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Abstract An inverse problem in engineering mechanics is considered where the po-

sition and the geometry of three-dimensional, ellipsoidal defects are identified by us-

ing measurements of the mechanical response under static loading on the external sur-

face of the structure. The problem is solved by appropriate combination of genetic op-

timization (GO) and boundary element method (BEM) and following previously pub-

lished two-dimensional problems. The three-dimensional case presents some additional dif-

ficulties. Furthermore, the function of several genetic operators and the effect of the pa-

rameters of genetic optimization on the efficiency of the solution has been numerically

examined.
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1. Introduction

Structural elements in critical parts of a structure must be examined in regular time intervals

during the life of the structure, in order to guarantee their proper mechanical function and,

consequently, the safety of the whole structure. Examples are well known from parts of

aircrafts, railways, and bridges. This work is restricted to the numerical investigation of

finding defects, i.e., crack and hole identification problems.

The previously mentioned examination of a structural element is known as nondestructive

evaluation. It consists of the introduction of some physical excitation and subsequent measure-

ment and evaluation of the response. Within this framework one uses electromagnetic waves

(e.g., Röntgen waves), (transversal or longitudinal) elastic waves, measurement of electric

resistance between two points, or thermal properties of the material. In this work, the elastic

deformation due to a static loading is measured and used. Using one or more of the afore-

mentioned physical properties one may extract information on the mechanical, electrical etc.

properties of the material or, like in this problem, on the existence, the number, and other geo-

metrical properties of internal cavities, inhomogenieties, cracks, and other defects. The inver-

sion of surface displacements and deformations for the investigation of the interior of a body,

also known by the name shearography, is a very general procedure which is used in various

applications including the design of haptic methods and devices in biomechanics and robotics.

Recent applications of this technique for crack identification in elasticity can be found, among

others, in Keat, Larson and Verges (1998), Larson et al. (1999), Stavroulakis (2001).

In previous publications, including some work of the authors and their research group,

two-dimensional hole and crack identification problems have been solved using static or

dynamic loadings. Multiple defects or suitable exploitation of several loading cases have

been successfully treated in Engelhardt et al. (2002a,b), and Stavroulakis and Antes (1998).

In this paper, the three dimensional case is studied. Our experience on two-dimensional

identification problems shows that there does not exist significant change in the efficiency of

the algorithms for the solution of the inverse problem between cracks and slender elliptical

holes (cf., e.g., Stavroulakis, 2001). Therefore, only ellipsoidal defects are considered here.

It is shown that the position, size, and orientation of the defect can be determined by the

combination of mechanical modelling, based on the boundary element method, and genetic

optimisation. The influence of a restricted number of measurements on the effectiveness of

the algorithm is also investigated.

2. Genetic optimization and evolution strategies in engineering
and inverse problems

Genetic algorithms are powerfull, probabilistic optimization methods which tackle directly a

multi-extremum even nonconvex (global) optimization problem. Since almost all problems

in structural optimization and related topics (like the here studied inverse problem, which

actually belongs to the general class of shape optimisation problems) lead to nonconvex op-

timization problems, genetic algorithms can be considered to be a solution method which is

able to solve large classes of problems. In its classical version, the algorithm needs only the

value of the function and no information of their derivatives, thus the procedure is applica-

ble to nondifferentiable problems as well (cf., Hajela, 1990). Even discontinuous functions

or optimization problems with discrete variables may be considered. In this context, the

reader is reffered to recent engineering applications described, among others, in Rajeev and

Krishnamoorthy (1992, 1997), Grierson and Pak (1993), Cai and Thierauf (1993), Huang
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and Arora (1997). One should mention, however, that genetic optimization requires several

function evaluations and, therefore, it is time consumming. The efficiency can be improved

with the use of parallel computing environments, cf. among others Adeli and Kumar (1995).

A number of complicated problems in structural optimization have recently been solved

by using genetic algorithms. For instance, optimal design of laminated composites includ-

ing buckling constraints is studied in Le Riche and Haftka (1993). Optimal shape design

problems are treated, among others, in Haslinger and Jedelsky (1996) and in Annicchiarico

and Cerrolaza (1997). Discrete optimization problems in structural analysis has been consid-

ered in Rajeev and Krishnamoorthy (1992), Cai and Thierauf (1993), and Huang and Arora

(1997). An application on form finding problems in slack cable networks and similar struc-

tures which undergo large displacements has been described in Hartmann (1996), where the

genetic algorithm scheme has been used for the solution of the potential energy minimization

problem.

In the area of inverse problems in mechanics, Doyle presented in a number of papers

an approach for the localization of defects and flaws in structures (see, e.g., Doyle (1994)).

