

z0�Dz=2
dzurQ �

@

@z
Gðr,f,z,ru,fu,zuÞ

¼
rQ

2pe0

X1
m ¼ 0

X1
n ¼ 1

Z f0þDf=2

f0�Df=2
dfuð2�dm0Þcos½mðf�fuÞ�

�

Z r0þDr=2

r0�Dr=2
rudru

RmnðrÞRmnðruÞ

N2
mn

�

Z z0 þDz=2

z0�Dz=2
dzu

@

@z

sinhðbmnzo ÞsinhðbmnðL�z4 ÞÞ

bmnsinhðbmnLÞ

� �
:

ð26Þ
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Here, the integral in the f direction can easily be expressed in
analytical form. An analytical expression for the integral in radial
direction can be found via hyper-geometric functions 1F2 which
lead to an expression which is rather unpractical as regards
numerical evaluation. Thus it is advisable to use a numerical
algorithm for the integration in the radial direction. For the
integration in the longitudinal direction, special precautions have
to be taken due to the discontinuous properties of the derivative
in z. The integration has to be divided into three different regions
in z. For these regions, the following analytic expressions for the
integral in z can be found. For the sake of simplicity, we write zL

and zU for the lower and upper integration limits.

Z zU

zL

dzu
@

@z

sinhðbmnzo ÞsinhðbmnðL�z4 ÞÞ

bmnsinhðbmnLÞ

� �

¼

¼ bmncoshðbmnzÞ

� ðcoshðbmnðL�zLÞÞ�coshðbmnðL�zUÞÞÞ for 0rzrzL

¼�coshðbmnðL�zUÞÞcoshðzbmnÞbmn

þbmnðcoshðbmnðL�zÞÞcoshðzbmnÞ

�sinhðbmnðL�zÞÞsinhðzbmnÞÞ

þbmnð�coshðbmnðL�zÞÞcoshðzbmnÞ

þsinhðbmnðL�zÞÞsinhðzbmnÞÞ

�coshðbmnzLÞcoshðbmnðL�zÞÞð�bmnÞ for zLrzurzU

¼�bmncoshðbmnðL�zÞÞ

� ðcoshðbmnzUÞ�coshðbmnzLÞÞ for zU ozurL:

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

ð27Þ
The solutions for the field components in the radial and the
azimuthal direction (Er and Ef) can be found via Eqs. (19) and (22).
Although the non-oscillating terms which comprise the discontinu-
ity in their derivative allow simple expressions for the integrated
term in r and f, special precautions have to be taken as well. When
using the analytical expressions for these terms, a procedure similar
to that shown in Eq. (27) has to be used.
ρ(r,φ) [a.u.]
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Fig. 5. E field components due to a constant space charge distribution within the region

geometry of the cavity: inner radius a¼0.8, outer radius b¼2.5, height h¼2.5.
For example, Fig. 5 shows all three electrical field components
as derived from formulas (18), (19) and (22) with a constant
charge density rQ ¼ 1 within a coaxial cavity (position and
dimensions are given in the caption). The fields are plotted in
the (r,f)-plane, where their smoothness properties are displayed.
The plots were performed with a summation limit of 30.
2.3. Fast evaluation: discretization of the space charge distribution

Although the derived expressions converge rather fast, a numer-
ical evaluation at approximately 7650 points (equal to 10 cm slices
within the TPC volume) takes about 2 min of computation time on a
common 2.4 GHz stand alone PC. This estimate includes the
calculation of all three field components with a summation limit
of 30, which is needed to reach an accuracy of 10�7.

In order to improve the calculation time a discretization model
was developed which makes use of a pre-calculated look-up table.
This look-up table contains a sequence of field values due to
constant charges within a POC volume, as described in the previous
subsection. For example, one row within this table holds 7650 field
values (e.g. the Er component) at different positions caused by one
single POC configuration. The next rows contain the field values due
to POC charges at a different position. Therefore, the complete look-
up table comprises the sequence of field values due to POC charges
at all possible positions within the discretized volume.

Any desired space charge distribution rðr,f,zÞ can be discre-
tized with the corresponding sizes of the voxels as they were
used to create the look-up table. By doing so, the voxels obtain
a weighting parameter which scales the former charge of rQ ¼ 1
into the corresponding average charge density within the voxel.
Then, the corresponding fields in the look-up table are scaled with
the corresponding weighting parameter (charge density within
the voxel) which then results in a simple summation of all
weighted configurations.
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Fig. 6. E field components due to an arbitrary space charge distribution (as shown on the upper left, constant in z) in the (r,f)-plane at z¼0.8. General geometry of the

cavity: inner radius a¼0.8, outer radius b¼2.5, height h¼2.5.
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This results in highly accurate values for the field components for
a discretized space charge configuration in the TPC volume. Depend-
ing on the size of the look-up table this results in a calculation time
of less than 1 s for all three field components when a discretization
of approximately 10 cm voxels (ALICE TPC geometry) was per-
formed. This discretization size was shown to provide sufficient
accuracy for the field values at least for space charge fields with
linear dependency in z and a 1/r2 dependency in r. When comparing
the non-discretized charge distribution (through integration) with
the discretization model (10 cm voxels in a look-up table) relative
residuals of less than 10�6 were observed.

Fig. 6 shows the field components due to an arbitrary chosen
charge configuration in a TPC d\rift volume using this ‘‘fast
evaluation’’ technique (for details see Ref. [10, Chapter 5]).
3. Summary

We presented a fast converging analytical expressions for
Green’s function of a TPC geometry i.e. a coaxial cavity bounded
on both sides. They can be used to calculate the electric field
inhomogeneities due to an arbitrary three-dimensional space
charge configurations within a TPC drift volume. For a fast
evaluation, a simple discretization approach was discussed. They
finally permit an accurate treatment of truly three-dimensional
space charge effects as they may occur within the drift volumes of
typical TPC geometries.
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