First, he uses dynamic results which are produced by a spectral finite element program in

order to estimate the unknown excitation. Then, by making assumptions on the position and

shape of the flaw, he uses as an error measure the difference between two predicted loadings,

which are produced by two different assumptions about the unknown defect (see, as well,

Kannal and Doyle (1997)). Crack identification problems in mechanics have been tested,

for two-dimensional elastostatics and harmonic elastodynamics in Stavroulakis and Antes

(1998), Stavroulakis (2001), Burczynski and Beluch (2001). Relevant results are given in He

and Chu (2001), for rotor shaft cracks, and in Kojima, Kubota and Hashimoto (2001) where

genetic optimization is combined with fuzzy inference techniques. The method presented in

this paper is closer to the inversion of surface displacements used in Keat, Larson and Verges

(1998) or Larson et al. (1999) for crack identification problems. Nevertheless, in the last two

papers classical numerical optimization algorithms are used for the solution of the inverse

problem. In another context, electromagnetic waves can be used for the study of similar

inverse problems. Genetic optimization seems to be usefull in this area as well Arkadan,

Sareen and Subramanian (1994), Caorsi, Massa and Pastorino (2001). Other inverse problems,

like the determination of material constants from the postprocessing of wave interaction data

can be tackled with genetic optimization tools (cf., e.g., Cunha, Cogan and Berthod (1999)).

As a conclusion one can say that genetic optimisation is a suitable tool for solving difficult

optimisation problems, which nevertheless requires considerable computing effort.

3. Defect identification using genetic optimization

3.1. Parametric mechanical model

In linear elasticity, as well as in many other physical processes of interest for the investigation

of inverse problems (steady-state thermal effects, electrostatics), the BEM is suitable for the

effective numerical solution of the problem since only the boundary variables are required.

From the practical point of view one must discretize only the external boundaries and the

boundaries of the defects. For three-dimensional problems the external boundary is composed

of surfaces, an internal hole requires the definition of surfaces as well, and a crack may be

described by only one surface. The effort to prepare the required geometric data is therefore

drastically reduced, in comparison with the one which would be required for the application

of other modelling techniques (for instance, the finite element method). Theoretical details
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about the BEM can be found, among others, in Brebbia (1984). For completeness we give a

short outline of the procedure here. After suitable discretization of the external and internal

(i.e. defect) boundaries one has in matrix notation the following relation:

G(z)u(z) = H(z)t(z). (1)

Here vectors u and t include all boundary displacements and tractions, which are connected

with the help of suitable influence matrices G and H. Everything depends on the vector of

parameters z, therefore we are dealing with a parametrized mechanical model. In our case

vector z includes all variables which are required for the determination of the considered

ellipsoidal defect, as it will be described in the numerical examples, later on in the paper.

The next step is the introduction of the boundary conditions in (1). In parts of the boundary

displacements are given (supports), and in the complementary parts of the boundary external

loading is known. Therefore, after rearrangement of equation (1) one gets a system of linear

equations with respect to the remaining unknown boundary values. This system is solved and

provides the solution of the mechanical problem. It is clear that the solution depends on the

parameter vector z, i.e. the position, size etc of the ellipsoidal defect. This arising mapping,

which reminds the dependence of the solution on the parameter vector, is denoted with u(z)

in the sequel.

3.2. The inverse problem as a minimization task

The error between measured displacements umes = u(z0) and achieved approximations u for

some choice of the defect parameters z is defined in the following way

g(u(z)) = ‖u(z0) − u‖2

‖u(z0)‖2
. (2)

Here ‖x‖ denotes the Euclidean norm of vector x, z0 denotes the value of the defect parameters

of the solution of the inverse problem and summation in (2) is done over all n measurement

points. A scaling of the value g(u) is achieved by division with the norm of the measured

quantities.

Within the genetic algorithm the fitness is defined as following. The parameters of the

ellipsoidal defect are used in an automatic procedure to create a suitable mesh for the defect.

Then, the displacements u are calculated at the upper external surface for an external loading

as it is graphically shown in Figure 1. From this value of u one defines the fitness for the

individuum by g(u). In the case of more than one loading one has several deformation values

u and corresponding values of g(u). One simple fitness function for the multiple loading

case is the sum of all g(u)’s for the different loadings. More complicated fitness functions,

involving different error norms, like ones involving maximum or minimum operators instead

of the least sqare error described by the Euclidean norm of (2), may be used, since the

genetic optimization does not require the differentiability (or even continuity) of the fittness

function. In our case, every participant in this population of the genetic optimization is a

different choice of the unknown vector of variables. Therefore, several mechanical problems

are considered within each population, with the same external dimensions, loadings, and

boundary conditions and several test positions and sizes of the defect. In the case of spherical

defects, one has, e.g., the coordinates of the center x0, y0, z0 and the radius R. For ellipsoidal

defects one has, respectively, x0, y0, z0, the half-axes R1, R2, R3, and the orientation angles
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Fig. 1 Discretization of the external boundary and loading of the specimen

α, β, γ , where α denotes the angle with respect to the x-axis, β the angle w.r.t. the y-axis,

and γ w.r.t z-axis.

4. Numerical results

Three-dimensional defects have been identified by using the surface measurements of one or

multiple static loading cases and genetic optimisation. But, every new run of the identification

algorithm will give, in general, different results.

The probabilities used in the genetic operators are defined as follows:

Mutation pM = 0.1

Change of chromosomes pCT = 0.5

Crossing-Over pC O = 0.1

4.1. A cube with an ellipsoidal defect

The first example concerns a parallelepiped specimen with dimensions 2m × 2m × 2m with

the following boundary conditions: fixed boundary at the bottom and tensile loading at the

upper side (see also Figure 1).

The deformation of the upper side of the specimen is shown, after enlargement, in Figure 2.

From this unsymmetric deformation picture one can extract information about the existence,

the position, and the size of an ellipsoidal defect. This is done quantitatively from a suitable

solution algorithm, as it is the case with the genetic optimization used in this work.

A linearly elastic material with Young’s modulus E = 1 N
m2 and Poisson’s ratio ν = 0.2

is used for the numerical experiments. Different values of the material constants and of
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Fig. 2 Deformation of the upper side of the specimen (enlarged). Asymmetry indicates internal defects

the loading intensity would not change significantly the results. The reason is that a linear

elasticity theory is used and the scaling of the error in (2) makes the g(u) for all E-Moduli

and different values of the loading equal.

By using the defect parameters: position of the center and sizes of the three half-axes,

the final position of the ellipsoidal is defined through sequential application of the Eulerian

rotation matrices Eα , Eβ , Eγ , on the coordinates of the nodes lying on it’s surface, where the

values of the rotation angles α, β and γ are restricted by the symmetry of the ellipsoidal

α, β, γ ∈ WRot =
(
−π

2
,
π

2

)
. (3)

A further restriction results from the fact that the numbering of the half-axes can be changed,

i.e.,

α, β, γ ∈ WRot =
(
−π

4
,
π

4

)
. (4)

Since only ellipsoidal defects in a parallilepiped with sizes equal to 2m are considered, one

may use the following intervals for the remaining parameters:

Wx0,y0,z0
= (Rmin, � − Rmin) ,

WR1,R2,R3
=

(
Rmin,

�

2

)
.

Here, Rmin denotes the minimum radius of the ellipsoidal which can be computed with the

given BEM program. At this point, one may pose further restrictions in order to exclude

certain positions of the ellipsoidal near the external surface of the specimen, for which one

knows that the error of the BEM approximation is higher.
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Fig. 3 Fitness function F(x0, y0): Optimal fitness at F(x0 = 1.2, y0 = 0.8)

A preliminary investigation of the fitness function for several combination of the defect

parameters is done first. The parameters of the assumed ellipsoid, i.e., the values which

correspond to the pseudoexperiment are denoted with a bar ¯(.): Here we consider x̄0 = 1.2,

ȳ0 = 0.8, z̄0 = 1.0, R̄1 = 0.2, R̄2 = 0.25, R̄3 = 0.25, ᾱ = β̄ = γ̄ = 0. All these parameters

are kept constant for the calculation of F(χ ), χ ∈ WRot . In Figure 3 the fitness function F is

depicted versus the two coordinates of the defect’s center, x0 and y0.

Fig. 4 Fitness function F(α, β) with R1 = 0.4, R2 = 0.25, R3 = 0.15, γ = π/6. Optimal fitness at F(α =
−π/6, β = π/4)
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Fig. 5 Evolution of the fitness of the best individual for various population sizes

Different to Figure 3, in Figure 4 the fitness function is depicted as being dependent on

α and β whereas all other variables are kept constant. Obviously, one obtains in Figure 4 a

non-convex function while Figure 3 shows a convex one. Hence, obviously, genetic al-

gorithms are suitable also for non-convex optimization while other procedures are often

Fig. 6 Evolution of the x0-coordinate for various population sizes
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Fig. 7 Evolution of the y0-coordinate for various population sizes

problematic. This is in accordance with previous experience in two-dimensional problems,

see (Stavroulakis and Antes, 1998).

Let first the half-axes R1 = 0.2, R2 = 0.15, and R3 = 0.15 and the rotation angle α = 0,

β = 0, and γ = 0 be given. This is a simpler task where only three variables x0, y0, and

z0 must be determined from the solution of the inverse problem. Therefore two sets of

Fig. 8 Evolution of the z0-coordinate for various population sizes
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Fig. 9 Fitness value during the iterations of the algorithm

representative results are presented here: a three-parameter and a nine-parameter inverse

problem. For both examples three loading cases have been used for the identification. The

results of the three-parameter inverse problem are shown in Figures 5–8 for various population

sizes (n = 30, 100, and 300). The fitness value of the best individual within each iteration is

plotted in Figure 5. The approximation of the unknown coordinates which correspond to the

Fig. 10 Evolution of the center coordinates
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Fig. 11 Evolution of the radii

center of the defect are plotted for all iterations of the algorithm in Figures 6–8. Again the

value corresponding to the best individual of each generation is used. It can be observed that

with a larger population one gets better results, i.e., the minimum of the fitness function is

found with less number of iterations and the accuracy of the approximation of the unknowns

is higher.

Fig. 12 Evolution of the angles
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Fig. 13 Discretization, dimensions, and boundary conditions of the L-profile

The results of the nine-parameter identification problem are shown in Figures 9–12. Here

the population size is taken equal to n = 1000. The assumed parameters of the given ellipsoid

(solution) are x0 = 1.2, y0 = 1.2, z0 = 1.2, R1 = 0.3, R2 = 0.2, R3 = 0.15, α = β = 0.0,

γ = −π/6. These values are plotted with horizontal constant lines in the Figures. As it was

expected the solution of the identification problem with a higher number of unknowns is

more complicated and requires, for instance, a larger population size.

4.2. L-Profile with one circular hole at different positions

The identification task is extended to nonconvex-shaped structures like a L-profile. As in the

previous numerical example, only surface data are used. In contrast to the previous example

with the cube, a different loadcase is used. In Figure 13 the discretization, the dimensions

and the applied loading are shown.

The effectiveness of the identification is tested with three different defect positions as it

can be seen in Figure 14. Here, the accuracy of the identification depends on the position of

the defect in combination with the applied loading. For example, by looking at Figure 14,

Fig. 14 Different investigated defect positions within the L-profile: xz-view and yz-view
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Fig. 15 Fitness value during the iterations of the algorithm. Influence of the number of measurements (bold
line: all boundary points, thin line: reduced number of points)

one understands that the defect lying in defect position 3 with the loading case of Figure 13,

does not influence very much the boundary displacements, in comparison with the ones of the

L-profile without damage. From this point of view, the defect position 1 can relatively easy

be found, since this point is shortly below the loading. More effort is required for the defect

position 2 and even more for defect position 3, where the quality of the results deteriorates.

In addition we study the influence of the number of measuring points: with bold lines are

shown the result with all discretization points used for the identification, and with dashed lines

are given the results of using 15 measuring points, namely the ones depicted with circular

marks in Figure 13. The assumed defect is marked with fine lines in the plotted results.

The identification of a defect lying in position 1 is demonstrated in Figure 15. With all

measurements the ellipsoidal defect can be found within 53 iteration steps (generations). By

using the reduced number of measurements the genetic algorithm needs 134 iterations.

Fig. 16 Defect position 1 in the L-profile: xz-view and yz-view (dashed line: existing defect, thin line: all
measurements, bold line: reduced number of measurements)
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Fig. 17 Fitness value during the iterations of the algorithm. Influence of the number of measurements (bold
line: all boundary points, thin line: reduced number of points)

Let us consider a defect in position 2. As it is demonstrated in Figures 17 and 18, the

identification can be solved by using all measurements, while the estimate of the depth of

the defect is not very accurate if the reduced number of measurements is used.

The identification of the circular hole at position 3 provides different results by the two

numbers of measurement points. If all measurements are used the defect can be found within

ca. 40 iterations, with less measurements the results are not accurate, especially on the

estimate of the diameter. The results are shown in Figure 20.

Fig. 18 Defect position 2 in the L-profile: xz-view (dashed line: existing defect, thin line: all measurements,
bold line: reduced number of measurements)
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Fig. 19 Fitness value during the iterations of the algorithm. Influence of the number of measurements (bold
line: all boundary points, thin line: reduced number of points)

Fig. 20 Defect position 3 in the L-profile: xz-view (dashed line: existing defect, thin line: all measurements,
bold line: reduced number of measurements)

5. Conclusions

From the numerical results of an extensive parametric investigation along the lines of the

previously presented two examples, one makes the following observations on the properties of

the genetic algorithm. A larger population size must be considered if the number of unknown

parameters is increased. This is required if one considers the determination of the angles

and of the radii, in addition to the coordinates of the center, because the influence of these

two variables on the results is less than the one of the center’s coordinates. Furthermore, a

larger population size leads to better results in the case of more than one loading cases as

well. In the numerical experiments it is shown that a good approximation of the solution and

useful results are already produced within a few generations. It should be noted that every

one mechanical computation is not too time consumming. However, due to the large number
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of the required solutions the computer time needed from the mechanical modeling in order to

produce the fitness values exceeds significantly the computer time needed by the operations

of the genetic optimization.
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